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Abstract

In this paper, we study a family of discontinuous Galerkin (DG) fully discrete schemes for
solving the second-order wave equation. The spatial variable discretization is based on an
application of the DG method. The temporal variable discretization depends on a parameter
0 € [0, 1]. Under suitable regularity hypotheses on the solution, optimal order error bounds
are shown for the numerical schemes with 6 € [%, 1], unconditionally with respect to the
spatial mesh-size and the time-step, and for the numerical schemes with 6 € [0, %) where a
Courant-Friedrichs—Lewy stability condition is satisfied relating the mesh-size and the time-
step. The optimal order error estimates are derived for H'(Q) and L?() norms. Simulation
results are reported to provide numerical evidence of the optimal convergence orders predicted
by the theory.
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1 Introduction

The wave equation plays an important role in a variety of applications, e.g., acoustic, elastic,
electromagnetic, seismic waves, and so forth. As such, the numerical solution of the wave
equation has attracted steady interest in the research community. For examples, one is referred
to Britt et al. (2018), Gustafsson and Mossberg (2004), Kreiss et al. (2002) on finite difference
methods for the wave equation; Baker (1976), French and Peterson (1996) on finite element
methods; Cowsar et al. (1990), Bécache et al. (2000) on mixed finite element methods; Diaz
and Grote (2009), Walkington (2014) on explicit and implicit time-stepping schemes; Adjerid
and Temimi (2011) on a discontinuous Galerkin (DG) time-stepping scheme for the temporal
discretization and classical finite elements for the spatial discretization.

In the past four decades, DG methods have been applied in solving a large number of
problems (Arnold et al. 2002, Cockburn et al. 2000), for instance, convection—diffusion
equations (Castillo et al. 2002), hyperbolic equations (Grote et al. 2006, Grote and Schétzau
2009), Navier—Stokes equations (Bassi and Rebay 1997, Cockburn et al. 2005), Hamilton—
Jacobi equations (Hu and Shu 1999, Kornhuber et al. 2000), radiative transfer equation (Han
et al. 2010, Gao and Zhao 2013), variational inequalities (Wang et al. 2010, 2011, 2014,
2019), and so on. Since approximation functions are less smooth or discontinuous across the
element boundaries, DG methods can handle easily general meshes with hanging nodes and
elements of different shapes, are capable of capturing various local features of the problems,
are better suited for parallel implementation.

In Grote et al. (2006), a symmetric interior penalty DG method is applied to solve the
wave equation, and optimal order error estimates are derived for the spatially semi-discrete
scheme. In the sequel (Grote and Schotzau 2009), a fully discrete scheme for the wave
equation is studied, and an optimal L?(£2) norm error estimate for the fully discrete solution
is derived when a Courant—Friedrichs—Lewy (CFL) condition is satisfied. In Han et al. (2019),
spatially semi-discrete schemes and fully discrete schemes are introduced and analyzed, and
optimal order error estimates in the H'(€2) and the L*(2) norms are derived without the
need of a restrictive CFL constraint. In this paper, we extend the discussions of Han et al.
(2019) by introducing and studying a family of DG fully discrete schemes for the scalar
second-order wave equation; the schemes depend on a parameter 6 € [0, 1]. The schemes
studied in Grote et al. (2006), Grote and Schétzau (2009) correspond to the choice 6 = 0,
whereas those studied in Han et al. (2019) correspond to 6 = 1. We show that under suitable
regularity assumptions on the solution, the numerical schemes with 6 € [%, 1] have optimal
convergence orders unconditionally with respect to the spatial mesh-size and the time-step,
and the numerical schemes with 8 € [0, %) converge with optimal orders if a CFL stability
condition is satisfied on the mesh-size and the time-step. Optimal order error estimates are
derived for the H!(£2)-like norm and the L%(£2) norm.

An outline of this paper is as follows. In the next section, we present some preliminary
materials on the continuous problem, notation, DG bilinear forms, and review error estimates
for L?(2)-projection and Galerkin projection. In Sect. 3, we introduce a family of fully
discrete schemes where the spatial discretization is carried out through one of four DG
formulations, and the temporal discretization is done with a family of finite differences
depending on a parameter 6 € [0, 1]. With different 6 values, we obtain the optimal order
error bounds unconditionally or with a CFL stability condition in terms of the spatial mesh-
size and the time-step. Our optimal order error estimates are derived for the fully discrete
solutions in both A ' (2)-like and L% ($2) norms. Finally in Sect. 4, we report simulation results
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for & = 0.0, 0.25, 0.5, 0.75, 1.0 on a model problem to show the numerical convergence
orders; the numerical results match the theoretical error estimates.

2 Preliminaries

We start with a description of the initial-boundary value problem of the wave equation. To
simplify the notation, our discussion is focused on the two-dimensional case. It is possible
to extend all the discussion to the three-dimensional case. Let & C R? be an open bounded
connected domain with a Lipschitz boundary I'. For a non-negative integer m, we will use
the notation | - ||,, for the H" () norm. When m = 0, || - ||o denotes the L2(2) norm. For a
given positive number 7', I = (0, T') will be the time interval of interest. Let there be given
an external force density f € L2(I; L3(2)), an initial displacement ug € HO1 (2), and an
initial velocity vg € L?(€2). As in Grote et al. (2006), Grote and Schétzau (2009) and Han
et al. (2019), we consider the following initial-boundary value problem of the scalar wave
equation: Find u(x, t) such that

BPu—-V-bVu)y=f inQxI, 2.1)
u=0 onl xI, 2.2)

Uly—g = ug in 2, 2.3)

Orit|=0 = vg 1in Q. 24

Here, u represents the unknown displacement function, d;u and 8,214 are its first and second
order time derivative, respectively. Throughout the paper, we assume b is a given smooth
function and for two positive constants by and bpmax,

bmin < b(X) < bmax, x € Q. (2.5)
The standard weak formulation of the problem (2.1)—(2.4) is as follows.

Problem 2.1 Find u € L*(I; H}(RQ)) with d,u € L*(I; L*(Q)) and 8?u € L*(I; H~1(Q))
such that
(0%u, v) +a(u,v) = (f,v) Yve HNRQ), ae.inl, (2.6)

and
Uly—o = ug, ol|(—0 = vo a.e.in Q. 2.7

In Problem 2.1, the time derivatives are understood in the distributional sense, (-, -) is the
duality pairing between H~1(Q) and HO1 (2), (-, -) is the inner product in L3(2), and

a(u,v):/ bVu-Vvdx, u,ve HH(RQ). (2.8)
Q

Itis known, cf. e.g. [Lions and Magenes (1972), Chapter 3(8)], that Problem 2.1 has a unique
solution and moreover, u € C(I; HO1 () and 9,u € C(IT; LE(Q)).

To prepare for the presentation of the fully discrete schemes for solving Problem 2.1, we
introduce some notation. Assume £2 is a convex polygon as in Grote and Schétzau (2009) and
Hanetal. (2019). Let {73}, be a regular family of quasi-uniform finite element triangulations
of Q. Corresponding to a finite element mesh 7}, in the family, denote by K a generic element,
by hx = diam(K) the diameter of K, and by 7 = max{hg : K € 7;} the finite element
mesh-size. Let &, be the collection of all the edges of 7y, 6}’; the set of all interior edges, and
5,? = 5h\5;, the set of all the edges on the boundary I". For a function v differentiable on
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each element of the mesh 7j,, we define the broken gradient operator V), piecewise by the
relation Vv = Vv on any element K € 7;,.

Let K| and K> be two neighboring elements sharing a common edge e. Denote by n] =
nlyk, and ny = nlyg, the unit outward normal vectors on K| N e and 9K, N e. For a
piecewise smooth scalar-valued function v, let vi = vk, , v2 = v|yk, and define the average
{v} and the jump [v] on 5;1 as follows:

1 .
{v} = E(v] +v), [v]=vini+uvany onece€ 5;1.

For a piecewise smooth vector-valued function w, denote w = w|yk,, w2 = w|k,. Define
the average {w} and the jump [w] of w on & as follows:

1 .
{w}zi(w1+wz), [wl=w;-ni+wy-ny onecg.
On a boundary edge, define
[v] =vn, {w}=w oneeé',?,

where n is the unit outward normal vector on I'. For piecewise smooth functions v and w,
the following identity holds (Arnold et al. 2002):

KEZTh/;KvwwK ds=/;h[[v]]~{w}ds+/£;;{v}[w] ds.

Let p > 1 be a positive integer, to be used as the local polynomial degree of the DG
formulations. We introduce the following discontinuous finite element spaces:

Vi =" e L2(Q): vk € P(K)Y K € Ty},
Wh = (w" € [L2(@))* : w"|kx € [P,(K)*Y K € Tj).

For some of the DG formulations, we will need lifting operators r : [L2(£,)]*> — W and
re : [L2(e)]> — W" defined by the relations (Arnold et al. 2002)

/r(q)-whdx=—/ g - {w'} ds,
Q En

/ re(q) - w'dx = —/q Aw"} ds
Q e
for all w" € W".
W

We are now ready to introduce four choices of the DG bilinear forma, = a;"", 1 < j <4,
for the approximation of the bilinear form (2.8). The first DG bilinear form is related to the
interior penalty (IP) method (Douglas and Dupont 1976, Arnold 1982), which is also the
bilinear form of the DG method used in Grote and Schétzau (2009):

a\(u, v):/Qthu«thdx—/; [u] - {b Vyv} ds
—/ {b Vyu} - [v] ds—i—f b nfu] - [v] ds,
En &

where the penalty weighting function 7 : £, — R is given by n.h, ! on each edge ¢ € &,
n. being a positive number.
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The second DG bilinear form is (cf. Bassi et al. (1997))

a,ﬁ”(u,v):/gbvhu-vhv dx—/5 [u] - {b Viv) ds—/ {b Vyu} - [v] ds
h

En

+ Z /;zb Nere([u]) - re([v]) dx.

ee&y

The third DG bilinear form is (cf. Brezzi et al. (1997))

af)(u,v):/ b Vpu - Vv dx—/ [u] - {b Viv) ds—/ {b Vyu} - [v] ds
Q En Ep

+/Qbr([u]]).r([[u]]) dx + Z/anere([[u]])-re([[v]]) dx.

ee&y

The fourth DG bilinear form is related to the simplified local DG (LDG) method in
Cockburn and Shu (1998),

a,(l4)(u,v):/ b Viu - Vv dx—/ [u] - {b Viv) ds—/ {b Vyu} - [v] ds
Q En En

+ /Q b r([u]) - r([v))dx +/‘; b nu] - [v] ds.

h

For all the four DG bilinear forms, we have consistency, boundedness, and stability (Arnold
et al. 2002, Wang et al. 2010, Han et al. 2019). To state these results, it is convenient to
introduce the space V (h) = vh 4+ H2 Q)N HO1 (2) with anorm || - ||, defined by the relation

ol =Y Wi g+ D kB g+ Y kG, veV. (29

KeT, KeT, eeé&y,

Lemma 2.2 (Consistency) Assume the solution of Problem 2.1 has the regularity property
ue L?0,T; HX(Q)). Then for ap, = a}(lj), 1 < j <4, we have fora.e. t € [0, T],

(02u, vy + apu, "y = (f,0") Vol e v (2.10)
Lemma 2.3 (Boundedness) There exists a constant ¢ such that for aj, = a;l'i ), 1<j<4
lan(u, v)| < c llullpllvlls ¥Yu,veVh).
Lemma 2.4 (Stability) Let no = inf, n, be sufficiently large for j = 1,2, and n9 > 0 for
Jj = 3, 4. Then there exists a constant ¢ such that for ay = a}(lj), 1<j<4

ap(v,v) >c¢ ||v||% VoveVh

In the rest of the paper, we will assume the conditions stated in Lemma 2.4 are satisfied.
Because of the boundedness and stability of the bilinear form aj, (1, v), it makes sense to use
the notation

hy2 hoh h h.
vz, = an ", v"), v eV
this defines a norm that is equivalent to the norm || v"||». In addition, we notice that

lwly < clwl, Vwe HA(KQ). @.11)
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We will need the L?-projection and Galerkin projection in defining and/or analyzing the
DG methods. The LZ(Q)—projection P": L2(Q) — V" is defined by

Phw e Vh, (w—Phw,vh):O vl e vh

forw € L%( 2). The following error bounds hold ([Grote et al. (2006), Lemmas 4.6 and 4.7]):

lw — Phwllo < ¢ h™™PFE™ ||, ¥ w e H™(Q) (m > 0), (2.12)
lw = P'wlly < c k™7, YweH™(Q) (m=>2). (2.13)

Due to the equivalence of the two norms || - ||, and || - ||, we deduce from (2.13) that
lw— P'wla, <ch™™MPm=Yy|,, Vwe H™(RQ). (2.14)

The Galerkin projection IT": V — V" is defined by
Mmw e Vh, ap(w — I'[hw, vh) =0 Vo evh
for w € V. The following error bounds hold ([Grote and Schétzau (2009), Lemma 4.1]):
lw — M wllo < ¢ ™™ ], ¥V w e H™(Q) (m = 1), (2.15)
lw — wl, < ¢ AP D, Vw e H™(Q) (m > 2). (2.16)

The convexity assumption of the domain €2 is used in proving (2.15). We deduce from (2.16)
that
lw—"wll,, < ch™Pm=Dy, ¥Vwe H™(Q). (2.17)

Ifu € C'(I; H™(RQ)), 1 > 0, then ([Grote and Schétzau (2009), Lemma 4.2])
197 (r) = T u@)llo < ¢ B™™ P 0] u ()|, 1 €T, 2.18)

Similarly, ' -~
18! (u(t) — "u(®)llay < ¢ ™™= 80u ()]0, 1 €T. (2.19)

In deriving error bounds, we will make use of the following form of the discrete Gronwall
inequality, which is a special case of [Han and Sofonea (2002) Lemma 7.26].

Lemma 2.5 LetT > 0 be fixed. For any positive integer N, definek = T /| N. Assume {gn}fqul
and {e,,}fl\’:1 are two sequences of non-negative numbers satisfying

n—1
e,,fcgn-i—ckZej, n=12,...,N.
j=1

Then for some constant c,

max e, <c¢ max g.
1<n<N 1<n<N

The following elementary relation will be used repeatedly (cf. e.g., [Han and Reddy (2013)
Ch. 11]):

2

a,b, x>0 and x> <ax+b=x><a®>+2b. (2.20)
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3 A family of fully discrete schemes

Spatially semi-discrete schemes for Problem 2.1, with DG formulations for the spatial dis-
cretization, are discussed in Han et al. (2019) where optimal order error estimates are derived.
In this section, we introduce and study a family of fully discrete schemes. For simplicity in
notation, we give the discussion only for the case of evenly spaced nodes so that the interval
I is partitioned uniformly into subintervals of equal length. Thus, for a positive integer N,
let k = T /N be the step size, and denote t, = n k for 0 < n < N, I, = (t,, ty4+1) for
n=0,1,---, N — 1. For a function u continuous in ¢, we write u, = u(-, t,). To simplify
the writing, define operators yx, 8 and dj as follows:

Up+1 + Un—1
YkUn = f’
Siltn = Up4+1 — Up—1
kUn % B
d _ Unt1 — 2uy 4 ty—1
kUn = k2 .
Let a; (-, -) be one of the bilinear forms a,(f)(-, Jwith j =1,--- ,4,andletd € [0, 1] be a

parameter. Let
fecd: L @)

this condition holds true under the solution regularity assumptions to be made in the state-
ments of error bounds below. Then we consider the following fully discrete 8-scheme of
Problem 2.1; recall that P is the L2(£2)-projection onto the space V",

Problem 3.1 Find {uﬁk}flvzo C V" such that for1 <n < N — 1,

(dun®, 0"y + an @ yiunt + (1= 0) up* ")y = (fu, 0" Vol evh @)
and
ulh = phyy, (3.2)
ul* =yt 4k phy +E~h (3.3)
1 =4 0T 5 Ho :
where
ih e Vi (@h v = (fo, v") — an(uo, vy V' e VI (3.4)

The goal of the rest of the section is to present optimal order error estimates for the
numerical solution of the fully discrete #-scheme. We start with error estimates in an H' (€2)-
like norm. Recall from [Grote and Schétzau (2009), Lemma 3.3] that there is a constant
cp > 0 such that

an (v, v) < ¢p buax 2|0 Vv e V. (3.5)

Theorem 3.2 Let u and u"™* be the solutions of Problem 2.1 and Problem 3.1, respectively.
Assume u € C*(I; HPYY(Q)), 8}u € C(I; L2(Q)) N L2(1; H*(Q)), 8*u € L>(I; L*(Q)).
Then for 6 € (1/2, 1], we have the error bound

max kN uer — ) — Qe — o + max Ny — iy < ¢ (A7 + %) (3.6)

0<n<N-1
@ Springer f DMAC
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Sfor some positive constant c depending on || u ||C2(7;H,}+1 @) ”813””C(7;L2(Q))’ ”a?u”LZ(l;HZ(Q)),
and ||8t4u||Lz(,;L2(Q))‘ For 6 = 1/2, the error bound (3.6) is modified to

—1 hk hk
max k u —u — (Uuy —u
omax_, lnt1 — wyS ) — (un —uy o

o max g =) + G — )l < ¢ (B +£2). 3.7

0<n<N
For 6 € [0, %), if the CFL stability condition

e 2R (3.8)
V(L =0) cp byax

is satisfied, then the error estimate (3.6) is valid.
Proof As in Han et al. (2019), we write the error e, = u, — uf‘lk at time 7, as
ep = e,ll + e,%,
where
e,ll = u, — Muy,, ei = "u, — qu.
For0 <n < N — 1, we have
KM = ) = G =y o < K Mlegyy = eqllo + &7 Mlegyy = exllo. (3.9)
et — w31l < lleglln + llezln, (3.10)
where ([Han et al. (2019), (4.8), (4.9)])
kK enyy — enllo < € WP 10ull ez 1o o) (3.11)
lebln < ¢ P ull . gt - (3.12)

To bound the second terms of the right-hand sides of (3.9) and (3.10), we start with a
consideration of the expression

Ay = (drel, 8ked) + an (0 yres + (1 —0) €2, 5xed).
By making use of the definitions of yx, &, and di, we have

2

1 0
2 212 2 2 2 2 2 2
An=773 (lenrr — enlly — lley — en_ylig) + i (lenrillz, = lley_y1z,)

—6 2 2 2
Zk ah(en’ €n+1 - en—l)' (313)

Take v = Bkeﬁ in (3.1) and (2.10), and subtract,

1
+

(02U, — dyu™, 5pe?) + ap (uy — 6 yu™ — (1 — 60) ul™, s1e2) = 0.
Thus,
_ h 2 2 h h 2
Ay = (d 1" uy — 07 up, Skey) +an (@ vill"u,, — uy + (1 —0) IMuy,, dkey). (3.14)
We combine (3.13) and (3.14), and multiply both sides by 2 k,

1 0
2 202 2 2 2 2 2 2 2 2 2 2
k7 (||en+] - en “0 - ”en - en—] ”()) + 5 (||en+] ”ah - ”en_] ||ah) + (1 - 9) al’l(en! en+] - en_])

=& elyy —ei ) +an(m. ety — €2 ), (3.15)
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where for1 <n < N — 1,

& = diT1"uy — 8}y, (3.16)
e =0 v "y —up + (1 —0) M'uy =0 (i 1uy — up) + (1 — 0) (M"uy — uy).
(3.17)
Changing n to i in (3.15) and summing on the relation fori = 1,...,n — 1, we have

1 0
22 2 2 20 2,2 2 2 202 2.2
2 (lew —en_1llp — llei — egllg) + ) (leallz, + lleq_lz, = letllz, — llegla,)

n—1 n—1 n—1
+(1=0) Y an(el, efyy —el )= (E el —el )+ Y an(ni efy —ef ).
i=1

i=1 i=1

(3.18)
Two of the sums in (3.18) can be handled as follows:
n—1
Y an(e}, ey — €)= anlen_y, ey) — anler, €5), (3.19)
i=1
n—1 n—1
Gl —e ) =G g —ep )+ ELe—e)+ Y Gii & e —e ),
i=1 i=2
(3.20)
while for the last sum,
n—1
> an(nis ety — ;) = an(nu-1. ) + an(u—2. €5_1) — an(n1, €p)
i=1
n—2
—an(na, e}) + Y an(mi—1 = nit1, €}) (3.21)
i=2
or
n—1
D an(nis €y =€) = a1, e +er_y) — an(n, € + €p)
i=1
n—1
+Y anticr — i ef e y). (3.22)
i=2

We now distinguish three cases.
Case 1: % < 6 < 1.By (3.18), (3.19)—(3.21),

1 0
2_ 2 2 2 22 2,2 2 2 22 22
(les — ey llg — llet — eplig) + 3 (lellz, + lley_liz, — letllz, — lleglz,)

k2
=1 =0)aplef. e) — (1 —0) aplep_,. ey)
n—1
t e —en )+ ELel—e) + Y (E1+E el —ef )
i=2
2 2 2 2
+an(n-1.€,) + an(Mn—2, €, _1) —an(n1, ey) — an(n2, e1)
n—2
+ Zah(mfl — Nit1, €}).
i=2

@ Springer f DMAC



56  Page 10 of 24 L.Heetal.

Denote
My = max |lef|la,.
O<n<n = "0

Then,

1 %
22 2 2 20 202 2 2 202 212
a (ley — en_yllg — llet — eglig) + 3 (lexllz, + llen_liz, = letllz, — lleglz,)

1—-6 1-6
< —— et + lleglz,) + —— dlegllz, + lleg 13,
k2 2 1 2 2 2 k2 2 1 2 212
+ 5 En—1llg + ?Hen —e,_1llg + ?”51”0 + ﬁ”el —¢llg

2
n—1 n—1

+ 3 1 +s,-||6> (Z lef — e?_lué)
i i=2

1/2 1/2

=

n—2
+ <||nn_1 lay + 1702 lla, + 1n2lla, + 101 lay + D i1 = niga ||ah> M.
i=2

0—1
2

22 2 2,2 2 2
e, —enillo + (leyllg, + lley—1llg,)

3 1 k2
< = llef —egllg + = (llegllz, + lletll3,) + = U&n—1llg + 16115
2k 2 2
kn71 n—1 1
5 2 ME HEI kD s lef —ef I
i=2 i=2

n—2
+ (nnn_lnah + 1n-2llay + 12lla, + Im1llay + Y Inic1 — m+1||ah> M. (3.23)
i=2

Applying Lemma 2.5 to (3.23), we obtain

1
2 len = e dli§ + @6 = D llegll,

N-—1
1
<c (eI, +1etlZ + —llet — €3l + k> max [|E, 15 +k Y lEi—1 + &7 + po(n) My |,
h h k2 n

i=2
(3.24)
where
N-2
9o(n) = 1NN —1lla, + v —2lla + Im2llay + I01llay + D It = nitilla,.  (3:25)
i=2
Then, we have
M} < cgi(h,k) (3.26)
and
1
& leg — en_i 115 < c g1(h. k), (3.27)
where
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1
g1, k) = NlegllG, + lletlig, + 5 llef — eglig + k* max & 13

N-1

O g1 + &I + 0f (). (3.28)
i=2

By (3.26) and (3.27), we obtain

1
max le2 — e 13 + max lepllz, <cgi(h, k). (3.29)

We proceed to bound ¢y () defined in (3.25). First, by (3.17),
M =0 v = Dy + 60 (vt — un) + (1 —0) (IM"uy — uy).
By (2.17),

1
Iy = Dl = 5 (T = Dty + 1T = Dit—1 1, )
< ch? (lunsllpst + len-tllps1)
and by [Han et al. (2019), (4.37)],
In+1

lVetn — tnlla, < Ck[ 107U, $)lla ds.

In—1

So
1 lla, <6 lya(" = Dy lla, + 6 llyrin — unlla, + (1= 0) 1Ty = lay
< WP ull ey + & /tt"+1 182u(-, )l ds. (3.30)
Note that

Niv1 — Nie1 = 0 ye(T" = D iy —ui—1) + 60 e(uivr — wi—1) — @Wis1 — ui—1))
+ (1 =60) (1" = D(uirr — ui—).
By [Han et al. (2019), (4.39)~(4.40)],

tiy2
Iy (M = Digr — ui—)lla, < c hp/ 10, $)l p1ds,
ti—2

lit2
2 3
lye(uivr —ui—1) — i1 —ui—1)lla, < ck / 107 u(-, T)lla,dr,

ti2

and by (2.17),
i tiyl
I = Dt — wi)) ey < ¢ AP ties — i1y < chpf 1, 5 ps1ds.
L1

So

Miv1 —ni-1lla, <0 iy (T — 1) (uiyy — wi—)lla, +0 lveipr —ui—1) — Wix1 — ui—1)lla,
+ A =M = D(uis1 — ti—1)llay

lit2

liy2
schpf ||a,u(-,s>||p+1ds+ck2/ 197uC, Olladr. (331
ti
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Combining (3.30) and (3.31), we obtain
‘PQ(U) =c hP ”M”C(T;H]Hrl(g)) +c k2||8,2u||c(7,Hp+1(Q))
T T
+c h!’/ I8 (-, $) || p1ds + ¢ k2/ 182u(-, 7)l|pdt. (3.32)
0 0

Next, we bound the other terms of gj(k, k) in (3.28). By [Han et al. (2019), [(4.25),
(4.27)—-(4.29), (4.36)],

2 h h
leglla, =< T uo — uolla, + lluo — P uolla, < c A lluoll p+1. (3.33)

T
letlla, < ch? (luollp1 +k Ivoll p+1 + K282 (0) ]| p11) +ck2/ 183u(-, $)la,ds,
0

(3.34)
1
et = egllo < ¢ P (ol 1 +KI97u(@)llp+1) + ¢ 10wl 7,120, (3.35)
tht1 ) ’ Int+1 4
k||~§n||0§6’hp/ 107U, )l pds +c k f 19, ) llods, (3.36)
h—1 th—1
N1 12
(k D g1 +& ||%> < e P NFull o mr gy + € K219l L2112 ) (3.37)
i=2

Using the bounds (3.32)—(3.37) in (3.28), we have
1/2
g2 (h. k) < ¢ WP ull oz, oo o)
+c k2 <||8t3u||L2(1;H2(Q)) + ||8t3u”C(7,L2(Q)) + ||a:1u||L2(1,L2(Q))>(338)

Then from (3.29),
1 2 2 2
mr?x E ”en — €, llo + m,?x ”en ”ah
< WPl rn any + € K2 (1070 2qrs ey + 107l 7,200y + “af“”””;”(m)) ’
(3.39)

Combining (3.9)—(3.12) and (3.39), we arrive at the error bound (3.6) for 6 € (1/2, 1].
Case 2: 0 = %.ForO <n <N — 1, we have

It = unS ) + @n = wgln < llegyy +enlln + llegiy +enlln (3.40)
For the first terms of the right-hand sides of (3.9) and (3.40), we have (3.11), and by (3.12),
lensr +enlln < RPNl o 7. o1 o) (3.41)

Consider the second terms of the right-hand sides of (3.9) and (3.40). By (3.18) for 8 = %,
we have

1 1
2 2 2 2 2,2 22 2 2 22 22
23 (163 = 2113 ef = eF13) + 5 (1212, + ey 12, = 1eF 12, — Ie312,)
1 n—1 n—1
2 2 2 2 2 2 2 2
+5 (antep_1.ep) —an(er. ) = Y (Eiefry — e )+ > an(ni. el — e y).
i=1 i=1

(3.42)
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By (3.20) and (3.22) in (3.42),

k—2<||e,%—e5,1||% let — eglIg) + ~ (||e 17, + lep_y1IZ, +2 anlen_y. e7))

1
— 5 (1efZ, + llegliz,)
1 n—1
= an(el, &)+ Enroep — e )+ E et —eg) + ) (G e — el )
i=2
n—1
+ap(m-t.e2+e2 ) —an(n. et +ed) + > antioy — i, e} +ely).
i=2
Denote
_ 2 2
My = omax, ey + e _1lla
Then,

2 2 2 2 2
w2 len —enllo = llet —€gllp) + 5 (Ile 12, + ez, 112, +2 an(er_y, e7))

1
- Z (1312, + 13112, )

1
<3 (||e1||ah+||eo||ah>+ 6 i+ 5]
n—1 n—1

k
+3 Z||s,1+s,||0+k22k2ne i1l

2 K2 2, |1 2 2,2
e n71||0+?||51||0+27]{2||€1 —esllo

n—1
+ (nnn_lna,, + Imllay + Y lnie1 — s ||a,,> M

i=2
So

1
ﬁneﬁ e I5+ - ||e +en_il3,

3
< ﬁll g+ = (IIel 12, + legl2,) + (Ilén 15 + 161115
n—1 n—1
+3 Z I&-1 + &3 +kZ 2k2 llef — 71115
=2
n—1
+ (”nn—l”ah Hlmlla, + Y iz —n; ”ah> M>
i=2
(3.43)
Applying Lemma 2.5 to (3.43), and using the relation (2.20), we get
1
max 5 lleg — ey 1§ + max leg + €5 [G, < ¢ g201, k), (3.44)

where
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1
821, k) = llegllz, + et G, + e — €§ll§ + k> max &, 13

N—1
kY g1+ E IS+ G2, (3.45)
i=2
N—1
G0 = Inv—1llay + In1llay + Y I1ni1 = nillay - (3.46)
i=2

Combining (3.30) and (3.31), we have
¢o(n) < ¢ WP llull e 7. oo gy + € N7 Ul o 7. ot )
T T
+ch? / 18-, )|l p+1ds + ¢ k2/ ||8;’u(., )||pdr. (3.47)
0 0
Collecting (3.33)—(3.37), (3.47) in (3.46) and noting (2.11), we obtain
1 2
/ (h k) =< Chp ”u”CZ(I H/"H(Q))
e k¥ (I7ull 2 s + 1070l e 2@y + 107l gy ) - (348)
Then, by (3.44),
Los 5 2., 2
max e} = €3y llo + max llef + 7 l,
<c hp”””cZ(T;HpH(Q))
+ck? (||a?u||Lz(,;Hz(m) + 107wl 7. 1200 + ||3t4u||L2(1;Lz(Q))) . (3.49)
From (3.9), (3.11), (3.40)—(3.41) and (3.49), we arrive at the error bound (3.7) for 6 = i'
Case3:0<0 < % From (3.18), (3.19)—(3.21),
1 0
2z (len = e 15— llet = eg15) + 5 (leql, + lle—1 13, — Nefl3, — edIz,)

+ (1 —6)ap(el_y, ed)

n—1
= —0) anle], ) + Enr.ey —ep )+ Er et —eg) + Y (Ej1+Ej. €5 — e )
j=2
n—2
+an(n-1.€) + an(nu—2. €5_1) — an(n1. €5) — an(nz. €1) + Y an(nj—1 — 1j41.€).
j=2
Then,
1 2 2 2 2 202 6 202 2 2 202 22
2 (llen = a5 = lled = eglig) + 5 (leql, + len—i11G, — lletlz, — llegliz,)

+ —9) an(e_y, ed)

1-— 1
<= e etllz, +lle 0||ah)+ ||sn g+ 5z lew = en-1llg

. 12 12
| _ .
2 2 2 2 2
||sl||0+ oz et = egllo+ | 2 1E-1 + &1 > led — e 15
Jj=2 Jj=2
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n—2
+ [ il + a—2lla, + In2lla, + In1lla, + D lnj—1 = nj1lla, | M
j=2
and
1 2 2 2 0 212 2 2 2 2
oz e = ensillg + 5 lenllg, + lleqy13,) + (1= 0) anten 1 e)
3
< @ ||e1—e0||o+f<||eo||a,,+||e1||ah>+ <||sn G+ 1€
ki |
+5 g G+ kZ oz e —eiallg
Jj=2 j=2
n—2
+ [ 1t llay + ma—2lla, + Im2lla, + lnnlla, + > Imj—1 = njgilla, | M.
Jj=2
(3.50)
By the symmetry and the stability properties of aj,,
2 2 2 2
2 2 e—l—ele—l—el e, —e€,_1 €, —¢€,_4
ap(e,_1,e,) = ap( 2" , 2" ) — ap(— 2" , = 2" )
1 2
>_Zah(€ —€_1:€ €y l)
By (3.9),
an(e2 — €2_y. €2 — €2_3) < buax cp h™2 |12 — 2_, 3.
So
c* 0
7 llen —en il + f<||eﬁ||§h +lley_113,)
3
< ﬁnel e3llg + = <||e1||ah + e O||(,,1)+ <||sn G+ €D
+= Zns, 1+s,||0+k22C, 2||e 31l
J =2
n—2
+ | Mn=1lla, + IMn—2lla, + In2lla, + lIn1lla, + Z mj-1 —nj+illa, | M1,
j=2
where
1 1-6 _
C*:E—Tkzbmaxcbh 2>0

by the CFL condition (3.8). Applying Lemma 2.5,
Cc* 0
= lle2 — e2_ 113 + E(IIef, 12+ llea_y112,)
1
212 212 2 212 2 2
<c <||e0||ah + e, + 7z llet = eglig + Kk max [ I3
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N-1

kY HIE 1 +EIG + eaMy | (3.51)
Jj=2

Starting with (3.51), similar to the derivation based on (3.24), we have
1
max 5 lleg — ey 5 + max ez Ig, < ¢ g1, k). (3.52)

We then apply (3.9)-(3.12), (3.38) to obtain the error bound (3.6) for the case 0 < 6 < 1
under the CFL stability condition (3.8).

[mES]]

We now proceed to derive an optimal L? error estimate for the fully discrete 6-schemes.

Theorem 3.3 Ler u and u™ be the solutions of Problem 2.1 and Problem 3.1, respectively.
Assume u € C*(I; HPYY(Q)), 8}u € C(I; L2(Q) N L*(I; H*(R)), 9}u € C(I; L*(Q)).
Then, for 6 € [%, 1], orfor 0 € [0, %) and if the CFL stability (3.8) condition holds, we have
the following error bound holds

max_{luy — ul o < ¢ (T + &) (3.53)

0<n<
for some constant ¢ depending on ||u||C2(7;Hp+1(Q)), ||813u||C(7;L2(Q))’ and ||8t4”||c(7;L2(Q))-

Proof For 0 < n < N — 1, similar to the error decomposition in the proof of Theorem 3.2,
we have

it — w3 llo = llutw — My + My — 1 llo < legllo + ezl (3:54)
By (2.15), as in [Han et al. (2019), (4.45)],
leallo < ¢ B ull o . ot gy (3.55)
and considering the truncation errors due to the time discretization forn = 1,2, ..., N — 1,
rn = dyity — V- (b V(O yitty + (1 = 0) un)) — fr = diity — 871y — g k> V- (b Vdiuy) .
Under the regularity assumptions in the theorem, we obtain

Irallo = ¢ K (1020l ey + 1074l 2 ) - (3.56)
By the definition of r,,, we have, forn =1,2,..., N — 1,
(drtn, V) + an (0 yiun + (1 = 0) up, v™) = (fu, V") + (rp, 0™ Vo e VI (3.57)
Next, we subtract the equation (3.1) from the equation (3.57),
(dyitn — ™ oMY+, (0 yrun — 0 yeu™ +(1 = 0) (wy — u™), V") =(ry, 0"y VI € VI
By the definition of the Galerkin projection, aj (u, — M"u,, v") =0,
(dre2, v") + an(0 ye? + (1 —0) 2, v") = (ry, V") — (die), v"). (3.58)

We now change n to i in (3.58) and sum fori = 1,2, ..., m and multiply both sides by
k, to obtain

6,2 ]—6'2 62—6‘2 m
%,vh - 1k O ") +k ) an® yel + (1= 0) ef, ")
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m m
=kY (i, v") =k Y (dre}, v"). (3.59)
i=1 i=1
Define
m
" =kY e, =0,
i=1

m 2 2

ey — e

R" =k ris ro=—5"0,
i=0

m
A" =k dre}, A’ =0.
i=1

So (3.59) is rewritten as

2 2
e —e
<1+1k”’ vh) +an®@ @ + (1 —0) ", ") = (R™, V") — (4™, v") W' e V.

Take v" = erzn Lt e2 e V" and multiply the resulting expression by k, for 0 <m < N — 1,

lep, 115 = llen I3 + kan(®@ yi @™ + (1 — 0) @™, ep, 1 +€5,) = k(R™ — A™  en, | + €p,).

Making a summation fromm =0tom =n — 1,for 1 <n < N, we obtain

n—1 n—1
lez 15— lleglig+k Y an(® @™ +(1—0) @™ ep,y +en)=k Y (R"—A" ep .\ +ep,).
m=0 m=0
Note that
o =0,

@t — ol = k(e k), m=1,2,...,N—1L.

By the symmetry of a,,

n—1
k> an® @™+ (1—0) " ep ) +ep)
m=0
n—1
= Zah(e 7®" + (1 —0) ", "t — o1
m=1

6 _ _
= S UG, + 19" 7NE, = K efl3,) + (1 = 0) an(@"~!, &),

where

n—1
Z ah(CDm, ©m+1 _ qu—l) — ah(an_l, CDn)

m=1

Therefore, for1 <n < N,

[ _ _
||ei||3+5<||<1>"||§,,+||<1>" Hi2) + (1 —0) ap (@, o)
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0 n—1
= €211 +3 K lleflls, +k Y (R™ — A" ep +ep), 1<n<N.  (3.60)
m=0
Now we distinguish two cases.
Case 1: % <6 < 1. By Lemma 2.3 in (3.60), we have

1-0
2

(1—0) ap(@"!, ") > — A"z, + "Iz ).

Then,

260 —1 _
ezl + =——— 1" IG, + 19" 71,
n—1

< €313 +3 e letlZ, +& Y (R™ — A" en ) +ep). (3.61)
m=0

By applying the Cauchy—Schwarz inequality and Young inequality ab < ea®+ ﬁbz (e=1
to the third term of the right-hand side in (3.61), we obtain

2

—1 n—1
0 1 S
lenllg < Nleglg + - & lleflg, +2 | 3 max lleglg + (k DTUR o +k Y A" ||o>

m=0 m=0
So
9 n—1 n—1
2 2 2
max flezllo < v2legllo + 5 & f||e1 I5, +2 (k DUR™Mlo+k Y ||Am||o> . (3.62)
=0 m=0
By (2.12), (2.15),
legllo < IT"uo — uollo + luo — P*uollo < ¢ AP+ Mjuoll p11- (3.63)

By (3.35), (3.56),

n—1 m n—1 m

k Z IR™ o = k Z ||erl +krollo <k YDk lrillo + Z llei — egllo

m=0 i=1
<ck? (”3r ety + 101l 2 + 19 u||C(7;L2(Q)))
+chP (ol pt + klI07u(©) 1 p+1) | (3.64)
and by [Han et al. (2019), (4.54)],

n—1 m n—1 m
k Z 1A™ o < k2> > "lidielllo = k> DY " llde(I — T")u; o
m=0 i=1 m=0 i=1
T
§ch1’+1/ 182u(-, )l p+1ds. (3.65)
0

Applying (3.34) and (3.63)—(3.65) to (3.62), we have
2 2 (1142 3 3
max lenllo < ¢k (||3t uled w2y T 187wl 20 m2@) + 18 ulle .12

HO Ul @) + € 2 g @) (3.66)
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The error bound (3.53) now follows from (3.54), (3.55) and (3.66) for % <6 <l.
Case2:0 <0 < % From (3.60), we see that

0 _ -
ezl + 519" + @M, + (1= 20) an(®"~, &)
0 n—1
= egli§ + 5 K2 leflG, +k D (R" =A™ cp iy +e5). 1<n<N.  (367)
m=0
By the symmetry and the stability properties of aj,, and since " — ®"~! =k eﬁ, we find
that

(anl + " (anl + o on — d)nfl P — (anl
“ 2 2

qy‘l—l’ q>n — ,
an( ) ah( 5 5

k2 2 2
> —Zah(en, ey).
By (3.5), we get

an(ey. en) < buax co h ™2 |leg 5.

So
0 0 n—1
c*||e,%||§+§||q>"+q>"—1||§h < ||e(2)||(2)+§k2 lefl3, +k > (R™ =A™ e, +ep). (3.68)

where
1-26

C*=1- K bypgx cp 2> 0

by the CFL condition (3. 8) By applying the Cauchy—Schwarz inequality and the modified
Young inequality ab < ea? + 3 b2 with ¢ = C to the third term of the right-hand side in
(3.68), we obtain

n—1

N %
C* llegllg < llegllg + 5 & ledllz, +& D (1R" llo + 14" lo) (e 1o + lleg o)
m=0

0 n—1
< eIy + 5 K etIZ, +2 (max e o) (k D IR o +k Z 14" o

0 2 % m m
UGG+ 5 RIS, +2| S max 12+ anR ||o+kZ||A lo

m=0

0 c*
= legllg + 5 K2 llef g, + - max e llg + = (kZ||Rm||o+kZ||Am||o) :

m=0

So

9 n—1
X fne] 12, +2<kZ IR o +k Y ||A'"||o>

m=0 m=0
(3.69)
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Fig. 1 Quasi-uniform triangulation with 7 = 1/32

Combining (3.54), (3.55), (3.66) and (3.69), we obtain the error bound (3.53) for0 < 6 <
7 under the CFL condition (3.8). o

4 Numerical results

In this section, we present numerical results to illustrate numerical convergence orders of the
proposed numerical schemes, paying particular attention to their dependence on the parameter
0. Let Q2 := (0, 1)2, b =1, and choose f such that the exact solution is

ux, 1) = (@ = D’ = e - 1.

Correspondingly, the initial values are ug = 0, vgp = 0. We use a sequence of quasi-uniform
triangulations {75} of the type shown in Fig. 1 to partition Q. The polynomial degrees for the
numerical schemes will be p = 1, 2, 3. The fully discrete scheme (3.1)—(3.4) with the IPDG
method will be used, and the penalty parameter 7, = 200 (p + 1)2.

First we explore the dependence of numerical solution errors on the mesh size /. The
schemes are unconditionally convergent with & = 0.5, 0.75, 1.0. We use a sufficiently
small fixed time step for these values of the parameter 6 : k = 0.01 for p = 1, k = 0.001
for p = 2 and k = 0.0001 for p = 3. We take h = 2-2 . ..,273 and the numerical errors
and convergence orders in the H 1(Q) norm and L2(Q2) norm at ¢ = 1 are summarized in
Tables 1 and 2. For 6 € [0, 0.5), a CFL stability condition of the form k < c¢ & is needed
to ensure convergence of the numerical solutions. To illustrate this point, we consider two
values of 6 : 0.25 and 0.0. Numerical experiments suggest that for 6 = 0.25, the scheme
performs well if we use the time step k < éh forp=1k< ﬁh for p=2and k < ﬁh
for p = 3; whereas for & = 0.0, we have convergent numerical results if k < g%h forp =1,
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Table 1 H' norm errors at r = 1.0 for varying h and a suitably chosen k

(% h Errors for p =1 Order Errors for p =2 Order Errors for p =3 Order
0.5 272 52703e—02 - 1.1401e—02 - 7.6622e—04 -
273 2.4827¢—02 1.0860  2.3818e—03 2.2590  7.4390e—05 3.3646
24 1.0974e—02 1.1778  5.9296e—04 2.0060  9.1617e—06 3.0214
273 5.1302e—03 1.0970  1.4188e—04 2.0633 1.0891e—06 3.0725
075 272 5.2705¢—02 - 1.1401e—-02 - 7.6622e—04 -
273 2.4827e—02 1.0860  2.3818e—03 22590  7.4390e—05 3.3646
24 1.0974e—02 1.1778  5.9296e—04 2.0060  9.1617e—06 3.0214
275 5.1306e—03 1.0969  1.418%e—04 2.0632  1.0891e—06 3.0725
1.0 272 52706e—02 - 1.1401e—02 - 7.6622e—04 -
273 2.4828¢—02 1.0860  2.3818e—03 2.2590  7.4390e—05 3.3646
2~4 1.0975e—02 1.1777  5.9296e—04 2.0060  9.1617e—06 3.0214
273 5.1311e—03 1.0969  1.4189e—04 2.0632  1.0891e—06 3.0725

Table2 L2 norm errors at ¢ = 1.0 for varying / and a suitably chosen k

6 h Errors for p =1 Order Errors for p =2 Order Errors for p =3 Order
0.5 272 8.2617e—03 - 3.4044e—04 - 2.4000e—05 -
273 1.9166e—03 2.1079  3.5495e—05 3.2617  9.3505e—07 4.6818
274 43166e—04 2.1506  4.1020e—06 3.1132  6.0865e—08 3.9414
273 1.0824e—04 1.9957  5.0441e—07 3.0237  3.3401e—09 4.1876
075 272 8.2644e—03 - 3.4045e—04 - 2.4000e—05 -
23 1.9197e—03 2.1060  3.5496e—05 3.2617  9.3507e—07 4.6818
274 4.3497e—04 2.1479  4.1038e—06 3.1126  6.0888e—08 3.9408
273 1.1165e—04 1.9619  5.1252¢—07 3.0013  3.4734e—09 4.1317
1.0 272 8.2670e—03 - 3.4045e—04 - 2.4000e—05 -
273 1.9228¢—03 2.1042  3.5498e—05 3.2616  9.3509e—07 4.6818
274 43828e—04 2.1333  4.1059e—06 3.1120  6.0913e—08 3.9403
273 1.1509e—04 1.9291  5.2316e—07 29724  3.6397e—09 4.0649

k < leth for p =2and k < %h for p = 3. We take h = 272 ... 275 and compute
numerical solutions. The numerical errors and convergence orders in the H!(£2) norm and
LZ(Q) norm at t = 1 are listed in Tables 3 and 4, where for & = 0.25, we choose k = éh for
p=1Lk= ﬁlgh for p=2and k = leh for p = 3, and for 6 = 0.0, we choose k = %h
forp=1k= &h forp=2and k = ﬁh for p = 3. We observe that the numerical
convergence orders for H'! norm and L2 norm are around p and p + 1, respectively, which
matches well with the theoretical prediction.

However, if the CFL condition is slightly violated, then the numerical results are not good.
For example, for parameter 6 = 0.25, we take the time step k = eTloh forp=1,k= ﬁh
for p =2and k = Wloh for p = 3; for parameter 6 = 0.0, we take the time step k = %h
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Table3 H! norm errors at r = 1.0 for varying i and k with stability

(% h Errors for p =1 Order Errors for p =2 Order Errors for p =3 Order
0.0 272 5.2700e—02 - 1.1401e—02 - 7.6622e—04 -
273 2.4825¢—02 1.0860  2.3818e—03 2.2590  7.4390e—05 3.3646
24 1.0973e—02 1.1778  5.9296e—04 2.0060  9.1617e—06 3.0214
273 5.1295e—03 1.0971 1.4188e—04 2.0633 1.0891e—06 3.0725
025 272 52701e—02 - 1.1401e—02 - 7.6623e—04 -
273 2.4825¢—02 1.0860  2.3818e—03 22590  7.4391e—05 3.3646
24 1.0973e—02 1.1778  5.9296e—04 2.0060  9.1618e—06 3.0214
275 5.1295¢—03 1.0971 1.4188e—04 2.0633 1.0891e—06 3.0725
Table4 L2 norm errors at # = 1.0 for varying h and k with stability
6 h Errors for p =1 Order Errors for p =2 Order Errors for p =3 Order
0.0 272 8.2555¢—03 - 3.4043e—04 - 2.4000e—05 -
273 1.9094e—03 2.1122  3.5491e—05 3.2618  9.3510e—07 4.6818
274 42394e—04 2.1712  4.0992e—06 3.1140  6.0843e—08 3.9420
275 1.0034e—04 2.0790  4.9591e—07 3.0472  3.1880e—09 4.2544
025 272 8.2559—03 - 3.4045e—04 - 2.4002e—05 -
23 1.9095e—03 2.1122  3.5493e—05 3.2618  9.3587e—07 4.6807
274 4.2397¢—04 2.1712  4.0995e—06 3.1140  6.1080e—08 3.9375
25 1.0035e—04 2.0789  4.9594e—07 3.0472  3.3522e—09 4.1875
Table5 H! norm errors at t = 1.0 for varying h and k without stability
6 h Errors for p =1  Order Errors for p =2  Order  Errors for p =3  Order
00 272 3.1797e+29 - 3.5299¢+124 - Inf -
273 8.0694e+43 —47.851 Inf —Inf  NaN NaN
274 Inf — Inf NaN NaN  NaN NaN
25 NaN NaN NaN NaN NaN NaN
025 272 1.3762e+43 - 2.8038e+106 - Inf -
23 5.1719¢491 —161.36 Inf — Inf NaN NaN
274 Inf —Inf NaN NaN  NaN NaN
25 NaN NaN NaN NaN NaN NaN
forp=1k= l}thorp =2andk = ;mhforp = 3. Then we take h = 272, ... , 273

and compute numerical results are demonstrated in Tables 5 and 6, respectively.

Next, to examine the orders of convergence concerning the time step k, and to keep
the test simple, we consider cubic element (p = 3) and fix a mesh size » = 1/128 for
6 = 0.5,0.75, 1.0, respectively. Then the L2, H' error accuracy of time are presented, cf.
the results in Table 7. We observe that the numerical convergence orders in time 7 = 1 are
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Table 6 L2 norm errors at t = 1.0 for varying h and k without stability

(% h Errors for p =1 Order Errors for p =2  Order  Errors for p =3  Order

0.0 272 4.8416e+27 - 9.5969¢+122 - Inf -
273 5.0302e+41 —46.562  Inf —Inf  NaN NaN
274 Inf — Inf NaN NaN  NaN NaN
275  NaN NaN NaN NaN  NaN NaN

025 272 2.0955e+41 - 7.6229¢+104 - Inf -
273 3.2240e+89 —160.07 Inf —Inf  NaN NaN
274 Inf —Inf NaN NaN  NaN NaN
275 NaN NaN NaN NaN  NaN NaN

Table 7 Numerical convergence orders in L% and H! norms at7 = 1.0 forh = 1/128, p = 3 with varying k

6 k L2 errors Order H! errors Order
0.5 272 5.6746e—03 - 2.6140e—02 -
273 1.4133e—03 2.0055 6.5643e—03 1.9935
24 3.4834e—04 2.0205 1.6246e—03 2.0146
273 8.6296e—05 2.0131 4.0289e—04 2.0116
0.75 22 7.8414e—03 - 3.6148e—02 -
273 2.0088e—03 1.9648 9.3211e—03 1.9553
24 4.9654e—04 2.0164 2.3182e—03 2.0075
273 1.2300e—04 2.0133 5.7531e—04 2.0106
1.0 272 9.8085e—03 - 4.5382e—02 -
23 2.5974e—03 1.9170 1.2041e—02 1.9142
24 6.4451e—04 2.0108 3.0099e—03 2.0002
25 1.5970e—04 2.0128 7.4767e—04 2.0092

nearly all of O (k?), which is in agreement with the theoretical results in Theorem 3.2 and
Theorem 3.3.
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