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DISCRETE-ORDINATE DISCONTINUOUS GALERKIN METHODS
FOR SOLVING THE RADIATIVE TRANSFER EQUATION∗
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Abstract. The radiative transfer equation (RTE) occurs in a wide variety of applications.
In this paper, we study discrete-ordinate discontinuous Galerkin methods for solving the RTE. The
numerical methods are formed in two steps. In the first step, the discrete ordinate technique is applied
to discretize the integral operator for the angular variable, resulting in a semidiscrete hyperbolic
system. In the second step, the spatial discontinuous Galerkin method is applied to discretize the
semidiscrete system. A stability and error analysis is performed on the numerical methods. Some
numerical examples are included to demonstrate the convergence behavior of the methods.
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1. Introduction. Radiative transfer theory describes the interaction of radia-
tion with scattering and absorbing media, which has wide applications in such ar-
eas as neutron transport, heat transfer, stellar atmospheres optical molecular imag-
ing, infrared and visible light in space and the atmosphere, and so on. We refer
to [2, 7, 19, 27, 28, 31, 32] and references therein for details about this subject. In the
stationary one-velocity case, the photon (neutron) intensity, a function of three space
variables x and two angular variables ω, is governed mathematically by the radiative
transfer equation (RTE) (cf. [2, 25])

ω·∇u(x,ω) + σt(x)u(x,ω) = σs(x)

∫
Ω

g(x,ω·ω̂)u(x, ω̂) dσ(ω̂) + f(x,ω).

Here σt, σs, g, and f are given functions, and Ω denotes the unit sphere in R3. The
RTE can be viewed as a hyperbolic-type integro-differential equation. Due to this
complication and the high dimension of the problem, it is a serious challenge to de-
velop effective numerical methods for RTE, a topic that attracted much attention in
the past five decades. The numerical methods used today include discrete ordinate
methods, methods using spherical harmonics, finite difference methods, finite element
methods and spectral methods, and so on. We refer to [25] for a basic and compre-
hensive understanding about this context. Among all the methods just mentioned,
the discrete ordinate method (cf. [11,25]) has received significant attention and devel-
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opment, owing to the good compromise between accuracy, flexibility, and moderate
computational requirements. A number of discrete ordinate methods combined with
Chebyshev spectral methods were introduced in [4, 17, 23] for solving RTE in regu-
lar space domains; in [12], a spatial multigrid algorithm was presented for isotropic
neutron transport in x-y geometry, where the linear system to be solved is obtained
using discrete ordinates in angle and corner balance finite differencing in space.

Since RTE is essentially a hyperbolic-type system, it is natural to solve the prob-
lem by the discrete ordinate method combined with the discontinuous Galerkin (DG)
discretization in space. We call the resulting methods discrete-ordinate DG methods.
Here we briefly review some advances of DG methods related to our problem under
consideration. In 1973, Reed and Hill introduced in [29] the first DG method for linear
hyperbolic problems (the neutron transport equation without scattering term), and
the error analysis of the method was established thoroughly in [22,24]. A comprehen-
sive introduction of DG methods was given in [15], for computational fluid dynamics.
A general framework was presented in [14] for constructing DG methods based on the
discrete stability identities, from which one can derive many efficient DG methods for
a large number of partial differential equations (systems) in a unified way. The stabi-
lization mechanism frequently used in DG methods was revealed in [9], and the theory
is also applied to discuss DG methods for linear hyperbolic problems. In addition, a
complete study about the latter problem was given in [10], and some optimal error
estimates in certain discrete norm were obtained there too. In [26], a DG method
was proposed for solving the one-dimensional spherical neutron transport equation
without scattering term. DG methods have also been applied successfully to solve
elliptic problems (cf. [3]) and many other mathematical physical problems (cf. [16]).

To derive our discrete-ordinate DG methods, we first replace the scattering term
(integral term) in RTE by a certain quadrature sum and require only that the resulting
equations are valid at all angular directions corresponding to the numerical integration
nodes, resulting in a linear first-order hyperbolic system. Then, following [9, 10, 15],
we further discretize this system by DG methods to get some fully discrete methods
for solving RTE in any geometric shape domains in space. As in [9, 10], we also con-
sider the DG methods for which a certain stabilization term is added for penalizing
the jump of the solution across interior faces of the triangulation, in order to get
numerical solutions with physical sense in practical applications. For error analysis of
our methods, we first give a simple abstract lemma for error estimates of general DG
methods, which is similar to the second Strang lemma in error analysis of noncon-
forming element methods (cf. [13]). Then, we establish some stability estimates for
our methods in certain discrete norm, which, in conjunction with the previous lemma
and some careful estimates involving a certain L2-orthogonal projection operator,
leads to some error estimates between the semidiscrete solution and the numerical
solutions. Using an error formula for the numerical quadrature on the unit sphere
(cf. [21]) and the energy integration method, we obtain an error bound between the
exact solution and the semidiscrete solution in the L2-norm. These estimates together
give rise to error estimates between the exact solution and our numerical solutions
in the L2-norm. Numerical results from several examples are provided to illustrate
computational performance of the methods proposed here.

We end this section by introducing some notation frequently used later on.
Throughout this paper, we will use the standard notation for Sobolev spaces together
with their norms and seminorms (cf. [1, 6, 8]). For instance, for an open set D in R3,
H1(D) is the space of all square-integrable functions whose first-order weak deriva-
tives are also square-integrable in D; for any v ∈ H1(D), its norm and seminorm in
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DISCRETE-ORDINATE DISCONTINUOUS GALERKIN METHODS 479

H1(D) are defined by

‖v‖1,D =

[ ∫
D

(|v|2 + |∇v|2) dx
]1/2

, |v|1,D =

(∫
D

|∇v|2 dx
)1/2

,

where ∇ stands for the gradient operator with respect to the x variable. Moreover,
for any two real quantities a and b, the symbol a � b abbreviates a ≤ C b, with
C a positive constant independent of the finite element mesh size, which may take
different values at different appearances.

2. The radiative transfer equation. LetX be a domain in R3 with a Lipschitz
boundary ∂X . Note that the unit outward normal n(x) exists a.e. on ∂X . Denote by
Ω the unit sphere in R3. For each fixed direction ω ∈ Ω, introduce a new Cartesian
coordinate system (z1, z2, s) by the relations

x = z + sω, z = z1ω1 + z2ω2,

where (ω,ω1,ω2) is an orthonormal basis of R3, z1, z2, s ∈ R. With respect to this
new coordinate system, we denote by Xω the projection of X on the plane s = 0 in
R3 and by Xω,z (z ∈ Xω) the intersection of the straight line {z + sω; s ∈ R} with
X . We assume that the domain X is such that for any (ω, z) with z ∈ Xω, Xω,z is
the union of a finite number of line segments:

Xω,z = ∪N(ω,z)
i=1 {z + sω; s ∈ (si,−, si,+)}.

Here si,± = si,±(ω, z) depend on ω and z, and xi,± := z+ si,±ω are the intersection
points of the line {z+ sω; s ∈ R} with ∂X . We further assume supω,z N(ω, z) <∞,
known as a generalized convexity condition. As an example, for a convex domain X ,
supω,z N(ω, z) = 1. We then introduce the following subsets of ∂X :

∂Xω,− = {z + si,−ω; 1 ≤ i ≤ N(ω, z), z ∈ Xω},
∂Xω,+ = {z + si,+ω; 1 ≤ i ≤ N(ω, z), z ∈ Xω}.

It can be shown that if n(xi,−) exists with xi,− = z + si,−ω, then n(xi,−)·ω ≤ 0;
if x ∈ ∂X and n(x)·ω < 0, then x ∈ ∂Xω,−. Likewise, if n(xi,+) exists with
xi,+ = z + si,+ω, then n(xi,+)·ω ≥ 0; if x ∈ ∂X and n(x)·ω > 0, then x ∈ ∂Xω,+.
Now, define

Γ− = {(x,ω); x ∈ ∂Xω,−, ω ∈ Ω}, Γ+ = {(x,ω); x ∈ ∂Xω,+, ω ∈ Ω}

for the incoming and outgoing boundaries. Both are subsets of Γ = ∂X × Ω.
Denote by dσ(ω) the infinitesimal area element on the unit sphere Ω. If we

introduce the spherical coordinate system by

(2.1) ω = (sin θ cosψ, sin θ sinψ, cos θ)T , 0 ≤ θ ≤ π, 0 ≤ ψ ≤ 2π,

then dσ(ω) = sin θ dθ dψ. We will need an integral operator S defined by

(2.2) (Su)(x,ω) =

∫
Ω

g(x,ω·ω̂)u(x, ω̂) dσ(ω̂),

with g a nonnegative normalized phase function

(2.3)

∫
Ω

g(x,ω·ω̂) dσ(ω̂) = 1 ∀x ∈ X, ω ∈ Ω.
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In most applications, the function g is independent of x. One well-known example is
the Henyey–Greenstein phase function (cf. [20])

(2.4) g(t) =
1− η2

4π(1 + η2 − 2ηt)3/2
, t ∈ [−1, 1],

where the parameter η ∈ (−1, 1) is the anisotropy factor of the scattering medium.
Note that η = 0 for isotropic scattering, η > 0 for forward scattering, and η < 0 for
backward scattering.

With the above notation, a boundary value problem of the RTE reads (cf. [2,25])

ω·∇u(x,ω) + σt(x)u(x,ω) = σs(x) (Su)(x,ω) + f(x,ω), (x,ω) ∈ X × Ω,(2.5)

u(x,ω) = 0, (x,ω) ∈ Γ−.(2.6)

Here σt = σa+σs, σa is the macroscopic absorption cross section, σs is the macroscopic
scattering cross section, and f is a source function. We assume these given functions
satisfy

σt, σs ∈ L∞(X), σs ≥ 0 a.e. in X, σt − σs ≥ c0 in X for a const. c0 > 0,(2.7)

f(x,ω) ∈ L2(X × Ω) and is a continuous function with respect to ω ∈ Ω.(2.8)

These assumptions are naturally valid in applications; the last part of (2.7) means
that the absorption effect is not negligible. The homogeneous boundary condition
(2.6) corresponds to a vacuum setting around X . It is equally well to consider a
general incoming flux boundary condition u(x,ω) = uin(x,ω) on Γ− with a given
function uin.

It is shown in [2] that the problem (2.5)–(2.6) has a unique solution u ∈ H1
2 (X×Ω),

where

H1
2 (X × Ω) := {v ∈ L2(X × Ω); ω·∇v ∈ L2(X × Ω)}

with ω·∇v denoting the generalized directional derivative of v in the direction ω
(cf. [2]).

3. Discrete-ordinate DG methods. In order to define our discrete-ordinate
DG methods for the problem (2.5)–(2.6), we first approximate the integration term
Su appearing in (2.5) by certain quadrature. We write the numerical quadrature to
be used in the form

(3.1)

∫
Ω

F (ω) dσ(ω) ≈
L∑

l=1

wlF (ωl), wl > 0, ωl ∈ Ω, 1 ≤ l ≤ L,

where F is a continuous function over the unit sphere Ω. One family of quadratures
is given by the product numerical integration formulas (cf. [5,30]), e.g., for a positive
integer m, with L = 2m2,

(3.2)

∫
Ω

F (ω) dσ(ω) =

∫ 2π

0

∫ π

0

F̄ (θ, ψ) sin θ dθ dψ ≈ π

m

2m∑
j=1

m∑
i=1

wiF̄ (θi, ψj)

in the spherical coordinate system (2.1). Here F̄ stands for the representation of F
in the spherical coordinates, and {θi} are chosen so that {cos θi} and {wi} are the
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Gauss–Legendre nodes and weights on [−1, 1]. The points {ψj} are evenly spaced on
[0, 2π] with a spacing π/m; typically,

ψj = jπ/m or (j − 1/2)π/m.

With the above choice of node points and weights, the numerical quadrature (3.2)
integrates exactly any polynomial F (x) of a total degree no more than 2m − 1. A
popular choice of quadratures in relevant engineering literature is the {SN} family
that has prescribed geometric symmetry for the set of the quadrature nodes on the
unit sphere, and we refer to [11, 25] for details along this line. Our error analysis of
the discrete-ordinate DG methods work for general quadratures of the form given in
(3.1). Then the integral operator S can be approximated by a discretized operator
Sd given by

(3.3) Sdu(x,ω) =

L∑
l=1

wlg(x,ω·ωl)u(x,ωl).

Regarding the accuracy of the quadrature (3.1), we will write n for the degree
of precision of the quadrature, i.e., the quadrature integrates exactly all spherical
polynomials (cf. [18]) of total degree no more than n and does not integrate exactly
some spherical polynomial of total degree n+ 1. Then by [21, Corollary 6],

(3.4)

∣∣∣∣
∫
Ω

F (ω) dσ(ω)−
L∑

l=1

wlF (ωl)

∣∣∣∣ ≤ csn
−s‖F‖s,Ω ∀F ∈ Hs(Ω), s > 1.

Here Hs(Ω) is the Sobolev space of order s over Ω (cf. [18]), and cs is a universal
constant depending only on s.

Associated with the numerical quadrature (3.1), define

(3.5) m(x) = max
1≤i≤L

L∑
l=1

wlg(x,ωl·ωi)

and make the following assumption:

(3.6) σt −mσs ≥ c′0 in X for some constant c′0 > 0.

This assumption will be needed in our error analysis in section 4. Note that the sum-
mation

∑L
l=1 wlg(x,ωl·ωi) is an approximation of the integral

∫
Ω g(x,ωi·ω) dσ(ω),

which equals 1 by the normalization condition (2.3). If g(x, ω̂·) is an Hs(Ω) (s > 1)
function for any fixed x ∈ X and ω̂ ∈ Ω, then by (3.4),∣∣∣∣∣1−

L∑
l=1

wlg(x,ωi·ωl)

∣∣∣∣∣ ≤ csn
−s‖g(x,ωi·)‖s,Ω.

Thus, m(x) is close to 1 if the numerical quadrature has certain degree of precision,
at least when the function ω 
→ g(x, ω̂·ω) is in Hs(Ω) with some s > 1, for any
x ∈ X and ω̂ ∈ Ω. Hence, under the assumption (2.7), (3.6) is not a very restrictive
condition. For the Henyey–Greenstein phase function (2.4), we actually have∣∣∣∣∣1−

L∑
l=1

wlg(ωi·ωl)

∣∣∣∣∣ ≤ csn
−s‖g(ωi·)‖s,Ω ∀ s > 1.

Some numerical values of the function m are given at the beginning of section 5.
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Using the quadrature (3.3), we can discretize (2.5) in angular direction to get

(3.7) ωl·∇ul+σtul = σs

L∑
i=1

wig(·,ωl·ωi)u
i+fl in X, ul = 0 on ∂X l

−, 1 ≤ l ≤ L,

where fl = f(x,ωl) and u
l = ul(x) is an approximation of u(x,ωl). Here and below,

we use the simplified notation ∂X l
± := ∂Xωl,±.

The system (3.7) is a first-order hyperbolic problem in space, which will be further
discretized by the DG method, following [9, 10, 15]. For ease of presentation, we
assume X is a polyhedron. Let {Th}h>0 be a regular family of triangulations of
X into tetrahedral elements (cf. [6, 8, 13]); hK := diam(K) and h := maxK∈Th

hK .
Denote by nK the unit outward normal to ∂K for K ∈ Th. Let E i

h be the set of all
interior faces of Th. Moreover, with each e ∈ E i

h we associate a unit normal direction
ne. Associated with the triangulation Th, define a finite element space by

Vh = {v ∈ L2(Ω); v|K ∈ Pk(K) ∀K ∈ Th},

where k is a nonnegative integer and Pk(K) denotes the set of all polynomials on K
of a total degree no more than k. Define V h = (Vh)

L, and write a generic element in
V h as vh := {vlh}Ll=1 or simply vh := {vlh}.

Multiply the first equation of (3.7) by an arbitrary function vK ∈ Pk(K) and
integrate over K:

∫
K

ωl·∇ul vKdx+

∫
K

σtu
l vKdx =

∫
K

σs

L∑
i=1

1≤l≤L

wig(·,ωl·ωi)u
ivKdx+

∫
K

flvKdx,

which can be reformulated as∫
∂K

ωl·nKu
l vKdσ(x)−

∫
K

ul ωl·∇vK dx+

∫
K

σtu
lvKdx(3.8)

=

∫
K

σs

L∑
i=1

wig(·,ωl·ωi)u
ivKdx+

∫
K

flvKdx, 1 ≤ l ≤ L,

after an integration by parts. We then define the numerical solution uh := {ulh} ∈ V h

by requiring∫
∂K

ωl·nK ûlh vKdσ(x)−
∫
K

ulh ωl·∇vK dx+

∫
K

σtu
l
h vKdx(3.9)

=

∫
K

σs

L∑
i=1

wig(·,ωl·ωi)u
i
hvKdx+

∫
K

flvKdx ∀ vK ∈ Pk(K), 1 ≤ l ≤ L.

Here, the numerical trace ûlh is defined by the formula

(3.10) ûlh(x) =

{
0 if (x,ωl) ∈ Γ−,

limε→0+ u
l
h(x− εωl) otherwise.
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The global formulation of the discrete method (3.9) can be expressed as

L∑
l=1

wl

∑
K∈Th

{∫
∂K

ωl·nK û
l
h v

l
h,Kdσ(x)−

∫
K

ulh ωl·∇vlh,K dx+

∫
K

σtu
l
h v

l
h,Kdx

}(3.11)

−
L∑

l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi)u
i
hv

l
hdx =

L∑
l=1

wl

∫
X

flv
l
hdx ∀vh = {vlh} ∈ V h,

where vlh,K := vlh|K for all vlh ∈ Vh. For all uh, vh ∈ V h, define

a
(1)
h (uh,vh) =

L∑
l=1

wl

∑
K∈Th

{∫
∂K

ωl·nK û
l
hv

l
h,Kdσ(x)(3.12)

−
∫
K

ulhωl·∇vlh,Kdx+

∫
K

σtu
l
h v

l
h,Kdx

}

−
L∑

l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi)u
i
hv

l
hdx,

f(vh) =

L∑
l=1

wl

∫
X

flv
l
hdx.(3.13)

Then, the discrete-ordinate DG method (3.11) (or equivalently (3.9)) can be recast
as follows.

Find uh ∈ V h such that

(3.14) a
(1)
h (uh,vh) = f(vh) ∀vh ∈ V h.

As pointed out in [9,10], when solving hyperbolic problems by DG methods, it is
preferable to add some stabilization terms in the DG scheme to penalize the jump of
the solution across interior faces of the triangulation, in order to avoid nonphysical
oscillations in the numerical solution due to discontinuities in the data. For this
purpose, we need some additional notation. For an interior face e ∈ E i

h, let K
+ and

K− be two adjacent tetrahedrons sharing e, with the unit direction ne given before
pointing from K− to K+. For a scalar-valued function v, write v+ = v|K+ and
v− = v|K− . Then define the jump of v on e by [v] = v+ − v−. Now, we can define
the following discrete-ordinate DG method with stabilization:

Find uh ∈ V h such that

(3.15) a
(2)
h (uh,vh) = f(vh) ∀vh ∈ V h,

where

(3.16) a
(2)
h (uh,vh) := a

(1)
h (uh,vh) + cp

L∑
l=1

wl

∑
e∈Ei

h

∫
e

[ulh] [v
l
h] dσ(x),

with a
(1)
h (·, ·) given by (3.12) and cp > 0 a penalty parameter. As we will see from

Lemma 4.4 in section 4, the bilinear form a(2)(·, ·) has a stronger stability property
than a(1)(·, ·). In section 5, we will see some numerical results for the influence of the
value of cp on the solution accuracy.
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4. Error analysis. We first give a simple but useful lemma for error analysis of
the numerical methods, which is similar to the second Strang lemma in error analysis
of nonconforming element methods (cf. [13]).

Lemma 4.1. Let {Wh}h>0 be a family of finite-dimensional spaces equipped with
norms {‖ · ‖h}h>0. Let bh(·, ·) be a uniformly coercive bilinear form over Wh, i.e.,
there exists a positive constant α independent of h such that

(4.1) α‖wh‖2h ≤ bh(wh, wh) ∀wh ∈Wh.

Assume v is a function such that bh(v, wh) is well defined for all wh ∈Wh, and vh is
a function in Wh satisfying

(4.2) bh(v − vh, wh) = 0 ∀wh ∈Wh.

Then

(4.3) ‖v − vh‖h ≤ inf
wh∈Wh

{
‖v − wh‖h +

1

α
sup

w̄h∈Wh

bh(v − wh, w̄h)

‖w̄h‖h

}
.

Proof. For any wh ∈ Wh, it follows from the triangle inequality that

(4.4) ‖v − vh‖h ≤ ‖v − wh‖h + ‖wh − vh‖h.

From (4.1) and (4.2) we find

α‖wh − vh‖2h ≤ bh(wh − vh, wh − vh) = bh(wh − v, wh − vh),

which implies, for wh 
= vh,

‖wh − vh‖h ≤ 1

α

bh(wh − v, wh − vh)

‖wh − vh‖h
≤ 1

α
sup

w̄h∈Wh

bh(v − wh, w̄h)

‖w̄h‖h
.

This, together with (4.4), leads to the estimate (4.3).
For any K ∈ Th, let PK be the L2(K)-orthogonal projection operator from L2(K)

onto Pk(K). Then by the scaling argument and the trace theorem we can easily obtain
the following result (cf. [6, 8, 13]).

Lemma 4.2. For all v ∈ Hr(K) with r > 0 and K ∈ Th,

‖v − PKv‖0,K + h
1/2
K ‖v − PKv‖0,∂K � h

min{r,k+1}
K ‖v‖r,K .

We will need the following result on several occasions.
Lemma 4.3. For all v := {vl}, w := {wl} ∈ (L2(Ω))L,

L∑
l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi) v
iwldx

≤
[

L∑
l=1

wl

∫
X

mσs(v
l)2dx

]1/2 [ L∑
l=1

wl

∫
X

mσs(w
l)2dx

]1/2
.
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Proof. Denote the left side of the inequality by I. Interchanging the order of
summation and using the Cauchy–Schwarz inequality, we find

I =

L∑
i=1

wi

L∑
l=1

wl

∫
X

σsg(·,ωl·ωi) v
iwldx

(4.5)

≤
L∑

i=1

wi

[
L∑

l=1

wl

∫
X

σsg(·,ωl·ωi) (v
i)2dx

]1/2 [ L∑
l=1

wl

∫
X

σsg(·,ωl·ωi) (w
l)2dx

]1/2
.

By the definition (3.5), it is easy to know

L∑
l=1

wl

∫
X

σsg(·,ωl·ωi) (v
i)2dx ≤

∫
X

mσs(v
i)2dx.

Therefore, a combination of estimate (4.5) and the Cauchy–Schwarz inequality leads
to

I ≤
L∑

i=1

wi

[∫
X

mσs(v
i)2dx

]1/2 [ L∑
l=1

wl

∫
X

σsg(·,ωl·ωi) (w
l)2dx

]1/2

≤
[

L∑
i=1

wi

∫
X

mσs(v
i)2dx

]1/2 ⎡⎣ L∑
l,i=1

wiwl

∫
X

σsg(·,ωl·ωi) (w
l)2dx

⎤
⎦
1/2

≤
[

L∑
l=1

wl

∫
X

mσs(v
l)2dx

]1/2 [ L∑
l=1

wl

∫
X

mσs(w
l)2dx

]1/2
,

as desired.
To derive stability bounds for the methods (3.14) and (3.15), we define norms

||| · |||(1)h and ||| · |||(2)h over V h by

|||v|||(1)h =

⎡
⎣ L∑

l=1

wl

⎛
⎝‖vl‖20,X +

∑
e∈Ei

h

∫
e

|ωl·ne||[vl]|2dσ(x) +
∫
∂Xl

+

ωl·n |vl|2dσ(x)

⎞
⎠
⎤
⎦
1/2

,

(4.6)

|||v|||(2)h =

⎡
⎣ L∑

l=1

wl

⎛
⎝‖vl‖20,X + cp

∑
e∈Ei

h

∫
e

|[vl]|2dσ(x) +
∫
∂Xl

+

ωl·n |vl|2dσ(x)

⎞
⎠
⎤
⎦
1/2

(4.7)

for all v ∈ V h. These norms can be applied to any function v = {vl}Ll=1 for which all
the right-side terms make sense. We have the following stability estimates.

Lemma 4.4 (stability). Under the assumption (3.6),

(4.8)
(
|||vh|||(1)h

)2 � a
(1)
h (vh,vh),

(
|||vh|||(2)h

)2 � a
(2)
h (vh,vh) ∀vh ∈ V h.

Proof. It suffices to prove the first estimate in (4.8), since the second estimate
follows directly from the first one and the definition (4.7). For any vh = {vlh} ∈ V h,
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we have by the definition (3.12) that

(4.9) a
(1)
h (vh,vh) = I1 + I2,

where

I1 :=

L∑
l=1

wl

∑
K∈Th

{∫
∂K

ωl·nK v̂lh v
l
h,Kdσ(x)−

∫
K

vlh ωl·∇vlh,K dx

}
,

I2 :=

L∑
l=1

wl

∫
X

σt(v
l
h)

2dx−
L∑
l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi) v
i
hv

l
hdx.

It follows from Lemma 4.3 and (3.6) that

(4.10) I2 ≥
L∑

l=1

wl

∫
X

(σt −mσs)(v
l
h)

2dx ≥ c′0

L∑
l=1

wl

∫
X

(v
l
h)

2dx.

For a lower bound of I1, we first perform an integration by parts to obtain∫
∂K

ωl·nK v̂lh v
l
h,Kdσ(x)−

∫
K

vlh ωl·∇vlh,K dx

=

∫
∂K

ωl·nK v̂
l
hv

l
h,K dσ(x)− 1

2

∫
K

ωl·∇(vlh)
2dx

=

∫
∂K

ωl·nK v̂
l
hv

l
h,K dσ(x)− 1

2

∫
∂K

ωl·nK(vlh)
2dσ(x)

=
1

2

∫
∂K

ωl·nK

[
(v̂lh)

2 − (vlh − v̂lh)
2
]
dσ(x).

Due to the choice of v̂lh, (3.10), we know that v̂lh = vlh on ∂X l
+, v̂

l
h = 0 on ∂X l

−, and
on ∂K, if ωl·nK ≥ 0, then v̂lh(x) = vlh(x). Therefore, multiplying by wl in the above
equation and then summing over all K ∈ Th and 1 ≤ l ≤ L, we find

I1 =
1

2

L∑
l=1

wl

∑
K∈Th

∫
∂K

ωl·nK(v̂lh)
2dσ(x) +

1

2

L∑
l=1

wl

∑
K∈Th

∫
∂K

|ωl·nK |(vlh − v̂lh)
2dσ(x)

(4.11)

=
1

2

L∑
l=1

wl

∫
∂Xl

+

ωl·n (vlh)
2dσ(x) +

1

2

L∑
l=1

wl

∑
K∈Th

∫
∂K

|ωl·nK |(vlh − v̂lh)
2dσ(x)

≥ 1

2

L∑
l=1

wl

∫
∂Xl

+

ωl·n (vlh)
2dσ(x) +

1

2

L∑
l=1

wl

∑
e∈Ei

h

∫
e

|ωl·ne||[vl]|2dσ(x).

The first estimate of (4.8) follows from (4.9)–(4.11).
The following result is a direct consequence of the above lemma.
Theorem 4.5. Under the assumption (3.6), both discrete-ordinate DG methods

(3.14) and (3.15) have a unique solution.
Now, we are ready to give error estimates for the methods (3.14) and (3.15). For

this purpose, we make a regularity assumption:

(4.12) for some r > 0, ul ∈ Hr(X), 1 ≤ l ≤ L.
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Theorem 4.6. Under the assumptions (3.6) and (4.12), the discrete-ordinate DG
method (3.14) admits the following error estimate:

|||{ul} − uh|||(1)h � hmin{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

.

Proof. By (3.8) and the definitions (3.12)–(3.13), we have

a
(1)
h ({ul},vh) = f(vh) ∀vh ∈ Vh.

Subtract (3.14) from the above equality to obtain the Galerkin orthogonality

a
(1)
h ({ul} − uh,vh) = 0 ∀vh ∈ Vh.

Therefore, it follows from the first estimate of (4.8) and Lemma 4.1 that

(4.13) |||{ul} − uh|||(1)h ≤ |||{ul} − {Phu
l}|||(1)h + sup

vh∈V h

a
(1)
h ({ul} − {Phu

l},vh)

|||vh|||(1)h

,

where Ph denotes the L2-orthogonal operator onto Vh in an elementwise way, i.e., for

v ∈ L2(X), Phv|K := PKv. By Lemma 4.2 and the definition of ||| · |||(1)h , we know

(
|||{ul} − {Phu

l}|||(1)h

)2
�

L∑
l=1

wl‖ul − Phu
l‖20,X +

L∑
l=1

wl

∑
e∈Ei

h

∫
e

|[ul − Phu
l]|2dσ(x)

+

L∑
l=1

wl

∫
∂Xl

+

|ul − Phu
l|2dσ(x)

�
L∑
l=1

wl

∑
K∈Th

||ulK − PKu
l
K‖20,K +

L∑
l=1

wl

∑
K∈Th

‖ulK − PKu
l
K‖20,∂K

�
L∑
l=1

wl

∑
K∈Th

h
2min{r,k+1}
K ‖ulK‖2r,K +

L∑
l=1

wl

∑
K∈Th

h
2min{r,k+1}−1
K ‖ulK‖2r,K

� h2min{r,k+1}−1
L∑

l=1

wl‖ul‖2r,X ,

i.e.,

(4.14) |||{ul} − {Phu
l}|||(1)h � hmin{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

.

On the other hand, by the definition of ah(·, ·), we have

(4.15) a
(1)
h ({ul} − {Phu

l},vh) = I1 + I2,
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where

I1 :=

L∑
l=1

wl

∑
K∈Th

{∫
∂K

ωl·nK
̂(ul − Phul) v

l
h,Kdσ(x)−

∫
K

(ulK − PKu
l
K)ωl·∇vlh,K dx

}
,

I2 :=

L∑
l=1

wl

∫
X

σt(u
l − Phu

l)vlhdx−
L∑

l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi)(u
i − Phu

i)vlhdx.

Since ωl·∇vlh,K ∈ Pk(K), we know∫
K

(ulK − PKu
l
K)ωl·∇vlh,K dx = 0.

For each l between 1 and L, denote by E l,+
h the set of all faces of Th on ∂X l

+. Using
the Cauchy–Schwarz inequality and Lemma 4.2, we have

|I1| �
L∑

l=1

wl

∑
e∈El,+

h

∫
e

ωl·n |ul − Phu
l||vlh|dσ(x)

(4.16)

+

L∑
l=1

wl

∑
e∈Ei

h

∫
e

|ωl·ne| |ul − Phu
l||[vlh]|dσ(x)

�
L∑

l=1

wl

⎡
⎣ ∑
e∈El,+

h

∫
e

|ul − Phu
l|2dσ(x)

⎤
⎦
1/2 ⎡
⎣ ∑
e∈El,+

h

∫
e

ωl·n |vlh|2dσ(x)

⎤
⎦
1/2

+

L∑
l=1

wl

⎡
⎣∑
e∈Ei

h

∫
e

|ul − Phu
l|2dσ(x)

⎤
⎦
1/2 ⎡
⎣∑
e∈Ei

h

∫
e

|ωl·ne| |[vlh]|2dσ(x)

⎤
⎦
1/2

� h
min{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

|||vh|||(1)h .

From Lemmas 4.2, 4.3, and the Cauchy–Schwarz inequality, it follows that

|I2| �
[

L∑
l=1

wl

∫
X

(ul − Phu
l)
2
dx

]1/2 [ L∑
l=1

wl

∫
X

(vlh)
2
dx

]1/2

� h
min{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

|||vh|||(1)h .

This, together with (4.13)–(4.16), leads to the stated error estimate.
Applying a similar argument as in the proof of the above theorem, we can also

derive an error estimate for the method (3.15).
Theorem 4.7. Under the assumptions (3.6) and (4.12), the discrete-ordinate DG

method (3.15) admits the following error estimate:

|||{ul} − uh|||(2)h �
(
1 +

√
cp
)
hmin{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

.
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Now, we proceed with bounding the errors εl(x) := u(x,ωl) − ul(x), 1 ≤ l ≤ L,
arising from the semidiscretization (3.7). First, it follows from (2.5) and (3.7) that,
for all 1 ≤ l ≤ L,

ωl·∇εl + σtε
l = σs

∫
Ω

g(·,ωl·ω)u(·,ω) dσ(ω)− σs

L∑
i=1

wig(·,ωl·ωi)u
i(4.17)

= σs

L∑
i=1

wig(·,ωl·ωi) ε
i + ηl,

where

(4.18) ηl := σs

∫
Ω

g(·,ωl·ω)u(·,ω) dσ(ω)− σs

L∑
i=1

wig(·,ωl·ωi)u(·,ωi).

Multiplying (4.17) by wlε
l, integrating over X , and summing over 1 ≤ l ≤ L, we have

by the Stokes theorem that

1

2

L∑
l=1

wl

∫
∂Xl

+

ωl·n (εl)2dσ(x) +

L∑
l=1

wl

∫
X

σt(ε
l)2dx

−
L∑

l=1

wl

∫
X

σs

L∑
i=1

wig(·,ωl·ωi) ε
iεldx =

L∑
l=1

wl

∫
X

εlηldx.

Applying to the above equation an argument similar to that leading to (4.10), we
obtain

c′0

L∑
l=1

wl

∫
X

(ε
l
)2dx ≤

L∑
l=1

wl

∫
X

εlηldx.

Then apply the Cauchy–Schwarz inequality to obtain

(4.19)
L∑

l=1

wl

∫
X

(εl)2dx �
L∑

l=1

wl

∫
X

(ηl)2dx.

Assume

(4.20) for some r′ > 1, sup
x∈X,ω∈Ω

‖g(x,ω·)‖r′,Ω <∞, u ∈ L2(X,Hr′(Ω)).

Note that for the Henyey–Greenstein phase function, the above assumption on g is
satisfied for any r′ > 1. Then, applying (3.4),

|ηl(x)| = σs(x)

∣∣∣∣∣
∫
Ω

g(·,ωl·ω)u(x,ω) dσ(ω)−
L∑

i=1

wig(·,ωl·ωi)u(x,ωi)

∣∣∣∣∣
� c(r′)n−r′‖g(x,ωl·)u(x, ·)‖r′,Ω � c(r′)n−r′‖g(x,ωl·)‖r′,Ω‖u(x, ·)‖r′,Ω,

where c(r′) is a positive constant depending only on r′. Collecting the last two
estimates gives

L∑
l=1

wl

∫
X

(εl)2dx � c(r′, g)2n−2r′
∫
X

‖u(x, ·)‖2r′,Ωdx,
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where

c(r′, g) := c(r′) sup
x∈X,ω∈Ω

‖g(x,ω·)‖r′,Ω.

This combined with Theorems 4.6 and 4.7 leads to the following result, for bounds on
the error

(4.21) ‖u− uh‖h =

(
L∑

l=1

wl‖u(·,ωl)− ulh‖20,X

)1/2

.

Corollary 4.8. Let n be the degree of precision of the numerical quadrature
(3.1). Assume (3.6), (4.12), and (4.20). Then for the discrete-ordinate DG method
(3.14), we have

‖u−uh‖h � hmin{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

+c(r′, g)n−r′
(∫

X

‖u(·, ·)‖2r′,Ωdx
)1/2

,

and for the discrete-ordinate DG method (3.15),

‖u− uh‖h �
(
1 +

√
cp
)
hmin{r,k+1}−1/2

(
L∑

l=1

wl‖ul‖2r,X

)1/2

+ c(r′, g)n−r′
(∫

X

‖u(·, ·)‖2r′,Ωdx
)1/2

.

5. Numerical results. We first return to the assumption (3.6). Recalling the
normalization condition (2.3), we expect that as long as the numerical quadrature
(3.2) is sufficiently accurate, the quantity m(x) defined in (3.5) will be close to 1,
and then the assumption (3.6) will follow from the condition (2.7). As an example,
for the Henyey–Greenstein phase function, consider using the SN quadratures for the
numerical integration (cf. [11]). Note that m = m(x) does not depend on x. Due
to the symmetry of the SN quadratures, it is easy to see that for any η ∈ (−1, 1),
the value of m corresponding to η equals that corresponding to −η. Also, note that
m = 1 for η = 0. In Table 5.1, we list the value of m for η = 0.2, 0.4, 0.6, 0.8, and a
few choices of N .

We then present several numerical examples in solving the boundary value prob-
lem (2.5)–(2.6). The main purpose is to illustrate the performance of the proposed
methods, especially on numerical convergence orders. For the angular variable ω, we
will write both ω = (ω1, ω2, ω3)

T and ω = (sin θ cosψ, sin θ sinψ, cos θ)T , and for
the spatial variable, x = (x1, x2, x3)

T . We use the Henyey–Greenstein phase function

Table 5.1

Value of m for several choices of η and N .

η = 0.2 η = 0.4 η = 0.6 η = 0.8
N = 2 1.004065 1.082299 1.627474 5.790811
N = 4 1.000013 1.002545 1.073823 2.216768
N = 6 1.000001 1.000355 1.016232 1.476457
N = 8 1.000000 1.000028 1.004487 1.249246
N = 12 1.000000 1.000001 1.000500 1.083949
N = 16 0.999999 1.000000 1.000082 1.033950
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Fig. 5.1. A sample mesh.

defined in (2.4) with constant cross sections σt(x) = σt and σs(x) = σs. We will
report numerical values of the error |||u − uh|||h, defined by (4.6) for cp = 0 and by
(4.7) for cp > 0, as well as the error ‖u− uh‖h defined in (4.21).

The spatial domain is X = (0, 1)3. For a positive integer n, we partition X into n3

subcubes {Xi}, each with edge length 1/n. Denote by S the set of all the centers and
vertices of the subcubes. A mesh is generated by creating the Delaunay tesselation of
the points in S. This is accomplished by using the delaunay3 algorithm in MATLAB.
The option “QJ” is passed to delaunay3 to ensure no hanging nodes are created. De-
note by h the maximum length of the edges of the tetrahedron in the mesh; h =

√
2/n.

A sample mesh (for n = 1) is shown in Figure 5.1. The local polynomial degree k = 1.
In the examples, if not stated otherwise, we use the S4 quadrature for the integration
on the unit sphere so that there are 24 different angular directions {ωl}24l=1. In some
of the examples, we use the more accurate S12 quadrature, and there are 168 different
angular directions {ωl}168l=1. The error figures correspond to the parameter cp = 0.1.
Some general observations on the numerical results are stated after the examples.

Example 5.1. We take σt = 2, σs = 1, and η = 0. With the right-hand side
function

f(x,ω) = πω1 cos(πx1) sin(πx2) sin(πx3) + πω2 sin(πx1) cos(πx2) sin(πx3)

+ πω3 sin(πx1) sin(πx2) cos(πx3) + sin(πx1) sin(πx2) sin(πx3),

the true solution is

u(x,ω) = sin(πx1) sin(πx2) sin(πx3).

Errors of numerical solutions are shown in Tables 5.2, 5.3, and Figure 5.2.

Table 5.2

Error ‖u− uh‖h for Example 5.1.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

0.134053 0.133282 0.131273 0.147883 0.184881
√

2
3

0.063796 0.063296 0.061977 0.069285 0.079147
√

2
5

0.024395 0.024158 0.023503 0.025016 0.026554
√

2
7

0.012750 0.012609 0.012221 0.012746 0.013246
√

2
10

0.006356 0.006276 0.006067 0.006243 0.006415



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

492 WEIMIN HAN, JIANGUO HUANG, AND JOSEPH A. EICHHOLZ

Table 5.3

Error |||u− uh|||h for Example 5.1.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

0.401351 0.164141 0.213165 0.280863 0.253321
√

2
3

0.238294 0.080613 0.114482 0.151232 0.109445
√

2
5

0.119302 0.032524 0.052300 0.066705 0.040208
√

2
7

0.074148 0.018049 0.031313 0.039332 0.021865
√

2
10

0.044332 0.009731 0.018185 0.022612 0.011813

0 0.2 0.4 0.6
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

h2

||u−
u h|| h

0 0.2 0.4 0.6 0.8
0

0.05

0.1

0.15

0.2

0.25

h1.5

|||u−
u h||| h

Fig. 5.2. Example 5.1: ‖u− uh‖h vs. h2 (left) and |||u− uh|||h vs. h1.5 (right).

Example 5.2. Let η = 0. Define an auxiliary function

u1(x, θ) = eθx1x2x3 sin(2πx1) sin(πx2) sin(πx3).

Consider a problem with the right-hand side function

f(x,ω) = 10σt [u1(x, θ)− 1] + 5σs

[
2− 1 + eπx1x2x3 sin(2πx1) sin(πx2) sin(πx3)

1 + x21x
2
2x

2
3 sin(2πx1)

2 sin(πx2)2 sin(πx3)2

]

+ 10u1(x, θ)
{
θx1x2 cos θ sin(2πx1) sin(πx2) [πx3 cos(πx3) + sin(πx3)]

+ θx1x3 sinψ sin θ sin(2πx1) sin(πx3) [πx2 cos(πx2) + sin(πx2)]

+ θx2x3 cosψ sin θ sin(πx2) sin(πx3) [2πx1 cos(2πx1) + sin(2πx1)]
}
.

The true solution is

u(x,ω) = 10 [u1(x, θ)− 1] .

Numerical results for σt = 4 and σs = 1 are reported in Tables 5.4, 5.5, and
Figure 5.3.

Example 5.3. In this example we use a nonconstant phase function. Choose the
true solution to be

u(x,ω) = 10ω3 sin(πx1) sin(πx2) sin(πx3).

The corresponding right-hand side function is

f(x,ω) = 10 (σtω3 − ησs cos θ) sin(πx1) sin(πx2) sin(πx3)

+ 10πω2
3 sin(πx1) sin(πx2) cos(πx3) + 10πω2ω3 sin(πx1) cos(πx2) sin(πx3)

+ 10πω1ω3 cos(πx1) sin(πx2) sin(πx3).

We take σt = 3 and σs = 1 in the numerical calculations.
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Table 5.4

Error ‖u− uh‖h for Example 5.2.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

0.621343 0.619260 0.619305 0.821279 1.240676
√

2
3

0.360653 0.359518 0.359870 0.450734 0.608365
√

2
5

0.156827 0.155823 0.153460 0.178368 0.211289
√

2
7

0.087243 0.085895 0.082512 0.092398 0.103939
√

2
10

0.047717 0.045806 0.042170 0.045844 0.050153

Table 5.5

Error |||u− uh|||h for Example 5.2.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

2.034105 0.777330 1.110380 1.790423 1.759724
√

2
3

1.340891 0.461619 0.682265 1.045150 0.894685
√

2
5

0.720299 0.208898 0.333826 0.479858 0.329372
√

2
7

0.459365 0.121339 0.203847 0.282646 0.173090
√

2
10

0.281397 0.070559 0.121400 0.163126 0.091996
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Fig. 5.3. Example 5.2: ‖u− uh‖h vs. h2 (left) and |||u− uh|||h vs. h1.5 (right).

For η = 0.1, numerical results with the S4 quadrature are reported in Tables 5.6,
5.7, and Figure 5.4. To see the influence of the numerical quadrature error on the
solution accuracy, we also use the S12 quadrature for the numerical solution, and the
numerical values are pretty close to those computed with the S4 quadrature. For
instance, corresponding to cp = 0.1, the numerical solution errors ‖u − uh‖h for the
five values of the meshsize h are, respectively, 0.725971, 0.347470, 0.133601, 0.069978,
0.034934; those for |||u−uh|||h are, respectively, 1.191514, 0.644462, 0.298326, 0.179657,
and 0.104885. Thus, the numerical solution errors in Tables 5.6 and 5.7 are mainly
due to the spatial discretization.

For η = 0.5, numerical results with the S4 quadrature are given in Tables 5.8
and 5.9. The numerical solution errors for smaller meshsize such as h =

√
2/10

are larger than expected, indicating that the S4 quadrature is not accurate enough
for this size of h. When the more accurate S12 quadrature is employed, there is a
noticeable improvement in the solution accuracy for the meshsize h =

√
2/10. For

instance, corresponding to cp = 0.1, the numerical solution errors ‖u − uh‖h for the
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Table 5.6

Error ‖u− uh‖h for Example 5.3 with η = 0.1.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

0.742007 0.737949 0.723722 0.802436 0.964870
√

2
3

0.357091 0.354543 0.346264 0.383675 0.442497
√

2
5

0.137961 0.136739 0.132973 0.141812 0.151930
√

2
7

0.072476 0.071751 0.069574 0.072776 0.076098
√

2
10

0.036260 0.035854 0.034690 0.035799 0.036922

Table 5.7

Error |||u− uh|||h for Example 5.3 with η = 0.1.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

2.257263 0.922657 1.204273 1.603020 1.390244
√

2
3

1.344653 0.453296 0.647719 0.862588 0.625379
√

2
5

0.677586 0.184297 0.297870 0.382568 0.231471
√

2
7

0.422869 0.102537 0.178835 0.225955 0.125866
√

2
10

0.253594 0.055562 0.104207 0.130144 0.068043
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Fig. 5.4. Example 5.3 with η = 0.1: ‖u− uh‖h vs. h2 (left) and |||u− uh|||h vs. h1.5 (right).

Table 5.8

Error ‖u− uh‖h for Example 5.3 with η = 0.5.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

0.744114 0.739876 0.725580 0.808357 0.979578
√

2
3

0.358188 0.355537 0.347206 0.386449 0.446200
√

2
5

0.141961 0.140728 0.137036 0.146368 0.156864
√

2
7

0.081168 0.080498 0.078554 0.081929 0.085397
√

2
10

0.052538 0.052248 0.051461 0.052530 0.053599

five values of the meshsize h are, respectively, 0.731638, 0.349597, 0.134124, 0.070175,
and 0.035002; those for |||u − uh|||h are, respectively, 1.196005, 0.646826, 0.299145,
0.180041, and 0.105050. The corresponding plots are shown in Figure 5.5.

In the above numerical examples, the true solutions are smooth so that the reg-
ularity conditions (4.12) and (4.20) hold for any r and r′. Since linear elements are
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Table 5.9

Error |||u− uh|||h for Example 5.3 with η = 0.5.

h cp = 0 cp = .01 cp = .1 cp = 1 cp = 10
√

2
2

2.275446 0.927688 1.211093 1.609242 1.401517
√

2
3

1.355385 0.457630 0.652697 0.867074 0.628389
√

2
5

0.683392 0.191211 0.303129 0.386956 0.237341
√

2
7

0.428030 0.114502 0.186498 0.232227 0.136114
√

2
10

0.259759 0.075458 0.116321 0.140127 0.085306
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Fig. 5.5. Example 5.3 with η = 0.5: ‖u−uh‖h vs. h2 and |||u−uh|||h vs. h1.5, for S4 quadrature
and S12 quadrature.

used, the theoretical results from Theorems 4.6 and 4.7 predict the convergence order
for the numerical solution of the semidiscrete system (3.7), measured in the norm
||| · |||h, is 1.5. We observe that in all the examples, numerically it is evident that
|||u − uh|||h = O(h1.5). Also, as long as the numerical integration on the sphere is
done accurately enough, numerically it is evident that ‖u− uh‖h = O(h2).

From the results of the above numerical examples, we observe that the inclusion of
the stabilization terms in the bilinear form leads to improvement in solution accuracy
if the penalty parameter cp is chosen properly. In the examples, cp = 0.01 and cp = 0.1
are good choices. Larger values of cp increase the numerical solution errors and slow
down convergence of or even lead to divergence of iteration methods employed in
solving the discretized systems.
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6. Discussions and conclusions. The RTE appears in a wide variety of appli-
cations. It is a serious challenge to solve the RTE accurately due to the high dimension
of the independent variables. In this paper, we develop discrete-ordinate DG meth-
ods for solving the RTE. The discrete ordinate technique is applied to discretize the
integration over the unit sphere, and DG discretization is used for the spatial differ-
entiation. For the numerical methods, with or without a stabilization term, we show
rigorously the stability property and unique solvability of the discrete systems. Under
suitable solution regularity assumptions, we derive error estimates for the numerical
solutions. Results from several numerical examples illustrate the good convergence
behavior of the methods. When the penalty parameter is chosen properly, the method
with the stabilization term provides more accurate numerical results.

While the investigations of some basic aspects of the discrete-ordinate DG meth-
ods in this paper indicate the methods are promising in solving the RTE, much remains
to be done in the future, e.g., the optimal or near-optimal choice of the penalty pa-
rameter in the formulation, a posteriori error estimation and adaptive algorithms for
simultaneous spatial mesh refinement and proper selection of numerical quadratures
on the unit sphere, effective parallel implementation of the algorithms, and appli-
cations in solving RTE-based inverse problems that arise in physical and biological
sciences.
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[22] C. Johnson and J. Pitkäranta, An analysis of the discontinuous Galerkin method for a
scalar hyperbolic equation, Math. Comp., 46 (1986), pp. 1–26.

[23] A. D. Kim and M. Moscoso, Chebyshev spectral methods for radiative transfer, SIAM J. Sci.
Comput., 23 (2002), pp. 2074–2094.

[24] P. Lesaint and P. A. Raviart, On a finite element method for solving the neutron transport
equation, in Mathematical Aspects of Finite Elements in Partial Differential Equations, C.
A. de Boor, ed., Academic Press, New York, 1974, pp. 89–123.

[25] E. E. Lewis and W. F. Miller, Computational Methods of Neutron Transport, John Wiley
& Sons, New York, 1984.

[26] E. Machorro, Discontinuous Galerkin finite element method applied to the 1-D spherical
neutron transport equation, J. Comput. Phys., 223 (2007), pp. 67–81.

[27] M. F. Modest, Radiative Heat Transfer, 2nd ed., Academic Press, New York, 2003.
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