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Abstract In this paper, we derive optimal order error estimates for spatially semi-discrete
and fully discrete schemes to numerically solve the second-order wave equation. The numer-
ical schemes are constructed with the discontinuous Galerkin (DG) discretization for the
spatial variable and the centered second-order finite difference approximation for the tem-
poral variable. Under appropriate regularity assumptions on the solution, the schemes are
shown to enjoy the optimal order error bounds in terms of both the spatial mesh-size and
the time-step. In Grote and Schotzau (J Sci Comput 40:257-272, 2009), a fully discrete
DG scheme is studied with an explicit finite difference temporal discretization where a CFL
condition is required on the mesh-size and the time-step, and optimal order error estimates
are derived in the L?(£2)-norm. In comparison, for our fully discrete DG schemes, we do
not require a CFL condition on the mesh-size and the time-step, and our optimal order error
estimates are derived for the H!($2)-like norm and the L?(£2) norm. Numerical simulation
results are reported to illustrate theoretically predicted convergence orders in the H'(2) and
L?(2) norms.
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1 Introduction

The wave equation plays a fundamental role in the study of acoustic, elastic, electromagnetic,
seismic waves. Early references on error estimates of numerical methods based on finite
element approximations in the spatial domain include [4,17]. The numerical solution of the
wave equation has attracted steady interest in the research community; cf. e.g., [7,15] for
mixed finite element methods for the wave equation, [1] on a correction function method to
solve the wave equation subject to interface jump conditions, [9] for a scheme that is fourth
order accurate in both space and time and is constructed by the method of difference potential
at each time step.

In [18], a symmetric interior penalty discontinuous Galerkin (DG) method is applied to
solve the wave equation and optimal order error estimates are derived for the spatially semi-
discrete scheme. In the sequel [19], a fully discrete scheme for the wave equation is studied,
where the symmetric interior penalty DG method is used for the spatial discretization and the
centered second-order finite difference approximation is used for the temporal discretization.
An optimal order error estimate for the fully discrete solution is derived. In this paper, we
analyze spatially semi-discrete schemes and fully discrete schemes for the wave equation,
with DG methods for the spatial discretization and the centered second-order finite difference
approximation the temporal discretization. The DG method in the first scheme is the same as
the symmetric interior penalty DG method considered in [18, 19]. For the discrete schemes,
we derive optimal order error estimates. Unlike in [19] where a CFL condition is needed for
the fully discrete scheme there, we do not require such a CFL condition on the mesh-size
and the time-step. Moreover, our optimal order error estimates are derived in the H'!($2)-like
norm and the L2()-norm.

The DG methods discretize differential equations element by element, and neighboring
elements are connected through numerical traces, which makes the methods locally conserva-
tive. To enforce the continuity requirement on the solution, a penalty term is added in the DG
formulation. Due to the locality of the discretization, the DG methods are ideal for parallel
computing. In addition, since no inter-element continuity is required in the function spaces,
DG methods can handle easily general meshes with hanging nodes and elements of differ-
ent shapes [3,13]. In the past four decades, DG methods have been developed in solving
a variety of problems, such as convection—diffusion equations [11,26], hyperbolic equa-
tions [8,18,19,22], Navier—Stokes equations [5,12], Hamilton—Jacobi equations [23,24], the
radiative transfer equation [20], variational inequalities [27-31], and so on.

We turn to describe the wave equation problem to be considered in this paper. To simplify
the notation, we only discuss the case of two dimensional spatial domains and comment that
all the analysis extends to the case of three dimensional spatial domains. Let €2 C R? be an
open bounded connected domain with a Lipschitz boundary I". Let I = (0, T) be the time
interval of interest. As in [18,19], the initial-boundary value problem of the wave equation
we consider is to find u (X, t) such that

Pu—V-bVu) = f inQxI, (1.1)
u=0 onl x I, (1.2)
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u|t:0 = Uuop in Q, (1.3)
Oiut|;=0 = vo in 2, (1.4)

where b, f, ug and vg are given functions. Throughout the paper, we assume b is a smooth
function and for two positive constants by and bpmax,

bmin < b(X) < bmax, X € Q, (1.5)

and moreover,
feL>(I; LX), uo e H)(R), v e L*(Q). (1.6)

The standard weak formulation of the problem (1.1)—(1.4)is to find u € L%(I; HO] (2)) with
du € L2(1; L*(Q)) and 3*u € L>(1; H~'(2)) such that

(02u, v) +a(u,v) = (f,v) Yve Hj(Q), ae. inl, (1.7)

and
uli—og = ug, ou|;—0 = vy a.e.in Q. (1.8)

Here, the time derivatives are understood in the distributional sense, (-, -) is the duality pairing
between H () and H(} (2), (-, -) is the inner product in L2(€2), and a(-, -) is the bilinear
form defined by

a(u,v):/ bVu-Vvdx, u,ve Hy(Q). (1.9)
Q

Itis known [25, Chapter III] that the weak formulation has a unique solution and furthermore,
u € C(I; H)(Q)) and du € C(I; L*(Q)).

In this paper, we study four spatially semi-discrete schemes and their fully discrete coun-
terparts to solve the initial-boundary value problem (1.1)—(1.4) of the wave equation. We use
DG discretization in space and finite difference discretization in time. The paper is organized
as follows. In Sect. 2 we introduce preliminary materials: notation, DG bilinear forms, as well
as L2()-projection and Galerkin projection. In Sect. 3, we introduce the spatially semi-
discrete schemes and derive optimal order error estimates for the semi-discrete solutions. In
Sect. 4, we introduce the fully discrete schemes and present optimal order error estimates for
the fully discrete solutions in both H 1(©) and L%(Q) norms. Finally in Sect. 5, we report
simulation results on a numerical example to show the numerical convergence orders that
match the theoretical predictions.

2 Preliminaries
2.1 Basic Notation

Asin [19], we assume 2 is a convex polygon. Let {7, };, be a regular family of quasi-uniform
triangulations of Q. Corresponding to a triangulation 7, in the family, denote 7 g = diam(K)
and h = max{hg : K € 75}. Let &, be the collection of all the edges of 7}, 5;; the set of all
interior edges, and &7 = &,\& ,’l the set of all the edges on the boundary I'. Consider an edge
e shared by two elements K+ and K. Let n* = n|; g+ be the unit outward normal vector
on K. For a piecewise smooth scalar-valued function v, let v¥ = v|yx+, and define the
average {v} and the jump [v] on 6}"1 as follows:

1 :
(v} = 5(v+ +v7), [l=vtnT+v n" onecé].
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For a piecewise smooth vector-valued function w, we denote w*

average {w} and the jump [w] on 5;; as follows:

= wlyg=+ and set the

(w) = %(wJr +w?), [wl=w"-nt+w -n~ oneec&.
On boundary edges, we define
[vl] =vn, {w}=w onec 82,
where n is the unit outward normal vector on I'. A straightforward calculation shows that
Z/ vw - ng ds:/ [[v]]~{w}ds+/_{v}[w]ds. 2.1)
Kex, 0K & &l

Let p > 1 be a positive integer that will be used as the local polynomial degree of the DG
formulations. We introduce the following discontinuous finite element spaces:

Vi =" e L2(Q): vk € P,(K)VK € Tp),
Wh = (w" e [L2( @)1 : w'|k € [P,(K)P? VK € T;).

We will need lifting operators r : [L2(E)]* — W, ry : [L2ED)? — W' and r, :
[Lz(e)]2 — W defined by relations [3]

/r(q)-whdx = —/ q - {w"}ds,

Q gh

/ra<q>-whdx - —/ g (w")ds,
Q &

/ re(q) - w'dx = —/q Aw"} ds
Q e

for all w" € Wh.
For a non-negative integer m, we will use the notation || - ||, for the H” (£2)-norm. In
particular, || - ||o denotes the L2(2)-norm.

2.2 DG Bilinear Forms and Their Properties

We introduce four choices of the DG bilinear form a, = a,(lj ) , 1 < j <4, for the approxima-
tion of the bilinear form (1.9). The first DG bilinear form corresponds to the interior penalty
(IP) method [2,16,32], which is also the bilinear form of the DG method studied in [19]:

a,(ll)(u,v) = / bvhu-thdx—/ [[u]]-{thv}ds—/ {bVyu}-[v]ds
Q En En

+ /;hbn[[u}] - [v] ds,

where the penalty weighting function n : £, — R is given by nehe‘1 on each e € &, with .
being a positive number. Here, the broken gradient operator Vj, is defined piecewise by the
relation Vv = Vv on any element K € 7. The second bilinear form corresponds to the
method in [6],

a;lz)(u,v):/ thu'thdx—/
Q

En

[u] - {b Vyv}ds — f {bVyu} - [v]ds

En
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+ Z/Qb”e’e([[u]])-re([[v]])dx.

ee&y

The third bilinear form corresponds to the method in [10],
a}(?)(u, v) :/ bVuu-Vyvdx — / [u] - {b Vpv}ds — / {bVyu} - [v]ds
Q En En

+ /Qbr([[u]])-r([[v}])dx—l—Z/anere([[uﬂ)-re([[v}])dx.

ee&y,

The fourth bilinear form corresponds to the simplified local DG (LDG) method in [14],
a\? (u, v) :/ b Vpu - Vyv dx —/ [u] - {b Vo) ds —/ (b Vhu} - [v] ds
Q En En

+ /Qb r([u]) - r([v])dx +/ b nu] - [v] ds.

En

For all the four DG bilinear forms, we have the consistency in the sense of the following
result.

Lemma 2.1 (Consistency) Assume the solution of (1.1)—(1.4) has the regularity property
u e LZ(O, T, HZ(Q)). Then for all DG methods ap(w, v) = a}(l/)(w, v), j=1,...,4 we
have for a.e. t € [0, T],

(o7, vh> Fap@u, "y = (f, o) Vol e VI 2.2)

Proof Under the assumption u € L%(0, T; H%(S2)), we know that fora.e. r € [0, T], u(t) €
H?(Q). Thus for a.e. t € [0, T], [u(®)] = 0, {u(t)} = u(®), [Vu(t)] = 0, and {Vu(t)} =
Vu(t) on any interior edge. Thus, fora.e. t € [0, T'], for any vt e VI we perform integration
by parts to get

ah(u,vh)=/ thu~V;,vhdx—/ {thu}-[[vhﬂds
Q En

:/ —V-(bVuyv'dx + )
Q

/ qu~nthds—/ {bVyu} - [v"] ds
KeT,, K En

= / —V-(bVu) v'dx.
Q
Then,
(02u, v"y + ap(u, ") = / (82u — V(b Vu)) v'dx = / foldx,
Q Q
i.e., (2.2) holds. o
Asin [3,27], let V(h) = V" + H?(Q) N H} (Q) and define a norm for v € V (h) by the

relation
IG = > Wik + D kB g+ D h ]I, 2.3)

KeTy KeTy ee&y

Following [3,27], we have boundedness and stability of the DG bilinear forms.
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Lemma 2.2 (Boundedness) There exists a constant ¢ such that for ap, = a}(lj ) ,1<j <4
lan(u, v)| < cllullpllvln Yu,ve V).
Lemma 2.3 (Stability) Let no = inf, n. be sufficiently large for j = 1,2, and no > 0 for
j = 3, 4. Then there exists a constant c¢ such that for ap, = a;(,j), 1<j<4
ap(v,v) > ¢ ||v||% Vove Vi

In the rest of the paper, we will assume the conditions stated in Lemma 2.3 are satisfied.
Due to the boundedness and stability of the bilinear form ap, (u, v), it makes sense to use the
notation

1y = [an 0H] 7, o e v,
and this defines a norm that is equivalent to the norm || v" ||. In addition, we notice that
lwllp < cllwlla Yw e H(Q). (2.4)
2.3 L2-Projection and Galerkin Projection

We first introduce the L2(£2)-projection P" onto V" by
Phwe vt (Plw, ") = w,v") Vo e V!

for w € L?(2). From [18, Lemmas 4.6 and 4.7], we can derive the following error bounds
for the L?(2)-projection:

lw — P"wllo < ¢ ™™™ ), Yw e H™(R) (m > 0), (2.5)
lw— Phwl; < c k™ =LP ), Yw e H™(Q) (m > 2). (2.6)

From the equivalence of the two norms || - ||4, and || - ||, we infer from (2.6) that
lw— P "wlla, <ch™™m=LP |, Vwe H™(RQ). Q2.7
Denote by IT": V — V" the Galerkin projection defined by
n"w e vV, ap(Mw,v") = ap(w, v") Vo' e V"
for w € V. From [19, Lemma 4.1],

lw — T wllg < ¢ kMO PHY ), Vw e H™(), 2.8)
lw— T w|, < e MM =12 ), Yw e H™(Q). 2.9)

Note that the convexity assumption of the domain €2 is used in proving (2.8). We infer from
(2.9) that A
lw — " wll,, <ch™™m=LPY ), Ywe H™(Q). (2.10)

Moreover, if u € Cl(7; H™()),1 > 0, then by [19, Lemma 4.2],

18! (u(t) — M"u(e)llo < c AP 8l @),y 1 €T 2.11)
Similarly, _ ~

I8! (u(t) — T"u()lla, < ¢ A= 1P 0 0@, 1 €T (2.12)
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3 Spatially Semi-discrete Schemes

For the spatial discretization, we adopt DG methods. Let a; be one of the four DG bilinear

forms a;lj ), 1 < j < 4. Then the spatially semi-discrete scheme for the problem (1.1)—(1.4)

is to find u” : [0, T] — V" such that

@2u", o™y + ap@”, oy = (f, 0" Vo' e Vv, (3.1)
u(0) = P"uy, (3.2)
du’(0) = Pyy. (3.3)

Recall that P"* stands for the L2(£2)-projection operator onto V.
We provide in the next result optimal order error bounds for the semi-discrete solutions.

Theorem 3.1 Let u and u" be the solutions of (1.1)~(1.4) and (3.1)—(3.3), respectively.
Assume

ueCT; H'TY(Q)), due L*(I; HPTY(Q)), 82u e L*(I; HP (Q)).

Then for the spatially semi-discrete schemes with j = 1, ..., 4, we have
max (1|du(r) — " () lo + u(®) = " ) 1) = ch”, (3:4)
0<t<T

where the constant ¢ depends on ||u||c(7;Hp+1(Q)), 0:ull 2 s, o1y and ||8,2u||L2(1;Hp(Q)).

Proof First we notice that the solution regularity assumption implies 3,u € C(I; HP(R)).

Write the error e = u — u” as

e=e1te
where
e =u— Hhu, e) = My — u".
Then, fort € 1,

19:4() = deu™ (D)o + Nu(@) = u @)l < 131 @)llo + ller Ol + 1320 + lle2 @) ln-

By (2.11) and (2.9), we have that for ¢ € I, )
de1(®)llo < c AP [[0u (@)l p, (3.6)
et lln < ch”u@)ll p+1- (3.7
Subtract (3.1) from (2.2),
(8,26, VY +ap(e, vy =0 Vol e v,
ie.,
(0762, 0") + anter v = — (8,261, vh> —ap(er, ") Vol e VI (3.8)
We take v = 9;e; in (3.8),
(3362, 8,62) + ap(ez, 0re2) = — (81261, B,eg) —ap(ey, 0re2),
ie.,
%% [I3ie2115 + an(er, e2)] = — (8%e1. drez) — aner, dre2). (3.9)
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Integrate (3.9) from O to ¢,

1 1 !
(32115 + 2113, ] == [19: 21§ + lle2 12, ] — | (3Fer(s). drea(s))ds
2 0

2
t
- / are1(s), drex(s)) ds. (3.10)
0
Note that
t t
- f (92e1(s), drea(s)) ds < / 182e1()llolldrea(s)) llods
0 0
1 ! 2 2 1 ! 2
<5 | NPer®)lgds + 5 | Idrea(s))ligds,
0 0
and

t
—/0 ap(e1(s), 9ex(s)) ds = — ap(er (1), ea(t)) + an(e1(0), e2(0))
t
+ /0 an(@rer(s), ex(s)) ds
1
< 3 lea®IG, + 113, + ¢ ller Ol e,
1 [t 5 1 [t 5
+ 5 /0 lrer()1,ds + 5 fo lea(s)113, ds.
Thus, from (3.10),
lde2) G + lex@®12, < ¢ (132015 + lle2 ()12, + ller (013, + ler (113,
t
+c fo (12e1 )G + 3iea(IIG + der )5, + lea ()3, ) ds.

Apply Gronwall’s inequality to obtain

2 2
omax [N3re2 )G + lle2 )17, ]

<c (nafez(mn% +lle2 O3, + ller Ol + max ||e1(t>||§h)

+c fo I (121G + ldrer ()13, ) ds. (3.11)
Notice that the assumption u € C(I; HPT1(Q)) implies ug € HP+1(Q). By (2.10),
ler () lla, = lluo — Muolla, < ch? uollpt1- 3.12)
Write
er(0) = l'[huo — Phuo = (l'lhu() — uo) + (uo — Phuo) .
By (2.10),
1T 1o — uolla, < ch”|luollps1.

By (2.7),

h
lluo — P uglla;, < chPlluoll p+1-
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Thus,
lle2(0)llay, < c AP lluoll py1- (3.13)

By}he assumptions d;u € L2(I; HPTH(Q)) and 8,2u e L%(I; HP(Q)), we know du €
C(I; HP(R2)). In particular, this implies vo € H” (£2). From (2.8),

h
IT"vo — vollo < ch”|lvollp.

and from (2.5),
llvo = P"wollo < ¢ h” [lwoll -
Then by
0re2(0) = (Hhvo — vo) + (Uo — tho) ,
we find that
3re2(0)llo < ¢ h”[[voll p- (3.14)
Again by the solution regularity assumptions, from (3.7), we have
llerlla, < ch?lu(®)]lp+1, (3.15)
from (2.11),
187e1(s)llo < ¢ h”|07u(s) |, (3.16)
and from (2.12),
31 lla, < chPlu(s) | pt1- (3.17)
Applying (3.12)—(3.17) in (3.11), we obtain
3:e2()llo + lle2(®)lln < ch?. (3.18)
Combining (3.5), (3.6), (3.7) and (3.18), we obtain the error bound (3.4). ]

4 Fully Discrete Scheme

For fully discrete schemes, we need to approximate the temporal derivatives corresponding
to a partition of the time interval: 0 = 7o < t; < --- < ty = T. For simplicity in notation,
in the following, we only discuss the case of evenly spaced nodes t, = nk,0 <n < N, with
a uniform time step k = T /N. For a continuous function v, we use the notation v, = v(t,).
We use the symbols y, 8k, and dj defined by

_ Up+1 + Up—1 s _ Up+41 — Unp—1 d d _ Up+1 — zvn + Un—1
Vivn = ———— Son=———— and dpv, = 2 .
Letay, (-, -) be one of the bilinear forms a,(lj)(-, Jwith j =1, ..., 4, andrecall that P" denotes

the L2(£2)-projection onto the space V. Then a fully discrete approximation of (1.1)—(1.4)
is to find {u"*}_ c V" such thatfor 1 <n < N — 1,

(dkuzk, vh> +ay, ()/kuzk, vh) = (fn, vh> vl e v, 4.1
and

ulk = Phug, (4.2)
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k2
u}l‘k = uﬁk +k tho + ? ﬁg, (4.3)

where
anevh @t " = (fo, v") — an(ug, vy Vol e v (4.4)
Now we present optimal order error estimates for the fully discrete schemes.

Theorem 4.1 Let u and u"* be the solutions of (1.1)~(1.4) and (4.1)~(4.4), respectively.
Assume u € C*(I; HPT1(Q)), 83u € C(I; L*(Q)) N L>(I; H*(RQ)), 8}u € L*>(I; L*(Q)).
Then the following error bound holds

-1 hk hk hk )
max k (u —u )—(u —u ) + max lu, —u <c(h? +k
0<n<N-—1 || n+1 n+1 n n ||0 0<n=N_1 || n n ||h = ( + )

4.5)

for a constant ¢ depending on ||u||cz(7;H,,+1(Q)), ||at3u||C(7;L2(Q))’ ||3t3u||Lz(1;Hz(Q)), and
4
07 ull L2(1; 12(2))-

: hk
Proof We write the error e, = u, — u," as

ey =eln+exn,

where

hk

h h
ein =uy —Muy, e, =M"u, —u,".

Then, forO <n <N — 1,

-1 hk hk —1 -1
Kl (Mn+1 - un+1) - (un —u, ) lo <k llet,nt1 —ernllo + k" lleznt1 — e2,nllo,
4.6)

hk
lun —uy"lIn < llevnlln + lleznlln- 4.7

Since

th+1
elntl — €l = (1 - Hh) (Unt1 —up) = (1 - l'lh)/ oru(-,s)ds,
th

we have
In+1 J
lernt1 —ernllo < f ‘([—]’[1) 8zu(~,S)H0dS.
tl‘l
Apply (2.8),
Ih+1
letns1 — ernllo < / ch? 10, )l pds < ckhPoullcg.ppy- 48
h

By (2.9),

letalln < ch”lnllpr1 < P Nullegr, o (g (4.9)

Consider the quantity

Ay = (drezn, Skean) + an(yrezn, ke n).

@ Springer



J Sci Comput (2019) 78:121-144 131

We have
1 1
An = 5o (e — el = lean = e20-113) + 7 (leanttlG, = lezn1l, )
(4.10)
Take v = 8rea, in (4.1),
hk hk _
(et xezn) + an (vl Skean) = (s Seeza). @11
From the consistency Eq. (2.2),
(971, Sken) + an(un, Skean) = (fu, Skean). 4.12)

We subtract (4.11) from (4.12) to obtain
(02un — dil, Sea.n) + antun — vl 6xez,) = 0.
Soforn=1,...,N —1,
(drez,n, kea,n) + an(yrezn, Sxezn) = (dknhun — 82 un, 5k€2,n>
tay (ykl'lhu,, —u, akez,n) L @13)

Denote
&= d My — 82uy, 1y = ey —uy, 1<n<N—1. (4.14)

Then (4.13) can be rewritten as
An = (n, Skea.n) + an(n, dkea,n)
= 2 [Ge2nen) = G ean D]+ 57 [a10m, 2050 — @nl, 20 ] @15)
Combining (4.10) and (4.15), and multiplying both sides by 2 k, we have

1
2 2 2 2
(lezns1 — e2nlly — llezn — e2n-1ll) + 3 (leznstlly, — llezn—1ll,)

k2
= ($n7 eZ,n—H) - (gm e2,n—l) +ap (nm (32,n+l) — ap (nns eZ,n—l)- (416)
Change n to j in (4.16) and make a summation of the relationfor j = 1,...,n — 1,
1
2z Ulezn = e2nillf = llea, = e2,0115)
1
+ 5 (le2nllg, = llezollg, + llezn—11G, = le211lz,)
n—1 n—1
= (). ez j41) — Ejoex D]+ Z [an(nj, e2,j41) —an(nj. ez j-1)].
j=1 j=1
4.17)
Now
n—1

[, e2jr1) — Ej.eaj—1)]
Jj=1
1
[Ej.e2jr1 —exj)+ Gjerj—erj1)]
1

N
|

~.
Il
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n—1

n
= Z(Sj—l, erj—exj—1)+ Z(E,‘, ej—ezj-1)
j=2 j=1
n—1

= (1,00 —€24-1) + Z(Sj—l +&j,ej—ej—1)+ (51, €21 — e20),
=2

and

n—1
Z [an(nj. ez, j+1) —an(nj, e2,j—1)]
j=1
n n—2
= Zah(njfl,ez,j) - Zah(ﬁjﬂ,ez,j)
= =0
=ap(Mp—-1,e2,n) +an(Nn—2, €2,n-1)
n—2

+ Zah(njfl —nj+1,€2,j) —an(n2,e21) —ap(n1, €2,0).
j=2

Thus, denoting
M = max ezl (4.18)
0<n<N

we find from (4.17) that

1
2 2
2 (lle2,n — e2.n—1llg — llez,1 — e2,0ll5)

1
2 2 2 2
t5 (leznllz, = llezollz, + lezn—1llg, — lle21llz,)

n—1
= (—1,200 —€20-1) + Z(%‘j—l +&j,exj—exj-1)+ (§1,e21 —e20)
=2
+ an(Mn—1, €2.n) + apn(Mu—2, €2,n—1)
n—2
+ Zah(nj—l —nj+1,€2,j) —ap(m2, e2,1) — ap(ni, €2,0)
=2

1 K2
2 2
< mllez,n —exn-1llg + 5 lE—1llg

1 1/2 . 1/2
2o+ &G [ Do lleas —eajillg
j=2 j=2
+ ll&1llolle2,r —e2.0ll0
n—2
+ | lnillay + n2lla, + D i1 = njsillay + 020l + 01 lla, | M-
j=2
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Then,

2 1 2
32 lezn —ean—illo + 5 lleanlly,

1 k2
< 7||€2 1—eollg+ = ||€2 ollz, + = ||62,1 12 + > 1€a—1 115 + &1 llolle2,1 — e2.0llo
k - (L
+ 5 Z IEj—1 + &5 +K Y 5o leaj — e j1lg
j=2 j=2
n—2
+ [ mtlla, + lmn—2lla, + D Imjmt = njsilla, + Im2lla, + lmlla, | M. @4.19)

j=2

Apply a discrete Gronwall inequality (cf. e.g., [21, Ch. 7]) to (4.19),
1
7 lezn = e2nt 5 + lle2nll,

1
2 2 2
<c (k2 ezt — exollg + le2ollZ, + lletll3, + & max [[§,[lg + 51 llolle2,1 — e2.0llo

N—1
+k Y NE 1+ &5
j=2
N-=-2
+c | Imv=1lla, + Inn-2lla;, + Z Inj—1 = njsilla, + Im2lla, + Inlla, | M.
Jj=2
(4.20)
Then from (4.20),
1
M?<c ( ezt = e20l5 + llezollg, + llea. 1l
N-—1
+ k2 max 1§ I3 + &1 lollez.1 — e2ollo +& Y 118j-1 + 51
j=2
N-=-2
+ | Inv-illa, +lIny-2lla, + Z lmi—1 —njsilla, +lm2lla, + Inilla, | M,
j=2

and thus,

1
M* <c <k7||€2,1 = e20l5 + llea,ollg, + lle2.11G, + 1 lollea,r = e20llo + g(n)2>

N-1
+ o | K2 max 15 + & Y I5-1 +8515 | - (4.21)
j=2
where
N-=2

g() = lnn—1llay + Inv—2lla, + Y i1 = npsillay + Im2llay + Imlla,.  (4.22)
j=2
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Use (4.21) in (4.20) to obtain

2
2 llean —e2n—1llg
1 2 2 2 2
<c k7|I62,1 —e20ll5 + llezollg, + llez1llz, + I&1llollez,1 — e2,0llo + g(m)

N-—1

+ o[ K max 15,15 +k Y1151 +&15 ] - (4.23)
n N 2
J=

Combining (4.21) and (4.23), we obtain
max = llez — e2,0-113 + max ez,
n k2 N n—11l . nllay,

1
<ec (k—2ue2,1 —e20l§ + llexollZ, + llex1llZ, + € llollex1 — e2,0llo + g(n)z)

N—1
+ o | K max 1§15 +k Y 15j-1 + &1 | - (4.24)
j=2
Note that
e 0= n” uoy — uhk (l_[huo — uo) + (u() — PthQ) .
Thus,
leaolla, < ITT"uo — uolla, + llwo — P"uolla, < ch? lluollp41- (4.25)
Similarly,
leaillay < T ur — i lla, + Ny — u |, (4.26)

The first term on the right-hand side of (4.26) can be bounded by applying (2.10),
I uy = willa, < P llurllper.
To bound the second term on the right-hand side of (4.26), we start with the Taylor’s formula
k2 1 1
up = uo + kvo + ?Bfu(O) + 3 / (t1 — s)zafu(-, s)ds.
0
By aj-consistency (2.2) and (4.4),
(O2u0) — il vy =0 Vol e VI
Thus,
ih = P"32u(0).
From the definitions (4.2) and (4.3),
k2
up — u}l‘k =ug— Phuo +k (vo — tho) + > (3214(0) — u0>

1 [h
+f/ (t1 — $)?3}u(-, s) ds.
2 Jo
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Using properties of the L2(2)-projection P onto V" and (2.7), we deduce that
hk h h K ha2
lur —ui"lla, < lluo — P uolla, + kllvo — P volla, + ?Ilat u(0) — P07 u(0)llq,

k2 131 ;
+ 3/ 183U, $)llayds
0
< ch? (luollps1 + k lvoll 1 + K187 Ol p11)
T
+ ck2/ 182u(-, $) ||y ds.
0
Hence,
lezilla, < ¢h? (lurllps1 + luoll p+1 + K lvoll p+1 + &2 1821 (0) ] p41)
T
+ck2/ 1831(-, $)|a ds. 4.27)
0
By [19, (35)],
lea,1 — e20ll0 < € (k RPN 0l o 7. o () + k3||a,3u||c(7;Lz(Q))) : (4.28)

By [19, Lemma 4.5],

I+l Int1
€ llo y(k*lhf’“ / 182u(-, )|l p1ds +k f ||a,4u<-,s>||ods). (4.29)
th— ty—

1 1

Write
§j+&j-1= (dknhuj - azzuj) + (dth“f*1 B afzujfl)

=d (I'Ih—l>uj+dk (H"—I)uj_1+(dkuj—a,2uj)

+ (dkujq — 3,21/{]',1) . (4.30)
By formulas on page 269 of [19],
1 [h+ 5
druj = pf (k—Is —tj]) 07 u(-, s)ds, 431)
tj—1
1 Lj+1 3
duj — u; = @/ (k—Is —t;1)” 8ju(-, 5) ds. (4.32)
ti—1
So
1 [l+
di (" — 1 u-=—/ (k—1Is —t;]) (1" = 1) 82u(-, s) ds
(== 5 [ s (- 1)
and
1 Lj+1 chP fjt1
d (" = 1) ujllo <~ " — 1) 0%u(, s d;<—/ 02u(-, )|l pds.
I ( )”"'O—k/,jl (1= 1) o2ucotods = S [ p2uc 1
(4.33)
Similarly,
n ch? (4
Ide (1" = 1) ujillo = 5= [ 102uC )l pds. (4.34)
tji—2
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From (4.32),

2 EALIV
dyu; — o ujllo < Ck/ 19, u(-, s)llods.
t

Jj—1

Similarly,
2 Vo
gt — 02110 < ck/ 104 ) lods.
tji—2
Thus,
2 2 EALI
I (dkuj — 0 Mj) + (dkuj_l —0; uj_l) [lo < ck/ 10, u(-, s)lods. (4.35)
ti—2
Hence, from (4.30), (4.33), (4.34), and (4.35), we find
WP [t 1j+1
g1 +E115 < ¢ =~ 187uC, 5)l13ds +ck3/ I8}, $)lIgds.
ti—2 tji—2
Then,
N-—1
kY NE -1 + &5 < ch*P107ul Loy oy + R0 Ul T2 120 (4.36)
j=2

We proceed to bound the quantity g(»n) defined in (4.22). First,

1 Lj+1 2
Viluj —uj = 5/ (k—1s —tj)o;u(-, s)ds. (4.37)
tji—1
So,
Nn = Yk (Hh - I) Up + ViUn — Un,
1
ey = 5 [0 = Dty + 108 = Dt 1l | + Wit = il
Thus,
In+1 )
Inlla, < ¢h? (Ntns1llpr1 + Nn—1llp1) + ck/ 107w, )llayds. (4.38)
th—1
Write

Nit1 = Nj—1 = (" = Dy(ujs1 —ujo1) + Gy —uj—1) — (ujs1 —uj—1).

Note that
Iy (" = D@jsr = -1l
1
= 3 [ = Dz = upla, + 100" = Dj = uj-2)la, |
tjt2
< ch? / 12 C-. $)l p+1dis. (4.39)
tj2
From

1 [li+2 )
VkUjt1 — Ujp] = 5/ (k—Is = tj411) 87u(-, s)ds,
t

J

@ Springer



J Sci Comput (2019) 78:121-144 137

L[l 2
Vilj—1 —Uj_1 = 5/ (k—|s—tj_1|) o u(-,s)ds,
t

Jj—2

1 [li+2 5
= f/ (k—1Is —tjx1l) 37u(-, s — 2k) ds,
t

2 J;.
J
we find
Vieujpr —uj1) — (wjrp —uj_1)
L[l 2 2
=§/ (k—|s—tj+1|) (3,u(~,s)—8tu(~,s—2k))ds
1j
1 tjit2 N
= Ef (k—ls—tj_Hl)/ Ru(-,v)drds.
I/' s—2k
Thus,

tit2 N
3
lye@jrr —uj—1) — Wi —uj—Dlla, < Ck/ / . 107 u(-, ©)lla,dt ds
tj §—

2 [ s
< ck / 107u, gy dz, (4.40)
1

j—2
and then,
lj+2 Tji+2
1741 = 11 lay < P / 1 lpads +e i / 1 Dlde. @41
i i
Combining (4.38) and (4.41), we derive
N-2
Inn-1lla, + Inv—2lla, + Z Imj—1 —nj+illa, + In2lla, + 1101lla,
j=2

n
2
=< Chp||’/l||c(7;1-1p+l(g))+Ck/ 107 u(-, $)la,ds
h-3

T T
+ch”/ Ilazu(-,5)||p+1ds+ck2/ 18 u-, )l dr.
0 0
Hence,

g(n) <chPllull o z. oo ) + €K N0 Ul o 7. o ()
T T
+ch”/ l0:u(-, )l p+1ds +ck2/ ||3z3“(" 7)||pdr. (4.42)
0 0

Using (4.6)—(4.9), (4.24)—(4.29), (4.36), (4.42) and noting (2.4), after some simple manipu-
lation, we arrive at the error bound (4.5). ]

We proceed to derive an optimal L2 error estimate for the fully discrete scheme.

Theorem 4.2 Let u and u"® pe the solutions of (1.1)~(1.4) and (4.1)-(4.4), respectively.
Assume u € C2(I; HPTH(Q)), 3,3u e C(I; L*(Q)), and 8,414 e C(I; L3(2)). Then for some
constant ¢ depending on ||u||cz(7;Hp+1(Q)), ||8,3u||C(7;L2(Q)), and ||afu||C(7;L2(Q))’ we have
the following error bound

_ . hk < hl’+1 k2 ) o
oyt =ty lo < ¢ (hP* + &%) was)
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Proof Similar to the proof of Theorem 4.1, for0 <n < N — 1,
lun — upFllo = llun — M up + Tuy — utllo < llernllo + lleznllo- (4.44)

By (2.8), we have
lletnllo < e AP lull o o - (4.45)

To bound ||e2 , |lo, we introduce the truncation errors due to the time discretization,
rp =dgun — V- (bVyguy) — fn, n=12,...,N—1.
Then
2 2 K2

ra = drity — V- (b Vykun) — (37un — V- (b Vuy)) = dxuy — 0;u, — 5 V- (b Vdyun)

With the regularity assumed in the theorem, we have
Irallo = ¢ & (1fulle.i2@ + 197l ) - (4.46)

From the definition of r,, we get

(dkun, vh) + ap (yku,,, vh) = (fn, vh) + (rn, vh> volevh n=1,2,....N—1.
(4.47)

Subtracting the Eq. (4.1) from the Eq. (4.47), we have
(dkun — dkqu, vh> + ap (ykun — ykuzk, vh) = (r,,, vh) vl e v,
Since ay, (un —"u,, vh) = 0 by the definition of the Galerkin projection, we obtain

(dkez,,,, vh) + ay (ykezﬁn, vh) = (r,,, vh) — (dkel,n, vh) . (4.48)

We now add up (4.48) fromn = 1ton = m, for | <m < N — 1. Taking into account
cancellation and multiplying both sides by k, we readily see that

m
€2.m+1 —€2m p €21 —€0 h
(T’ v ) - (T’ v ) +kZah(Vk32.n, V)

n=1

m m
=k Y ra0") —k Y (drern. v"). (4.49)
n=1 n=1
To simplify the notation, define
m
" =k ern. @ =0,
n=1

m
€1 — €20
R" =k ry, ro=——5—",
k2
n=0

m
A" =k diern. A°=0.

n=1
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Then (4.49) is rewritten as
(eZ,m+lk_ €2.m ’ Uh) +a ()/qumv Uh)
=@R", V)= (A" V) Wevh 0<m<N-1

Take v = e m+1 +exm € Vv and multiply the resulting expression by &,

2 2
llez,m+1llg — llezmliy + kan (k@™ €2 m41 + €2.m)

= k(R" - A", e my1+e2m), 0<m<N—1.

Summing fromm =0tom =n — 1,for 1 <n < N, we have

n—1 n—1
2 2
leanlls = llezollg + & D an(i®”, exmir + e2m) =k Y (R™ = A", e2mi1 + €2.m).
m=0 m=0

Since ay, is symmetric, ®% =0, and

" — " = k(eg i1 +e2m), m=1,2,...,N—1,

we get
n—1 n—1
q)m+l + CDm71 (Dm+1 _ q)mfl
kY an (@™, eami1 +eam) =k Y an ( 5 : . )
m=0 m=1
1 n—1
— E [Clh (q>m+1, CDm+]) —a (q)m—l’ CDm_])]
m=1
1 _
=5 (191G, + 19" HE, = 19113,)

Hence, we conclude that for 1 <n < N,
2

1 1 _ k
llea,nll + 5||d>"||2,, + 5" N2 = llez0llg + 5 lleas Iz,

n—1
+ kY (R" = A" eymir + eam). (4.50)
=0

By applying the Cauchy—Schwarz inequality and the inequality ab < a® + %bz to the third
term of the right hand side in (4.50), we obtain

n—1

> (IR™ llo + 1A™ ll0) (lle2m+11lo + llez.mlo)

m=0
2 n—1 n—1
<llexoly + 5 llez, 113, +2 (max ezl (k STIRMo 4k IIAm||o>
m=0 m=0

LS 2
<lle2,0llg + 5 llez.1llz,

k2
2 2 2
llez,nllg <lle2,0llg + > llez,1lly, +&

@ Springer



140 J Sci Comput (2019) 78:121-144

2

—1 n—1
1 ) <
+2 7 max lleanllg + (k E IR™lo + & EOHAmHO)
m=

m=0
k2 1 n—1 n—1 2
2 2 2
=lle20llg + = llea, G, + 5 maxlezll§ +2 (k IR o +k Y ||A’"||o>
m=0 m=0

So

1 1 N—1 N—1

2 2 m m
max ez nllo < v2lleaollo + 5 k2 + 3 llea1 I, +2 (k D UR™Mlo+k Y llA ||0> :
m=0 m=0
4.51)
Note that
e = Hhuo — ugk = (Hhuo — uo) + (uo — Phuo) s
Consequently,
lez.ollo < T uo — uollo + llwo — P uollo < ¢ kP ug|l py1- (4.52)

Now

m m

IR lo = llk ) ra +krollo <k Y llrallo + Kllrollo,

n=1 n=1

and by (4.28),

€21 — €20
Klirolly = 122210 = ¢ (W 13l oz, o @ + K15l agy) - @53)

In addition,

m m
1A lo <k Y lldkernllo =k Y lldk (1 — T1")uyllo.

n=1 n=1

Similar to (4.33),

1 i1
o (1=l = & [0 (1= 1) @t sy o
1,

n—1

ChPJFl In+1
< / 102, )1l p41ds. (4.54)
7

n—1

The error bound (4.43) now follows from (4.27), (4.44)—(4.46), (4.51)—(4.54), and some
simple manipulation. O

5 Numerical Results

In this section, we report numerical results on convergence orders. For the numerical sim-
ulation, we solve the initial-boundary value problem (1.1)-(1.4) with a spatial domain
Q := (0, 1)2. We let b = 1 and choose the exact solution u(x, y, 1) = t?sin(rx) sin(rry).
Then, ug = 0, vp = 0, and we determine the source function f from the Eq. (1.1). We use
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Fig. 1 Quasi-uniform
triangulation with 2 = 0.125 WM

Table 1 Numerical convergence orders of H ! hormat ¢ = 1 for p=1273

h Errors for p = 1 Order Errors for p =2 Order Errors for p =3 Order
272 5.5951e—1 - 9.8658e—2 - 6.4255e—3 -

23 2.2692e—1 1.3020 2.1356e—2 2.2078 6.1471e—4 3.3858
24 1.0079e—1 1.1709 5.0522e—3 2.0796 6.5592e—5 3.2283
273 4.7023e—2 1.0999 1.2246e—3 2.0446 7.4433e—6 3.1395

Table 2 Numerical convergence orders of L? normatt = 1 for p=1273

h Errors for p =1 Order Errors for p =2 Order Errors for p =3 Order
272 1.0697e—1 - 3.3758e—3 - 3.2712e—4 -

-3 2.5095e—2 2.0917 3.3914e—4 3.3153 1.4351e—5 4.5106
24 5.9196e—3 2.0838 3.8018e—5 3.1571 7.4579e—7 4.2662
273 1.4710e—3 2.0087 4.5919¢—6 3.0495 4.0691e—8 4.1960

a sequence of quasi-uniform triangulations 7;, of the type shown in Fig. 1 to partition Q.
The continuous wave equation is discretized by the fully discrete scheme (4.1)—(4.4) with
the IPDG method, and the penalty parameter 1, = 200 (p + 1)2.

To illustrate the dependence of the numerical errors on the mesh size &, we use the time
stepk =10"2for p =1,k = 1073 for p =2 and k = 2 x 10~ for p = 3. Then we take
h=2"2_..,2%and compute numerical solutions. The numerical errors and convergence
orders in the H'(§2)-norm and L2(2)-norm at = 1 are summarized in Tables 1 and 2,
respectively. The numerical convergence orders are also shown in Figs. 2 and 3. We observe
that the numerical convergence orders for H'-norm and L2-norm are around p and p + 1,
respectively, which matches well with the theoretical prediction.
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Fig. 2 Numerical convergence orders of H I normat ¢t = 1 for p=1,273
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Fig. 3 Numerical convergence orders of L% norm at ¢ = 1 for p=1273
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Table 3 Numerical convergence orders at t = 1 for fixed 2 = 0.03 and p =2

k 22 273 24 273

H' errors 3.0048e—1 6.1773e—2 1.3055e—2 3.2043e—2
Order - 2.2822 2.2424 2.0265

L2 errors 6.5980e—2 1.3563e—2 2.8564¢—3 6.5927e—4
Order - 2.2824 2.2474 2.1153

Next, we use quadratic element (p = 2) and fix a mesh size 2 = 0.03, and examine the

dependence of the numerical solution errors on the time step size k, cf. the results in Table
3. We observe that the numerical convergence orders are nearly 2 with respect to k, which
supports the theoretical results in Theorems 4.1 and 4.2.
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