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Abstract

This paper is on the numerical solution of an elliptic hemivariational inequality by the virtual
element method. We introduce an abstract framework of the numerical method and provide
an error analysis. We then apply the virtual element method to solve two contact problems: a
bilateral contact problem with friction and a frictionless normal compliance contact problem.
Error estimates of their numerical solutions are derived, which are of optimal order for the
linear virtual element method, under appropriate solution regularity assumptions. The discrete
problem can be formulated as an optimization problem for a difference of two convex (DC)
functions, and a convergent algorithm is introduced to solve it. Numerical examples are
reported to show the performance of the proposed methods.

Keywords Virtual element method - Hemivariational inequality - Error estimate - Double
bundle method

1 Introduction

The notion of hemivariational inequalities was first introduced by Panagiotopoulos in the early
1980s (cf. [28]) and is closely related to the development of the concept of the generalized
gradient of a locally Lipschitz continuous function introduced by Clarke [15]. The theory and
applications of hemivariational inequalities can be found in several books (cf. [22,25-27]).
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In recent years, optimal order error estimates have been derived for linear finite element
solutions of hemivariational inequalities, e.g. [3,18-21].

The virtual element method (VEM) was first proposed and analyzed in [1,5,7]. The method
immediately attracted much attention from the research community due to its advantages in
handling problems with complex geometries or problems requiring high-regularity solutions.
This method has been applied to a wide variety of scientific and engineering problems; in
particular, it has been applied to solve variational inequalities (cf. [17,31,32]). We refer the
reader to [8,10,11,14] and the references therein for recent advance of the method.

In this paper, we introduce and analyze VEM for solving elliptic hemivariational inequali-
ties. We provide an error analysis for the numerical method under some standard assumptions.
As applications, we employ VEM to solve a bilateral contact problem with friction and a fric-
tionless contact problem with normal compliance. To solve the discrete nonconvex problem, a
convexification iterative procedure was applied in [4], where the auxiliary nonsmooth convex
problems are solved by classical numerical methods (cf. [24,33]). In this paper, we convert
the discrete nonconvex problem into a DC (difference of convex functions) programming,
and apply the double bundle method to find the Clarke stationary point (cf. [23]). Numerical
results are reported to illustrate computational performance of the VEMs proposed in this
paper.

The rest of this paper is organized as follows. In Sect. 2, we recall notions and basic
properties of the generalized directional derivative and subdifferential in the sense of Clarke.
A general VEM for solving an elliptic hemivariational inequality and its error analysis are
givenin Sect. 3. In Sect. 4, the VEM is applied to the bilateral contact problem with friction and
the frictionless contact problem with normal compliance, and optimal order error estimates
are derived. In Sect. 5, we provide a detailed description of an algorithm based on the double
bundle method ([23]) to solve the discrete problems discussed in Sect. 4. Two numerical
examples are presented in Sect. 6 to illustrate the performance of the VEM studied in this

paper.

2 Preliminaries

All linear spaces in this paper are assumed to be real. For a normed space X, we denote by
I - lx its norm, by X* its topological dual, by (-, -) x+x x the duality pairing between X™* and
X, and by X7 the space X* equipped with weak™ topology. Weak convergence is indicated
by the symbol —. Given two normed space X and Y, £(X, Y) is the space of all linear
continuous operators from X to Y.

In the description of the hemivariational inequality, we need the notion of the generalized
(Clarke) directional derivative and the generalized gradient of a locally Lipschitz continuous
functional ([15]).

Definition 2.1 Let ¥ : X — R be a locally Lipschitz continuous functional on a Banach
space X. The generalized (Clarke) directional derivative of ¢ at x € X in the directionv € X
is defined by

¥(x; v) = limsup YO+ —vO)
y—x, 210 A

The generalized gradient (subdifferential) of i at x is defined by

() ={c € X* | ¥ x;v) > (£, v) Vv € X).
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The function ¥ : X — R is said to be regular in the sense of Clarke at x € X if for all
v € X, the directional derivative ¥/ (x; v) exists and ¥/ (x; v) = 1//0(x; v). The function ¥
is regular in the sense of Clarke on X if it is regular at every point x € X.

Knowing the generalized subdifferential, we can compute the generalized directional
derivative through the formula:

¥O(x; v) = max{(¢, v) | ¢ € 3y (x)). 2.1)

The following properties of locally Lipschitz continuous functionals hold (cf. [25, Propo-
sition 3.23]).

Proposition 1 Suppose v : X — R is a locally Lipschitz continuous functional on a Banach
space X.
(1) For every x € X, the function X > v wo(x; v) € R is subadditive:

YO v+ ) < ¥ ) + 0 v) Yo, v e X. 2.2)

(2) The graph of the generalized gradient 31 is closed in X x X . topology. It means that if
{xn} C X and {¢,} C X* are sequences such that ¢, € 0y (xp), X, = x in X, and &, — ¢
weakly* in X*, then ¢ € 9y (x).

It is convenient to record an elementary result to be used later:

a,b,x>0and x> <ax+b =— x><a’>+2b. (2.3)

3 An Elliptic Hemivariational Inequality and Its Numerical Solution

With applications to contact problems in mind, we first introduce an elliptic hemivariational
inequality. Let @ ¢ R? (d = 2, 3 for applications) be a polyhedral domain, and let I'; C 9<2.
Let V be a subspace of H'(Q; R?). For some positive integer m, lety € L(V; L2(I3; R™)).
Given a bilinear form a(-, -): V x V — R, alocally Lipschitz function j: I's x R — R,
and a linear bounded functional f : V — R, we consider the following problem.

Problem (P). Find an element u € V such that
a(u,v)—i—/ jo(yu;yv)dsz (f,v) YvelV. 3.1
I3

We allow j(x, z) to depend on the spatial variable x. However, to simplify the notation,
we will usually write j(z) with the understanding that it is allowed to depend on the spatial
variable. In the study of Problem (P), we need the following assumptions on the data:

(Hy) a(-,-): V x V — Ris bilinear, symmetric, continuous and V -elliptic; we will denote
the V -ellipticity constant by m 4 > 0:

a(v,v) = mulvl|y YveV. (3.2)

(Hj) j(-,z)is measurable on I'3 for any z € R™ and there exists zg € L?(I'3; R™) such that
Jj(G,z0() € LY(T3). Jj(x, ) is locally Lipschitz on R for a.e. x € I'3, and there are
constants co, ¢y, &; > 0 such that

18j(2)llrm < co+cillzlgn Yz € R™, 3.3)
Pz —z2)+ %z —22) <ajlzi —2lke Yz, €R™. (3.4)
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Denote by ¢, an upper bound of the norm of the operator y € L(V; L3(I'3; R™)):
17 oll 2y < ey lvlly Yo e V. (3.5)
The following result can be derived from [20, Theorem 3.1].
Theorem 3.1 Assume (H,), (H;), and
Oljc}z/ < my. (3.6)

Then for any f € V*, Problem (P) has a unique solution.

Proof We sketch a proof of the result. Define a linear operator A: V — V* by
(Au,v) =a(u,v), u,veVv. 3.7

Then A € £(V, V*) and it is strongly monotone with a monotonicity constant m 4. From
[34, Proposition 27.6], A is pseudomonotone (a property needed in applying [20, Theorem
3.1]). Define a functional
J(2) = f j@ds, zeL*T3R"M.
I's

From [25, Theorem 3.47], we know that J(-) is locally Lipschitz on L*(I'3; R™) and

0J(z) C / dj(x,z(x))ds Vze L2(F3; R™), (3.8)
I3
J2z1; 22) 5/ J°(zisz2)ds Yzi,20 € LA(T3; R™), (3.9)
I

187 @)l L2rg ey < v2meas(T3) co + V2eillzll 2y pmy Y2 € LA(T3:R™). (3.10)

Moreover, (3.8) and (3.9) become equalities when j is regular in the sense of Clarke; however,
we do not assume the regularity of j in the study of Problem (P). Here, (3.8) is understood
in the sense that for z* € 3.J(z), there is a function &(x) such that £(x) € 9 (x, z(x)) for
a.e. x € I'3, and

(2%, V) 2 (15 Ry L2y R) = / (), V() Rnxrnds Vv e LX(T3R™). (B.11)
r

3

Note that

PGian—)+0@ia—n) < / [/°Giiz2 —20) + (22 21 — 22)] ds
I's

=< aj llz1 — Z2||2LZ([*3;Rm)-
Applying [20, Theorem 3.1], we know that there is a unique solution to the problem
uev, (Au,v)—l—]o(yu;yv)z(f, v) YveV. (3.12)

Since
0/ 0., .
/ J (vusyv)yds = J(yu; yv),
I3

it follows from (3.7) that the solution u of (3.12) is also a solution of Problem (P).
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The uniqueness of a solution to Problem (P) is proved by a standard approach. Assume
i € V is another solution of Problem (P). Then,

a(ii, v) +/r JOvii; yv)ds = (f,v) YveV. (3.13)

3

Take v =i — u in (3.1), v = u — & in (3.13), and add the two resulting inequalities to get
a(ii —u, it —u) < /r [/OGu yi —yu) + jO(vit; yu — yii)] ds.

3

Applying (H,) and (H ), we derive from the above inequality that
malli —ully < ajcllli —ully.

By the assumption (3.6), we deduce that ||i — u|ly =0, i.e. & = u. O

Remark 3.1 The symmetry assumption on the bilinear form a(-, -) in (H,) is not needed
for the conclusion of Theorem 3.1. However, we will need this symmetry assumption in
developing error analysis of the VEM for Problem (P).

From the above proof we can also conclude that under the assumptions in Theorem 3.1,
Problem (P) is equivalent to the auxiliary problem (3.12). In fact, let u be the solution of the
forgoing problem and # the solution of the latter one. Then, i is also the solution of Problem
(P) due to (3.9). Hence, by the unique solvability of Problem (P), u = i as required. Certainly,
if the nonlinear functional j is regular in the sense of Clarke, the equality in (3.9) holds, which
shows that the previous two problems have the same formulation and are equivalent trivially.
We remark that we formulate the problem in the form (3.1) for convenience of application
by researchers in the areas of applied sciences, since it only involves the determination of ;°.

In the rest of the section, we assume the conditions stated in Theorem 3.1. Now, we
propose a general framework for numerical methods to solve Problem (P). Let {7}, 7 1=
{K}k T, be a family of partitions of Q into polygons, with a generic element denoted by K;
h := maxge7, hg and hg := diam(K). With this mesh, we consider a finite dimensional
subspace V, of V. For a non-negative integer k and an element K € 7j,, denote by Py (K) the
set of all polynomials on K with the total degree no more than k, and simply write (P (K))¢
as Py (K; ]Rd). Moreover, we assume that the bilinear form a(-, -) can be decomposed as

a(v,w) := Z aK(v,w) YvweV,
KeT,

where aX (-, -) is a bilinear, symmetric and nonnegative form over Vg := V| . For a function
in V, we naturally view it as a function in Vg by its restriction to K. We equip the Hilbert
space V|x with a norm or semi-norm || - ||y, g such that

Iy == > vy x YveV, (3.14)
KeTy,

and for all K € 7}, there holds
a®@,v) S vy ¢ Vv e Wk, (3.15)

where and in what follows, C or ¢ (with or without subscript) denotes a positive constant
independent of i g or h, which may take on different values at different occurrences. For any
two quantities a and b, “a < b” stands for “a < Cb”.
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In addition, assume that there exists a natural number k such that Py (K ; RY) C Vg for
all K € 7. With the above preparation, our abstract numerical method for Problem (P) is
the following.

Problem (P”.) Find an element uj, € Vj such that

i, ) +/ PO ru: yowyds = (i vn) Von € Vi, (3.16)
I3

where fj, € V¥ satisfies the condition
(fn.v) =cllflvelivlly Vv e V. (3.17)

In addition, the bilinear form is obtained from

ap(u,v) := Z a,{((u, v),

KeT,
with the symmetric bilinear form af (-, ) satisfying
e k-Consistency For all p € Pr(K; ]Rd) and for all v, € Vjx,
ak (p,vn) = a®(p,vp). (3.18)

e Stability There exist two positive constants «, and «*, independent of hg and K, such
that

axa® (v, vn) < af (on, vn) < @*a® (v, vp) Yo € V. (3.19)

By the V-ellipticity of a(-, -) and the stability condition for a f (-, -), aroutine computation
reveals the Vj,-ellipticity of aj (-, -):

ap(v,v) = azav,v) = glvl}, Yve Vi, (3.20)
where
MA = Ay 4. (3.21)

For the study of the discrete problem, we assume further that

1
mA>max{1,—}ajc32/. (3.22)
Oy
Note that (3.22) implies
g > e (3.23)

A discrete analogue of Theorem 3.1 is the following.

Theorem 3.2 Under the assumptions (H,), (H;), (3.20) and (3.22), Problem (P") has a
unique solution.

Remark 3.2 The construction of aj (-, -) is motivated by the ideas of the virtual element
method (VEM) introduced in [2,6]. Here, we first propose a general framework of numerical
methods for solving Problem (P). Based on this general framework, we devise and analyze
virtual element methods for solving elliptic hemivariational inequalities in a unified way.

In the study of the discrete problem, we first show the uniform boundedness of the numer-
ical solutions.
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Lemma 3.1 Assume (H,), (H;), (3.17), (3.20) and (3.22). Then
lunllv S IfIlvs + 1.

Proof We take v, = —uj, in (3.16),

ap(up, —up) +/ O Gun; —yup)ds = (fu, —un),

Iy
which is rewritten as
an(un, up) S/F JOruns —yun)ds + (fu, up). (3.24)
3
By (3.20),
an(up, wp) = iallunlly . (3.25)

From (3.3) and (3.4),
FOGrun: —yun) < ajllyunlde — j°0: yun) < ojllyunln + collyunllzn.
So there is a constant ¢ > 0,

/ JOuns —yup)ds < i lluplly + ¢ llunlly. (3.26)
I's

Use (3.25), (3.26) and (3.17) in (3.24) to obtain
mallunlly < clfllvellunlly +ejcsllunlly + ¢ llunllv.
Hence, the combination of (3.23) and the above result gives

lunlly S W Nve + 1,

i.e. up € Vj, is uniformly bounded independent of /. O

As is customary in the literature on virtual element methods, in order to derive error
estimation, we make the following two assumptions for some natural number k.

Assumption B1 For every v € H*1(K; R?), there exists a function v; € Pr(K; R?) such
that

v — vello.x +hxllv—vellvx S hE wlksx Vv e HSPU(KGRY). (3.27)

Assumption B2 There exists an interpolation operator Ix : H"‘H(K; ]Rd) NVg — Vuk
such that

v — Ixvllo.x +hgllv = Igvlly.x S K ol g Yo e HEPU(KGRY) N v
(3.28)

Moreover, if we write v; as the global interpolant of v, i.e. v;(x) is equal to Ixv(x) for
x € K, we require additionally that vy € Vj, ifv e V.

Theorem 3.3 If Assumptions B1-B2, (3.17)—(3.19) hold and the solution u of Problem (P)
belongs to H*1(Q; RY), then

1/2
”M - Mh”\/ 5 hk|u|k+1,9 + Ilf - fh”VﬁF + ”')/M - yu[||L/2(]"3;Rm)7 (329)
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where
If = fullys = sup Y= i on),
wev,  lonlly
Proof Let w = u; — uy,. Due to (3.20),
mallwlly < an(w, w) = ap(ur, w) — ap(up, w). (3.30)

By the k-consistency (3.18), we have, for u, € Pr(K; RY),
af Uz, v) = a® (ur, vp) You € Viyk.
Therefore,

ap(uyp, w) = Z (a,{{(IKu — Uy, W) +aK(un —u, w)) +a(u, w). (3.31)
KeTy,

Take v = —w in (3.1) to obtain

a(u, w) < / JOus yup — yup)ds + (f ur — up). (3.32)
I’
From the discrete hemivariational inequality (3.16),
ap(up, w) = (fn, ur — up) —/ JOvuns yur — yup) ds. (3.33)
I3

Use (3.31)~(3.33) in (3.30),

~ 2 K K
malwlly < > (af Uku = tr, w) +a® (g —u, w))
KeTy

+/r 0w yun = yur) + j0vuns yur — yun)]ds + (f = fo, w).
’ (3.34)
Note that
(f = foow) =cllf = fullvllwlly.
By the sub-additivity of the generalized directional derivative (see Proposition 1),
JOusyup = yup) < j0us yuy — yu) + j0us yu — yup),
FOuns yur — yun) < 0 Cruns yu — yup) + 0 vun: yur — yu).
Thus,
JOus yup = yup) + j0uns yur — yun) < 0 yun — yu) + j0Gruns yu — yup)
+ 7%us yu — yup) + jOuns yur — yu).
By (3.4),

/ [0 s yun = yu) + jGruns yu = yun) Jds < ajllyu = yunljagp,.pm,
'3 >’

2 2
= ojc,llu—uplly.
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From (3.3),
JOvus yu —yup) < (co+ crllyullpm)lyu — yurllpn,
FOuns yur — yu) < (co+ ctllyunlrm)llyur — yullgpn.
Taking the boundedness of ||y up || 2(p,.gmy into account, we then get from (3.34) that
7 2 . 2 172 _ 2 12
alwld e[ (Y Mxku—uxlly &) “lwllv + (Y llu—uxlly ) “lwlly
KeTy, KeTy,
+ellf = Mllvellwly + ;e llu = unlly + ¢ lyur — yul payrm.  (3.35)
Note that
lu—unlly < lu—urlly + lwly + 2w —urllyllwlly. (3.36)
Then from (3.35),

~ 1/2 12
(a2 o} <c[( D Mku—ual i) "+ (2 lw—uely ) ] Iwiy

KeT, KeT,
e (IF = fullv + = urlly ) lwlv
o (llu—urlly + lyu = yurll2eymm)) -

Applying (2.3), we have

lwiy S D Mxu—uxly x + D lu—uzlly &
KeT, KeTy
= urly + 1 = fallye + lyu = yurll 2em.
Note that
lu —unlly < llu—urlly + wllv.
Hence,
e —wnllv < (32 ||1Ku—u7,||2v,K)”2+( > ||u—un||%/,1<)1/2
KeT, KeT,
= urlly +1f = fully + lyu = yurl s gy G37)
From the estimate (3.27), we have
(3w —uxl} )" < B lulisr.n
KeTy,
and from (3.28),

1/2
lu—urlly = (3 = Ixully )" S B lulsra
KeT,
Therefore, we have (3.29) from (3.37). ]
Remark 3.3 Note that in general we can not expect to achieve optimal error estimates for solv-

ing hemivariational inequalities with high order elements. Hence, we restrict our discussion
to the lowest order virtual method introduced in [5], i.e. k = 1.
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4 Numerical Methods for Contact Problems

For definiteness, we let d = 2 in the following. Let 2 be the reference configuration of a
linear elastic body, assumed to be an open, bounded, connected polygon in R2. The boundary
is made up of three parts: ', I'> and I'3, where meas(I";) > 0. We assume that the body
is clamped on I'y, is subject to the action of a surface traction of density f, € L2(F2; Rz),
and is in contact with a rigid foundation on I'3. Volume forces of density f L*(Q2; R?)
act in 2. For a vector v, denote on the boundary 92 by v, = v - v its normal component
and v; = v — v,v the tangential component, respectively. We use S for the space of
second order symmetric tensors which is equipped with the canonical inner product “:”. For
atensor ¢ € S?, define its normal component as o, = av - v and tangential component as
o, = ov — o,v. For the contact problems under consideration, we have the linear elastic
constitutive law

o = Fe(u) in Q, 4.1
the equilibrium equation
Dive + f, =0 in €, 4.2)
the displacement boundary condition
u=0 only, 4.3)
the traction boundary condition
ov=f, onl,. (4.4)

In (4.1), F: @ x S* — S? represents the linear elasticity operator and is assumed to have
the following properties (cf. [20]):

(a) there exists L > 0 such that for all ¢, &5 € S2, ae. x € Q,
[F(x,e1) — F(x,e2)ll < Lrler —eall;

(b) there exists m# > 0 such that for all &, &5 € S%, a.e. x € Q, 4.5)
(F(x,€1) — F(x,€2)) : (€1 — £2) = mrlle; — &2]|;

(¢) F(-, €) is measurable on €2 for all &€ € S2.

Introduce a function space Q = L2(2: S?), which is a Hilbert space with the canonical inner
product

(0,7)0 :=/Qdij(x)fij(x)dx;

the associated norm is denoted by || - || o. When there is no danger of confusion, we simply
write (-, ) for (-, ).

To study the contact problems, the displacement fields will be sought in the following
space

Vi={ve H(Q R |v|r, =0},
which is equipped with the norm
2
lvllv := (e(v), e(v))lQ/ YveV. (4.6)
Since meas(I'1) > 0, we have by Korn’s inequality (see e.g. [9, Remark 1.1]) that

||v||Hl(Q;R2) Slvlly < ||”||H1(Q;R2) VveV. 4.7)
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We assume the densities of body forces and surface tractions satisfy
foe LA RY), f,e LA RY)
and define f € V* by
(foo)vexv = (fo, V2rey + (f2, V22 YV eEV. (4.8)

Next, we consider two contact problems with two choices of the boundary conditions on
the contact boundary I's.

4.1 A Bilateral Contact Problem with Friction

The contact boundary condition is
u, =0, —o;€dj;(u;) onlj. 4.9)
For the potential function j; : I'3 x R? >R (cf. [20]), we assume
(a) j;(-, z) is measurable on '3 for all z € R? and Jjr(-,z0()) € Ll(l"3)
for some zg € L>(I'3, R?);
(b) jr(x,-) is locally Lipschitz on R%forae. x € I's;
(c) 10j(x,2)| <co+cilz| forae.x € I'3, forall z € R? with cp, C1 > 0;(4'10)

. .0 2
@) jo(x, 21520 — 21) + jo(x, 20 21 — 22) < @), lz1 — 22||* for ae. x € T3,

forall z1,z2 € R? with aj, > 0.
Letm =2 and

Vi={weV]|vlr=0, yv=v, for veV,

a(u,v) = (Fe(m), e(v)), j(-,2) = j:(2), z€R%.

From (4.5)(b) and the definition (4.6), the assumption (H,,) is satisfied with m 4 = m , and
(Hj) is satisfied with a; = «;, from (4.10) (cf. [20]). The inequality (3.5) holds for any

cy > )‘1_,]\//2’ A1,v > 0is the smallest eigenvalue of the eigenvalue problem

ueVy, /e(u):e(v)dx:k/ Uy -vyds YveVy.
Q I'3

We assume additionally
aj < Xl’vm F-

For the first contact problem described by (4.1)—(4.4) and (4.9), proceeding in a standard
way, we can obtain the following weak formulation:
Problem (P;). Find an elementu € V; and §, € L2(I'3; R?) such that

a(u,v) — (f,v) = &, vds YveV, 4.11)
I3

with —&, € 9j;(u;) a.e. onI's.
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According to Theorem 3.1, there is a unique solution to the problem
ueVy, a(u,v)—i—/ j?(u,;v,)dsz(f,v) YveVy, (4.12)
I'3

which is also the unique solution of the auxiliary problem (cf. Remark 3.1)
ue Vi, a@,v)+J%us;00) = (f,0) YoeVy, 4.13)

where
J(z) :=f je(@)ds, z e L*('3;R?).
I3

We next show the unique solvability of Problem (P;). Letu € V| be the solution of (4.13).
Then by (2.1), there is a function € dJ (u) such that

a(u,v)+ (n,vy) > (f, v) YveV,.

For all v € V1, the above inequality still holds if v is replaced by —v. These two inequalities
together readily imply

a(u,v)+ (n,vy) =(f,v) VveVy. (4.14)

On the other hand, owing to (3.11), for n € 3J (u), there is a function —&, € 9 j; (u) such
that

(n, ve) = — &, v ds. 4.15)
I'3
Inserting (4.15) into (4.14) gives (4.11), that means, the solution of (4.13) is a solution of
Problem (Py). It is evident from Remark 3.1 that the solution of (4.12) is also a solution of
Problem (Py). The uniqueness of a solution to Problem (P;) can be shown similarly as in the
uniqueness part of the proof of Theorem 3.1.
Now, we introduce a virtual element method to solve Problem (Py). As in [13,14], we
make the following assumption on the family of meshes {7},

Assumption B3 Foreach K € 7}, there exists a “virtual triangulation” 7x of K such that 7
is uniformly shape regular and quasi-uniform. The corresponding mesh size of 7k is bounded
from below by a constant multiple of 4. Each edge of K is a side of certain triangle in 7.

It is evident to check that the above assumption covers the usual conditions satisfied by
K € 7;,, given as follows (cf. [1,5,7]).

C1. There exists a real number ¥ > 0 such that each element K € 7}, is star-shaped with
respect to a disk of radius px > yhg.

C2. There exists a real number y; > 0 such that for each element K € 7}, the distance
between any two vertices of K is > y1hg.

From now on, we always assume that the family of meshes {7}, },, satisfies the assumption
B3. Furthermore, we express the three parts of the boundary I' as unions of closed flat
components with disjoint interiors:

Tr=Uk Tp; 1<k<3.
Then, we construct virtual linear element spaces corresponding to 7. Let

Vi(K):={v e HI(K) | Av=0in K, v|3x € C(0K), v|, € P1(e) for each edge e C 0K},

@ Springer



2400 Journal of Scientific Computing (2019) 81:2388-2412

Wy, = {v e C(Q) | v|k € Vi(K) forall K € Tp}.
The displacement fields will be sought in the space
V= Wp)invy.

Furthermore, we briefly describe how to construct the bilinear form a,’f (-,-). Let ITg be
defined as a projection operator from V,(K) into Po(K )2%2 guch that for any given vy, €

sym
Vi(K) = (Vi(K))?,
/ Mgy : e¥dx =/ e(p) efdx Ve e Po(K)%2,
K K

where Py (K )%yxnf stands for the set of all second order symmetric tensor fields with each entry
being constant. Intuitively, IT x (vy) is a constant projection of the strain field e(v;) over K.

Then, following [2, Eqn. (12)], define

ak (vy, wp) =/ FH g (vy) : g (wp) dx + bf (v, wy) Yop, wy € Vi(K),
K
(4.16)

where the second term plays a stabilization role. We mention that the first term on the right
of (4.16) is essentially equivalent to the first term given in equation (4.1) of the paper [6].
However, the construction of b,’f (-, -) israther involved, requiring that b ,’f (-, -) be a symmetric
and positive semidefinite bilinear form whose kernel is exactly (P (K )2 (cf. [6, pp- 808—
809]). To simplify the presentation, we refer to [2,6] for details along this line.

Then we introduce a local projection H]V : HI(K) — P1(K) as follows. For all v €
H'(K),

(VITYv, Vp)k = (Vv, Vp)x ¥V p e Pi(K),
l'[lvv =7,

where (-, -)g stands for the L%(K) inner product, and v is the integral average of v on the
boundary 0K of K. To simplify the presentation, we also use l'[lV to represent the related
element-wise defined global operator.

For the right-hand side f, we define the approximation f such that

(Frovn) =) /Kfo.nlvvhdwrfr fo-vpdx Vv, eVy, (4.17)
2

KeT,

where 1'[1V is the vectorized analog of Iy, ie. for all v = (v1,w)7, Hlvv =
(Hlvvl, HIVUQ)T.

According to [14, Corollary 3.8] and (4.7), we have by the Cauchy-Schwarz inequality
that, for any v, € Vy,

> /K fo MY vndx < (3 1 fol2aep) > (2 I 0nl2 4 )

KeT, KeTy, KeT),
2 1/2 2 1/2
5 ( Z ”fO”LZ(K,RZ)) ( Z ”vh”LZ(K,RZ))
KeT, KeT,

< ||f0||L2(Q,]R<2)||vh||L2(Q,]R2)
S Ifollze ey lvallv. (4.18)
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Using the Cauchy—Schwarz inequality again to the second term in (4.17) and then combining
the estimate with (4.18), we find

(Foon) S ULfolfaqpey + 1520170, o) lonlly.

Thus, we have verified the condition (3.17).
Now, we define a VEM for solving Problem (P) as follows.
Problem (P!). Find u;, € V), and §" € L?(I'3; R?) such that

an(upn, vy) — (fy, vn) =f ghvlds Vo, eV, (4.19)
I3

with —Sﬁ € djr (uﬁ) a.e.on ['3.
For an error analysis, we first note that for any v, € Vy,

|(.f_fhavh>|:’ Z /KfO'(Uh—Hlvvh)dx

KeT,

\Y%
< Y Ifollak reylon — Y vall 2k w2
KeT)
S D ol moyhk 1al i (x g2y
KeTy

Shilfollzzryllvnllv,

If = Fallvy Sh. (4.20)

We comment that under Assumption B3, it is easy to derive the estimate (3.27) using the
classical Scott-Dupont theory in the case V = H'(Q; R?) (cf. [12]). Moreover, according
to [10,14], there exists a nodal interpolation operator I : H 2(K) — Vi (K) such that

lv—Igvllox +hklv—Ixvli g S h%{”””Z,K Vv e H*(K).

When d = 2, we write I g as the vectorized analog of /x defined above. Moreover, for
ve HX(Q: ]Rz) write its global interpolant as v;. It is easy to check thatif v € V,v; € V.
Hence, Assumption B2 holds for £ = 1 by using the interpolation operator I g .

Moreover, it can be proved using the arguments in [2,6,9,14] that the bilinear form a,f (-, ")
from (4.16) satisfies conditions (3.18) and (3.19) under Assumption B3. Hence, applying
Theorem 3.3 and the finite element interpolation error estimates (cf. [10]), we conclude the
optimal order error bound

lu —wunlly Sh (4.21)
under the regularity assumptions
ue HX(QR?), uclr,, € H* (T35 R, 1<i <i3. (4.22)

Now, we consider a concrete example of j;,
) llzll
@ = [ uwa. (4.23)
0
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Here w(¢) can be interpreted as a friction bound function. This function is assumed to be
measurable from [0, co) to R, n(0+) > 0, and with two positive constant ¢y, ¢3,

O<pu@) <c(l+1) V=0, (4.24)
u(t) —u(t) = —ca(tr —t1) Yo > 11 = 0. (4.25)

In this situation, the function j; defined by (4.23) is regular in the sense of Clarke (cf. [3,
Lemma 3.2]).

4.2 A Frictionless Normal Compliance Contact Problem

The contact boundary condition is
—oy, €9jy(uy), 0 =0 on I'3. (4.26)

The first relation in (4.26) is a normal compliance contact condition, whereas the second
relation indicates that the contact is frictionless. Here, we assume the following properties
(cf. [20]) on the potential function j, : '3 x R — R:

(a) jv(-, z) is measurable on I'; for all z € R and j, (-, z0(:)) € LI(F3)

for some zg € L2(I3);
(b) jv(x,-) is locally Lipschitz on R for a.e. x € I's;

4.27
(¢) 10 jv(x,2)] < co+cylz| fora.e. x € I'3, forall z € R with ¢g, ¢; > 0; ( )

0 ) 0 ) 2
(d) jy(x, 21322 — 20 + J, (¥, 225 21 — 22) < @j,|z1 — 22| fora.e. x € 'z,

forall zj, zo € R with erj, > 0.

For the contact problem described by (4.1)—-(4.4) and (4.26), proceeding in a standard way,
we can obtain the following weak formulation.
Problem (P»). Find an elementu € V and o, € L2(F3) such that

a(u,v) —(f, v):/ o,-vyds YveV, (4.28)
I's

with —o, € dj,(u,) a.e. on I'3.
The displacement fields will be sought in the space

Vii=WpinV.
We follow the discussion in Sect. 4.1, with the following modifications:

m=1, yv=v, for veV,

Jj,2) =@, z€R,

aj =aj,andc, > A; 1V/2, A2, v > Obeing the smallest eigenvalue of the eigenvalue problem

ueV, /e(u):s(v)dx:kf uy,-vyds YveV.
Q

I3

We assume additionally that

aj, < )\.2qvm]:.
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Similar to Problem (P), Problem (P») has a unique solutionu € V.
Now, we introduce the following approximation of Problem (P5):
Problem (Pg). Find an element u;, € V and a‘f‘ € LZ(F3) such that

an (@, vn) = (f > vn) =/ oy -vids Vv € Vy, (4.29)
I's
with —o/" € 8j,(u") a.e. on T3.
Similar to the derivation of the error estimate (4.21), we can conclude the optimal order
error bound

le —wunlly Sh (4.30)
under the regularity assumptions

we H (R, wlry, € H*(T3,), 1 <i <is. 4.31)

5 An Algorithm for Solving Discrete Problems

We now present an efficient algorithm to solve the discrete problems. To this end, we require
to formulate the discrete hemivariational inequality under study as a minimization problem

following some ideas in [4]. For definiteness, we only consider Problem (P’f) in detail. Let

Ny be the number of nodal points, and let {¢l~}i2iv ? be the shape basis functions of V. For

v € V, define a function ¢ : R*M0 — R by

2Ny
() = / j(vyds = / J()_ardp(x))ds Vo e RN, (5.1)
T LR
2N, Ny
where a ;= [ak]kz(]’ and v := ) g (x). Recalling the relation (3.8), we know that for
k=1

any € d€(a), there exists —)’;‘ﬁ(x) € dj(v) a.e. on I'3 such that

(M, &) pavy  g2N0 =/ —&M(x)-vids V¢ e R, (5.2)
r

3

N 2N,
where v1 := ) {i¢;(x) and ¢ := [{,-]l.z?. Next, define
i=1

=
b=[b1Y, bi=(fr ) A=A An = an@;. dp)-
If a vector a*= [a;]if{ is a solution of the inclusion

b— Aa € 0l(a), 5.3)

2Ny
then we take § = b — Aa™ in (5.2), from which we immediately know u), = Y aj ¢ (x) is

exactly the solution of Problem (P’l’). So we turn to solve the problem (5.3).
On the other hand, by [15, Proposition 2.3.3], the inclusion (5.3) is equivalent to the
following:

0edH (), 5.4

@ Springer



2404 Journal of Scientific Computing (2019) 81:2388-2412

where
1
H() = EaTAa —b o+ L. (5.5)

By [4, Lemma 4], we know that H (o) defined in (5.5) attains a global minimum. Note
that Problem (P’l') has a unique solution, so it is equivalent to the minimization problem:

H(a*) = inf{H () | @ € R*N0y, (5.6)

where H () is given by (5.5).
Furthermore, we approximate £ (o) with the trapezoidal rule to get

2No 2Ny
/1" J <Zak¢k(x)> ds ~ Zw,-j (Z ozk(/)k(xi)) =: wTj(a), 5.7
3 k=1

iel k=1

where {x;};cs is the set of the nodal points of 7 on I's and {w;};c; are the weights of the
integration formula. Assuming that N1 components corresponding to the index set / are listed
first, we write the vector o in block form as e = (otlT, ag VT with ey € RV, Similarly,

A= (ii 3;) b= (Z;) w = <"(’)1>. (5.8)
Then the problem (5.6) can be recast approximately as follows: find &t} € RN and ol e RN
such that
F(a},a3) = inf(F(ar, @) | @) € RV, oy € RM2), (5.9)
where Ny = 2Ng — Nj, and
F(oey, o) = %(OHTAHOH +2al Apas +ad Apar) — bl e — bl ay + wi j(ay).
It is evident that the first order conditions of the optimization problem (5.9) are
0c Ao+ Apas — by + ! jar), (5.10)
0= Al o + Anas — by, (5.11)

where 9 denotes the generalized gradient of a Lipschitz function (cf. [26,27]). We have by
(5.11) that

@ = Ay} (b — ATay). (5.12)

Using this formula in (5.9) to eliminate a», we find the following reduced minimization
problem from (5.9):
Find a} € RM such that

F(a}) = inf(F(a;) | @ € RMY, (5.13)
where
- . 1 r~ T T .
F(ay) = Pkt Aja; — by o +wy j(ag),
with
A=Ay — A12A2_21A1T2, by :=b; — A12A2_21b2-
In our numerical simulation given in the next section, we will use the double bundle

method (cf. [23]) to solve problem (5.13).
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Fig.1 Polygonal mesh for N = 64 (left) and N = 256 (right)

6 Numerical Experiments

In this section, we report numerical results to illustrate performance of the numerical method.
In our numerical simulation, the polygonal meshes are produced by an algorithm presented
in [30] and the codes obtained are written based on the program in [29]. Meshes with element
numbers N = 64 and N = 256 for the unit square are displayed in Fig. 1.

Example 6.1 First, we consider an example of Problem (P;). The contact is bilateral and
frictional. The domain 2 = (0, 4) x (0, 4) is the cross section of a three-dimensional linearly
elastic body and the plane stress condition is imposed. The boundary 92 is decomposed into
three parts: I'p = {4} x (0, 4) where the body is clamped, I'c = (0, 4) x {0} where frictional
contact takes place, and the remaining part 'y = ({0} x (0, 4)) U ((0, 4) x {4}) is for traction
boundary condition. The elasticity tensor F is given by

Ev E ..
(Fe)ij = ﬁ(su + £22)8;j + msij, 1<i,j=<2,

where E is the Young modulus, v is the Poisson ratio of the material and §;; is the Kronecker
delta. We use the following data:

E =2000daN/mm?, v =0.4,
fo=(0,0T daN/mm?,

(200(5 — x2), —200)" daN/mm on {0} x (0, 4),

faler, x2) = {0 on (0, 4) x {4).

The contact condition is determined by (4.9) and (4.23), where
p(t) = (a—Db)e * +b.
Hence,
e | By
jxm@=1; [(@ =)™ +b]dt = fous") = fou:"),
with

a—>b ~ a—b h
ﬁwﬂwzawﬂn+—;< ﬁwﬂwz—;4e”“”+awwm
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Since a > b > 0 and @ > 0, after using numerical integration to frz jr (@) ds, we can
similarly get )

fr Je@hyds ~ wi j@r) = j(a). (6.1)
3

In this situation, the function j(e) is regular (cf. [3]). We observe that the Lipschitz
function j(e1) is a DC function, i.e. it is a difference of two convex functions. Obviously, it
is satisfied with the necessities of the double bundle method (cf. [23]). We choose a = 900,
b = 450 and o = 2000. Combining with (5.7), we obtain that

j@) = foler) — folar),

where
9
fo(ar) == 900w e | + Emeas(m), 6.2)
. 9
Jolay) = 4—0w{<e*2°°°‘“1‘ +2000]ety ), (6.3)

and |aq| denotes a new vector formed by taking the absolute value for each entry of &y,
whereas w; denotes a vector formed by the coefficients of the integration formula. The
problem (5.13) is equivalent to the following DC minimization problem:

min { £(@) = fi(e) = falen) oy e RV,

where
1 ~ ~ -
filen) = sef Ky + folen). faler) = by ar + foley). (6.4)

It is verified that the method terminates after a finite number of steps and the solution is
approximately Clarke stationary (cf. [23, Section 5.4]). The associated Fortran code can be
obtained from http://napsu.karmitsa.fi/nsosoftware/.

The numerical solutions corresponding to several meshes with N = 200, N = 800,
N = 3200, N = 12,800 are displayed in Fig. 2, respectively. A convergence trend is evident
for the numerical solutions as N increases.

In Table 1 and Fig. 3, we report relative errors ||urer — up || E/||trer|| g Of the numerical
solutions in the energy norm on square meshes, where the energy norm is given by

1
Iollg == —=
V2

Note that the error bound (4.21) predicts an optimal first order convergence of the numerical
solutions measured in the energy norm, under the regularity assumptions (4.22). Since the true
solution u is not available, we use the numerical solution with a fine mesh as the “reference”
solution u..r in computing the solution errors. Specifically, the “reference” solution uyer is
set as the numerical solution with h = 1/32.

The relative errors in energy norm are shown in Fig. 3. O

(F(ew)), e() .

Example 6.2 Now, we consider an example of Problem (P;). The first relation in (4.26)
is a normal compliance contact condition, whereas the second relation indicates that the
contact is frictionless. The domain 2 = (0, 1) x (0, 1) is the cross section of a three-
dimensional linearly elastic body and plane strain condition is assumed. On the part I'} =
({0} x [0, 1) U ({1} x [0, 1]) the body is clamped. Vertical tractions act on I';, where
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Numerical solution u1 Numerical solution u1

3 3
y 44 N=200 y 44 N=800

Numerical solution u1 Numerical solution u1

y 4 N=12800

Fig. 2 The numerical solution related to different numbers of elements: N = 200 (upper left), N = 800
(upper right), N = 3200 (bottom left) and N = 12,800 (bottom right)

Table 1 Numerical errors on " | 1 1 1 1
square meshes for lowest-order 2 4 8 16

VEM Error  31914%  14319%  6353%  2713%  1.129%

', = [0, 1] x {1}. The contact part of the boundary is I'3 = [0, 1] x {0}. The elasticity tensor
F satisfies

E ..
(e11 +€22)8ij + ——e¢;j, 1<i,j<2,

Ev
(Fely = 1 I +v

(1+v)(1 —2v)

where E is the Young’s modulus, v is the Poisson’s ratio of the material and §;; is the
Kronecker symbol. For the computation below, we use the following data

E =70GPa, v =0.3.
No body forces are assumed to act on the body during the process, and

fo=1(0,0)GPa, f,=(0,—-52)GPa onI5.
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0.3191¢

0.14321

0.0635¢

0.0271

[[tser — u®| /[

0.0113

0.0625 0.125 0.25 0.5 1
h

Fig.3 Relative errors in energy norm

For Problem (P,) with boundary (4.26), we choose

0 if u, <0,
100u, if u, € (0,0.1],
—0, = Y v ( ] (6.5)
20 — 100y, if u, € (0.1,0.15),
400u, — 55 if wu, > 0.15.
We have the following formula by (4.26),
0 if u, <0,
50u? if u, € (0,0.1],
20u, — 50u® — 1 if u, € (0.1,0.15),
200u? — 55u, +4.625 if u, > 0.15.

Jv(uy) = (6.6)

Let j, (uy) = fo(uy) — fg(uv), where fo(u,) and fg(uv) defined as follows:
50u® if u, <0,

10042 if u, € (0,0.1], and  fo(u,) = 50u.
20u, — 1 if u, € (0.1,0.15),

250u2 — 55u, +4.625 if u, > 0.15,

So(uy) =

h
v

Jo@h) = fo!y — fou™),

For the numerical solution ', we choose

as in the case of (6.1). Then
/F Jo(ul) ds =/F (foul) = foul)ds ~ wi j(ar) =: ja),
3 3
with

jler) == folar) — foleer),
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Fig.4 The function fy(uy)

———N=200
012 ———N=400
N=800
——N=1600
———N=3200
L N=6400 | |
0.1 ——N=12800
———N=25600
0.08 4
0.06 4
0.04}+ 4
0.02} 4
0 . . . . . . . . .

0 01 02 03 04 05 06 07 08 09 1

Fig.5 The numerical solution of normal direction for different meshes

where w; denotes a vector formed by the coefficients of an numerical integration formula
[cf. (5.7)]. Tt is noted the function fp(u,) is convex, which is sketched in Fig. 4.

Clearly, the function j(ee) is regular (cf. [16, Proposition 5.6.15(b)]) and directionally
differentiable. The problem (5.13) is equivalent to the following DC minimization problem
of the form:

min | f(@n) = fi@) = o)) o e R}
where
1 ~ ~ -
filen) = sal Aer + folen).  faen) = —b1 ey + folay). 6.7)

According to the numerical results of the numerical solution of normal direction on the
boundary [0, 1] x {0}, a similar convergence trend is clearly observed (cf. Fig. 5).
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Table 2 Numerical errors on n 1 1
square meshes for lowest-order 4 g
VEM

1
32

by

= |4
(9%

6
.944% 8.679% 4.

W

error 36.877% 24.739% 1 75%

0.3688 1

0.2474 b

0.1494 - b

0.0868 | b

[[tret — wp /][ wret |

0.0458 b

0.0156 0.0313 0.0625 0.125 0.25
h

Fig.6 Relative errors in energy norm

0.12 10
g, 4
01} ol |
0.08} T 1
6, 4
0.06} 5 ]
4t i
004 3l ]
0.02 # LS 1

% ‘l |

¢ :
0

0 n n n n n n n n n n n n n n n n n n
0 01 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Fig.7 The normal displacement (left) and normal stress (right) for a mesh with N = 25,600

In this situation, the numerical solution with 4 = 1/256 is taken to be the “reference”
solution u.s (Table 2).
The relative errors in energy norm are shown in Fig. 6.

On the other hand, we fix the number of elements in the mesh N = 25600, and plot the
displacement u, and force —o, in Fig. 7.

All nodes are in status of normal compliance, i.e. 0 < u,, < 0.15. Nevertheless for part
of the nodes we have 0 < u,, < 0.1 and for the other part we have 0.1 < u, < 0.15. We
note that for 0 < u,, < 0.1 the normal forces increase with respect to the penetration and for
0.1 < u, < 0.15 they decrease. It arises since there —o, = k, (u,) and k, is an increasing
function on [0, 0.1], and it is decreasing on [0.1, 0.15]. O
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