 Applicable
Analysis

Applicable Analysis

An International Journal

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/gapa20

Taylor & Francis

Taylor &Francis Group

Unconditional stability and optimal error
estimates of discontinuous Galerkin methods for
the second-order wave equation

Limin He, Weimin Han, Fei Wang & Wentao Cai

To cite this article: Limin He, Weimin Han, Fei Wang & Wentao Cai (2021) Unconditional stability
and optimal error estimates of discontinuous Galerkin methods for the second-order wave equation,
Applicable Analysis, 100:6, 1143-1157, DOI: 10.1080/00036811.2019.1636968

To link to this article: https://doi.org/10.1080/00036811.2019.1636968

ﬁ Published online: 08 Jul 2019.

\J
[:J/ Submit your article to this journal &

||I| Article views: 86

A
h View related articles &'

@ View Crossmark data &'
CrossMark

@ Citing articles: 1 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gapa20


https://www.tandfonline.com/action/journalInformation?journalCode=gapa20
https://www.tandfonline.com/loi/gapa20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00036811.2019.1636968
https://doi.org/10.1080/00036811.2019.1636968
https://www.tandfonline.com/action/authorSubmission?journalCode=gapa20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=gapa20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00036811.2019.1636968
https://www.tandfonline.com/doi/mlt/10.1080/00036811.2019.1636968
http://crossmark.crossref.org/dialog/?doi=10.1080/00036811.2019.1636968&domain=pdf&date_stamp=2019-07-08
http://crossmark.crossref.org/dialog/?doi=10.1080/00036811.2019.1636968&domain=pdf&date_stamp=2019-07-08
https://www.tandfonline.com/doi/citedby/10.1080/00036811.2019.1636968#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/00036811.2019.1636968#tabModule

APPLICABLE ANALYSIS .
2021, VOL. 100, NO. 6, 1143-1157 Ialyl(zr &Francis
https://doi.org/10.1080/00036811.2019.1636968 aylor & Francis Group

’ W) Check for updates ‘

Unconditional stability and optimal error estimates of
discontinuous Galerkin methods for the second-order wave
equation

Limin He?, Weimin Han?<, Fei Wang? and Wentao Cai®

3School of Mathematics and Statistics, Xi'an Jiaotong University, Xi'an, People’s Republic of China; b School of
Science, Inner Mongolia University of Science and Technology, Baotou, People’s Republic of China; “Department of
Mathematics & Program in Applied Mathematical and Computational Sciences, University of lowa, lowa City, IA, USA;
dDepartment of Mathematics, School of Sciences, Hangzhou Dianzi University, Hangzhou, People’s Republic of China

ABSTRACT ARTICLE HISTORY
In this paper, we revisit the numerical solution of the scalar second-order Received 23 January 2019
wave equation by discontinuous Galerkin methods. The numerical meth- ~ Accepted 24 June 2019

ods are .different frpm the ones founq in existing literature. Moreover, COMMUNICATED BY
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1. Introduction

The second-order wave equation appears in a wide range of fields, such as electromagnetic, acous-
tic, elastic, seismic waves, and so on. In view of the important applications of the equation, much
effort has been made searching for analytic solution formulas and approximate solutions to the equa-
tions by using various numerical methods. In this paper, we consider stability and optimal order
error estimation for discontinuous Galerkin (DG) methods of the second-order wave equation. We
note that various DG methods have been proposed and studied in the literature, e.g. the penalty
DG method (PDG) [1,2], the local DG (LDG) [3-5], the hybrid DG (HDG) [6], and so on. DG
methods have been applied to solve a large number of problems from applications, for instance,
convection-diftusion equations [5,7], hyperbolic equations [8-11], Navier-Stokes equations [3,12],
Hamilton-Jacobi equations [13,14], the radiative transfer equation [15], and variational inequalities
[16-20].

A few papers can be found on DG methods for solving the second-order wave equation. In [9],
an SIPG (symmetric interior penalty discontinuous Galerkin) method is applied to solve the wave
equation and optimal order error estimates are derived for the spatially semi-discrete scheme. In the
sequel [10], a fully discrete scheme for the wave equation is studied and an optimal L?(£2) norm error
estimate is derived under a CFL (Courant-Friedrichs-Lewy) stability condition. In [21], the spatial

CONTACT Fei Wang @ feiwang.xjtu@xjtu.edu.cn e School of Mathematics and Statistics, Xi'an Jiaotong University, Xi'an,
710049 Shaanxi, People’s Republic of China
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discretization based on DG methods and the temporal discretization combined with the centered
second-order finite difference approximation are applied to the wave equation, spatially semi-discrete
schemes and fully discrete schemes are analyzed and optimal order error estimates in the H' (2) and
the L?(2) norms are derived without restrictive CFL constraints. In this paper, we study DG methods
for the second-order wave equation using different initial values as compared to those methods in
[21]. Moreover, we provide a stability analysis and derive optimal order error estimates through a
more direct approach. We derive optimal order error estimates in an H'(2)-like norm based on a
consideration of the truncation error and that in the L?(€2) norm by an application of the Aubin-
Nitsche technique.

The organization of this paper is as follows. In the next section, we introduce the initial-boundary
value problem for the second-order wave equation and recall a continuous and a discrete Gronwall
inequality. In Section 3, we introduce fully discrete schemes based on DG discretization in space and
show stability for the fully discrete solutions. In Section 4, through Galerkin projection, we present
optimal order error estimates for the numerical solutions in both H!' () and L?(2) norms from the
truncation error and by Aubin-Nitsche technique, respectively. Finally, in Section 5, we validate our
theory by simulation results on a numerical example.

2. The second-order wave equation

Let @ € R? (d = 2,3) be an open bounded connected domain with a Lipschitz boundary <. For
a given T > 0, let [0, T] be the time interval of interest, f € L?(0, T; L*(2)) represent the external
force and ug € HO1 (Q), vo € L*(R) the given initial data. We consider, as in [9,10,21], the following
initial-boundary value problem of the scalar wave equation: find u(x, t) such that

Fu—V-bVu) =f inQx(0,T], (2.1)
u=0 onad2x (0,T], (2.2)

u=1uy inQ x {t=0}, (2.3)

du=vy in Q2 x {t =0}, (2.4)

where u represents the unknown variable of interest, d;u and d?u are its first- and second-order time
derivatives. To simplify the notation, we here only concentrate on the case of two dimensional spatial
domains, the case of three-dimensional one being similar. In this paper, we assume b is a given smooth
function and for two positive constants bpyin and bmay,

bmin < b(%) < bpaxs X € 2, (2.5)
LetV = Hé (£2). The standard variational formulation of the problem (2.1)-(2.4) is as follows.
Problem 2.1: Findu € L%(0, T; V) with d;u € L?(0, T; L*(2)) and 8?u € L*(0, T; H(£2)) such that
(afu, vy +a(u,v)=(f,v) VYveV,aein|0,T], (2.6)
and
u=uy Ou=rvy ae. inQ x {t=0} 2.7)

In Problem 2.1, the time derivatives are understood in the distributional sense, (-, -) is the duality
pairing between H=1(Q)and V, (-,-) is the inner product in L?(2), and

a(u,v) =f bVu-Vvdx, u,veV. (2.8)
Q

It is known, cf. e.g. [22, Chapter 3], that Problem 2.1 has a unique solution and moreover, u €
C([0, T]; V) and 9,u € C([0, T]; L*(R2)).
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Gronwall’s inequalities are important tools for analyzing time-dependent problems. We present
both continuous and discrete versions as follows (cf. e.g. [23,24]).

Lemma 2.2: Let & be a non-negative and integrable function on [0, T]. Assume for some constants
C,C =0,

t
§() < C1/ £(s)ds+ Cy, ae.tel0,T).
0

Then
£(t) < Co(1+ Cite®'h), ae.t e [0,T].

Lemma 2.3: Let Ck and an, by, cm> dm, for integers m, be non-negative numbers such that

n n—1 n—1
an+kY by <kY dyam+k) cu+C Ym=0.

m=0 m=0 m=0

Then
n n—1 n—1
an+kY by <exp (kde) <k2cm+c) Vom0
m=0 m=0 m=0

3. Numerical methods

To prepare for the presentation of the discrete schemes for solving Problem 2.1, we assume € is a
convex polygon as in [10,21]. Let {7} };, be a regular family of quasi-uniform finite element triangu-
lations of Q. Corresponding to a finite element mesh 7}, in the family, denote by K a generic element,
by hx = diam(K) the diameter of K, and by & = max{hk : K € 7} the finite element mesh-size. Let
&y, be the collection of all the edges of 7y, SZ the set of all interior edges, and S;; = 511\5;; the set of
all the edges on the boundary 9<2.

As in [10,16,21,25], we use the standard DG notation, for instance, jump [[-]] and average {-} and
so on. Denote by V), the broken gradient operator defined piecewise by the relation Vv = Vv on any
element K € 7j,. Let ) : £, — R be the penalty weighting function defined by n.h, ! on each e € &,
ne > 0. We introduce the following discontinuous finite element spaces:

VI = (V" e 1) : v |k € PA(K) VK € Ty},
W= (W' e [P : W' |k € [P VK € Ty},

where p > 1 is a positive integer and it is used as the local polynomial degree of the DG formulations.
Over the space V(h) = Vi + H2(Q) N V, we define a norm by the relation

Ivif =" Whk+ > hkviie+ Y h U IIVIIG,. 3.1)

KeTy, KeTy, ec&y

To approximate the bilinear form (2.8), we consider four choices of the DG bilinear form as follows.
azl)(u, V) = / bVuu-Vyvdx — / [ull - {bVyv}ds — / {bVyu} - [v] ds +/ bnllu]l - [v] ds,
Q En En En

azz)(u, V) = / bVyu-Vyvdx —/ [u]l - {bVyv}ds —/ {bVyu} - vl ds
Q En Ep
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+> /Q bnere([u]) - re([v]) dx,

eeé'h

a,?)(u,v):f thu~thdx—/ [[u]]~{thv}ds—/ {bVyu} - [v] ds
Q En En
+ [ bl vl ds + f br(lul) - r(Iv]) dx,
En Q
af)(u,v):f bVyu-Vyvdx — [Iu]]-{thv}ds—/ {bVyu} - vl ds
Q En &y

+ > | bnere([ul) - re(Iv) dx + | br([ul) - r([v]) dx.
Q Q

ec&y,

Here, the lifting operators r, : [L2(e)]2 — W' and r: [L2(E,)]* — W' are defined by relations [25]
/ re(q) - w'dx = —/q~ Whids Vvw'e wh,
Q e
/ r(q) - whdx = —/ q-{wh}ds vw' e wh
Q &

The first DG bilinear form corresponds to the interior penalty (IP) method ([1,2]) and is used in [10].
The other three DG bilinear forms correspond to the method in [26], the simplified local DG (SLDG)
method in [4], and the method in [27], respectively.

It can be shown that all the four DG methods ay (1, v) = ag) (u,v), 1 <j < 4 are consistent, i.e. if
the solution of Problem 2.1 has the regularity property u € L?(0, T; H*(S2)), then for a.e. t € [0, T],

(8t2u, vh) + ay(u, vh) = (f, vh) vt e VI (3.2)

We also have the boundedness, i.e. there exists a constant ¢, such that for a;, = ag), 1<j<4,

lan(u )| = cp lullplvily Yu,v e V(h).

For stability, if 7o = bmin inf, 1. is sufficiently large for j=1,2 and 9 > 0 for j = 3,4, then there exists

a constant ¢, such that for a;, = ag), 1 <j<4,

ap(v,v) > cs||v||i Yve Vh

Details can be found in [16,21,25]. Thanks to the boundedness and stability of the four bilinear forms
ap(u, v), we have

B2 hoh b2
vty < an(v, V") < alv'lly,.

Thus ||+ lla, = an (v, v")1/2 defines a norm for v € V", and the norm is equivalent to the norm
V|| . In addition, we notice that

Iwlln < cliwlla Vw e HX(S). (33)

For simplicity in notation, we only focus on the case of evenly spaced nodes t, = nk (0 <n <
N), where 0 =1ty <t <--- <ty =T form a uniform partition of I = [0, T] into subintervals
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In = (tn,tp+1), n=0,1,...,N — 1, with a uniform time step k = t,11 — t, = T/N. For a generic
continuous function u of time, set u, = u(:, t,). The symbols 8, &, and dy are defined by

= Upt1 + Up—1

Spun = -

Unt1 — Un—1
Ohttn = =g

Upt1 — 2Up + Uy
diu, = 2 .

Let IT" be the Galerkin projection onto the space V", i.e. for w € V,
Mw e Vh, ah(l'lhw, vh) = ap(w, vh) vl e vh
The following error bounds hold [10, Lemma 4.1]:
lw— TT"wllo + hllw — IT"w), < ch™™PHLm g Vw e H™(Q), m > 1. (3.4)

Let ay, (-, -) be one of the bilinear forms ag) () with1 <j < 4. Assume vy € V. Then the fully discrete
approximation of Problem 2.1 is as follows.

Problem 3.1: Find {uﬁk}N C V"suchthatforl <n <N —1,

n=0
(i, V") + @ GV = (f V) VY e VP, (3.5)
and
ugk = "y, (3.6)
ulk = ulk 4 kg + k2_2 i, (3.7)
where
ﬁg e vh, (ﬁg,vh) = (fo,vh) — ap(up, v vt e Vi (3.8)

We have the next result.

Lemma 3.2 (Stability): Problem 3.1 has a unique solution {u!*}N_, C V" and the following stability
estimate holds: for0 <n <N — 1,

2 2

uhl_c’_ L= uhk uhk _ uhk " " n
n
S SO [T G, NG, R AN ) (3.9)
0 0 i=1
and
hk  hk ik — “gk ’ hk hk .
anCua's ') < C | | === |+ 1 IG, + g NG, + K Y IAIG | - (3.10)
0 i=1
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roof: is easy to show that Problem 3.1 has a unique solution. Take v" = u S
Proof: 1t y to show that Problem 3.1 h que solution. Take v = ulk | — ik e vh
in (3.5),
L (ko hk e hk
k_z Upyr — 24Uy +un o Uy — Uy
+ u,
n+1 hk hk
+ap (f’ Upyl — Uy— 1) (fu> u n+1_“ 1)
which can be rewritten as
Lk hk || % wk _ k|2
—u u, —u 1
n+1 n n n—1 hk
—r P +2<ah(”n+1’ Ul ) — an (s uik ) (s Uy — 10 ).
0 0

We change # to i and sum on the relation for 1 < i < n,

uph | — ik ’ 1 hk ik
Unt - n + - 5 (ah(un-',-l’ n+1) ~+ ap(u, ))
2
Sk n hk Wk bk hk
Uy —ty Lo k2 hk 12 Uipg — U U — Uiy
% 0+§(|Iu1 g, + llug llz,) +k ;_ (fi> P + P .

Applying Cauchy-Schwarz inequality and the inequality (a + b)? < 2 (a*> + b?) to the right summing
term in the above equality, we have

2

hk hk
u 1 hk

+ 3 2 (“h(“n+1’ n+1) + ap (ulk, ))
0

nt+l — Un

k

hk hk
Uy — Uy

k

Uk hk
i+l — Y

k

hk _  hk
Ui Ui

i
k

2 n
1
+ S U815, + 1 15, + K 3 Wfll (
0

i=1

)

0

uk — ”gkz Lo hky2 hk 12 ~1 5

| S R, + N IE) + kD SIAIG
0 i=1

hk nk |2 2

_ ) Wk hk

u;" —u;

k

0 0
For k < 1/2, we can apply Lemma 2.3 to the above inequality to get

2

hlfl—l up® hk “?k - “gk ’ hk hk - 2
n n
e IR ROl Bt I U PR U PR T
0 0 —
So (3.9) and (3.10) hold. [ |

4. Error estimates

In this section, we shall present optimal H' (2)-like norm error estimates from the truncation errors
and the L?(2) norm optimal order error estimates by Aubin-Nitsche technique for the fully discrete

schemes. This technique used here is a kind of improvement and development for the existing paper
(cf. [9,10,21]).
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Theorem 4.1: Let u and u™* be the solutions of Problem 2.1 and Problem 3.1, respectively. Assume
u e C2([0, T]; HPT1(R)), 33u € C([0, T]; L*(R)) N L*(0, T; H2(R)), 3}u € L2(0, T; L*(K2)). Then the
following error bound holds

—1 hk hk hk
max k u —u — (U, —u max |u, —u < chP||u .
0<n<N-—1 Il Ctt1 nt1) — (Un n o +0§n§N—l llu4n nlln < lull 2o, ;1 (2))

2 2 3 3 4
+ ek (107 ull o, rsme+1 ) + 10 ull o,z + 187 ull 20 msmzcay) + 197 ull 20 T512(0))
(4.1)

where the constant ¢ > 0 is independent of the mesh size h and the time step k.

Proof: Write theerrore, = u, — uﬁk attimet, ase, = e, + ez, withey , = u,, — "u, and ern =
Hhun — uﬁk. Asin [21], for 0 < n < N — 1, we have the error decomposition

-1 hk hk —1 —1
K= N unr — vy p) — (U — ) llo < k7 llern+1 — ernllo + k7 lleant1 — eznllos (4.2)
litn — 1 < llewalln + lleznlln- (4.3)

First, we bound the first term in (4.2) and (4.3), respectively. Note that

tnt1
€ln+l — €l,n = (I - Hh) Up+1 — (I - Hh) Uy = / (I — Hh> Btu(-,s) ds
tn

and by (3.4),
1 p [ h 1
k™ llenn+1 — enullo < k™ / [ (I -1 ) du(s)llods < cH 0wl cqorpmri @y, (44)
tn

lewnlln = llun — unlln < P llunllpr < chPllull oo a1 o) (4.5)
Next, we estimate the combined error bound k~!||ez. 11 — eanllo + lleznlln < ¢ (WP + k%) in (4.2)
and (4.3). Denote

k2
T = ditly — 02Uy — ?V-(dekun), n=12,...,N—1,

where r,, is the truncation errors due to the time discretization. With the help of Taylor’s formula with
an integral remainder (cf. [10])

1 tht1
dkui’l = ﬁ / (k - |S - tﬂ') 8fu(>s) dS, (46)
t

n—1

and

1 t1
dittn — O} uy = @f (k — |ty — s])*8u(s) ds.
th—1

Therefore, under the stated regularity condition, we have

k2
I7allo < Ndkun — 87 unllo + TIIV- (b Vdyun) llo

k th+1 k Il
sg/ ||3;1M(',5)||od5+§/ IV-(b Vd7u)llo ds

th—1 th—1
tnt1 4 tpt1 2
< ck / l0tuCo)llods + ck [ [82uCs) e ds
tn—l tn—l

tht1
<ck / (137 uC, 9)llo + 197uC,9)llg2) ds. (4.7)
th—1
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According to the truncation errors r,,
(dittns V) + ap Gt ) = (fy + 1) VA eV n=1,2,.. ,N—1 (4.8)
Subtracting (3.5) from (4.8), we have
(druy, — dkun ,vh) + ap,(8xuy — 6kun ,vh) = (r,,,vh) vl e v
Since aj,(u, — MMu,, V') = 0, by the definition of the Galerkin projection, we obtain
(dkez,n,vh) + ah(gkez,n,vh) = (r, — dkel,n,vh) vl e Vh, n=12,...,N—1. (4.9)

Taking vh = 8kea, in (4.9) and by the definition of symbols 8k, Sk, d, then

entl — 28, ten-1 enr1 — €1 ta en+l ten—1 €nt+1 — €2n—1
h
k2 ’ 2k 2 ’ 2k

1 €2,n+1 — €2n—1
= E n — dkel,naf .

By adding and subtracting the factor e, and multiplying both side 2k,

2 2
€2,n+1 — €2,n €2,n — €2,n—1

1 2 2
+ = (llezns1lly, — llezn—1llg,

k 0 k 0 2
e —exn—
—k (rn ~ dern M) _
k
Change 7 to j and make a summation of the relation forj = 1,2,...,n — 1,

2
€2,1 — €20

k

2
€2n — €2n—1

k

+ _(”ez,ﬂ”a + ||ez,ﬂ—1 an, 62,1 an, 62,0 a RIIS’
:1 h h h h)

0 0

where

n—1
€,j+1 — € €2 = €2
RHS:Zk<rj_dkel,j, 2J+1k 2,j n 2,j k2,] 1)
=1

<k Z ||7’]||0 +k Z ||dk€1]||0 +kz<

62]+1 - 62] €2 — €2,j—1

k

+
0

2
0) .
By applying Cauchy-Schwartz inequality, ab < %(a2 + b?), and (a + b)? < 2(a® + b?) to RHS and
from (4.10), we know that

2
en — en—-1 3 1 2
% . 3 lleznllg, + 3 llezn—1llg,

2
€2,1 — €20

k

+k2<

—1 n—1
1 1 .
+ 5 leaalG, + 5 lleaollz, + X kllrgllg + D Klldien 113
j=1 j=1

2
)_ (4.11)
0

0

e ]+1 e €,j — €2,j—1

k

+
0
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Apply Lemma 2.3 to (4.11),

€2n — €2,n—1
max|———

+ max ez,

n k 0
. . N—1 1/2 N-1 1/2
2,1 — €20 2 2
= c | llezollay + ez llay + | =——= i + |k Z Ideerjlz ]+ | k Z 7112
j=1 j=1
(4.12)
Note that e, = Hhuo — ué‘k = 0, thus,

llezolla, = 0. (4.13)

Also note that ey} = hu, — u}l’k and u(x, 0) = uy, d;u(x,0) = vp. From Taylor’s expansion, we have

k2 1 51
up = ug + kvo + ?Bfu(x, 0) + E/ (t1 — s)zafu(~,s) ds.
0

Thus, by aj,-consistency (3.2) and (3.8) and noting (3.3), we have

lezilla, < ck* (llatzu||C([o,T];Hp+1(sz)) + ”8?””L2(0,T;H2(Q)))- (4.14)
Consequently,
€,1 — €20 1 P12 21153
| = xlleztlo = ch N8 ull oo, ryme+1 (o)) + kN9 ull oo, 2 ) - (4.15)
0
By (4.6)
1 [t+ chPtl rtin
Idherslo = bt = gl = ¢ [ 1 (1= ") @2uC.9)lods = o [ 107uC.lpiads.
tj,1 tj,1
So
n—1 1/2
k> lidkenlg < e ull coryme i )- (4.16)
j=1
By (4.7)
N—1 1/2
(k > ||rn||%,> < ok (10 ull 20,2 + 1074l 20, mr2(2)) » (4.17)
n=1

Collecting (4.12)-(4.17), we have

€2,n — €2,n—1
k

max

1192
2 + mnax lleznlla, < chP* l19; u||c([o,T];HP+1(Q))

0

+ ck* (197 ull ¢ o s+ ) + 197 tll oo iz + 197 ull 20 mm2ey) + 107 ull20.m02¢))) -
(4.18)

Using (4.2)-(4.5) and (4.18), we arrive at the error bound (4.1). [ |
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Next, we present the optimal L? error estimate for the fully discrete scheme by Aubin-Nitsche
technique.

Theorem 4.2: Let u and u™* be the solutions of Problem 2.1 and Problem 3.1, respectively. Assume u €
C2([0, T]; HPTL(R)), 32u € C([0, T]; L*(R2)) N L*(0, T; H*(RQ)), and d}u € L*(0, T; L*(2)). Then,
we have the following error bound

hk +1
051;15313](_1 letyy — 1y, llo < ch? ”u||C2([0,T];HP+1(Q))
+ck* (1197 + 1197 + Ila; ) (4.19)
c k™ (197 ull o, rsme+1 )y + 1107 ullr20,msm2(02)) + 195 ullz20,1312(22)) ) » .

where the constant ¢ > 0 is independent of the mesh size h and the time step k.
Proof: We consider the dual problem: find ¥ € H?(2) N V solution of
—V-bVY) =u, —u*inQ, ¥ =00noQ.

From the assunptions on the domain and b is smooth, the elliptic regularity theory gives the inequality
il < clluy — uﬁkllo. Moreover, the four DG bilinear forms considered in this paper are adjoint

Figure 1. A quasi-uniform triangulation partition of the domain with h = 1/16.
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consistent. This implies that for any ¢ € V",
litn — w315 = anun — )
ap (un — 0wy, — lﬁh> + an (Hhun —ul, W)

lttn — Tl 1 — ¥y + 1T 00— u* )1, 110 .- (4.20)

IA

Choosing ¥ to be the L*-projection in (4.20) and noting (3.3) and (3.4),

hk 2 —+1
ltn =ty lg < PP unllpra 9 ll2 + lleznlla, ¥ 112
—+1 hk
< cHPT (lunllprr + lleanllay) lun — wy" llo- (4.21)
Table 1. Numerical convergence orders in H' normatt=1 forp=1,2;3.
h Errors forp =1 Order Errors forp =2 Order Errors forp =3 Order
23 2.5142 - 3.7461e—01 - 4.6749e—02 -
274 7.0173e—01 1.8411 9.3429e—02 2.0034 4.9951e—03 3.2264
27 2.8794e—01 1.2851 2.2917e—02 2.0275 5.6842e—04 3.1355
276 1.3810e—01 1.0601 5.6047e—03 2.0317 6.7242e—05 3.0795
277 7.2788e—02 0.9239 1.4156e—03 1.9852 8.3929e—06 3.0021
Table 2. Numerical convergence orders in L% norm at t = 1forp =1,2,3.
h Errors forp =1 Order Errors forp =2 Order Errors forp =3 Order
273 1.9391e—01 - 6.0501e-03 - 7.8546e-04 -
274 4.2349e—02 2.1950 6.5649e—04 3.2041 4.4895e—05 4.1289
273 9.1337e—03 22131 7.8248e—05 3.0686 2.6909e—06 4.0604
276 2.1348e—03 2.0971 9.1213e—06 3.1007 1.5777e—07 4.0922
277 5.2088e—04 2.0351 9.6664e—07 3.2382 9.6193e—09 4.0357
10 T T
10°F E
10 F E
~102F \ ~ 4
s N N %
_§ b b8 i ~
o \_ -,
2 * b
e N\, ' J
@
% %
", '\
4L I\, -
10 ¢ "%
Y e
RS
e
105 F N o E
" ) )
10° 10" 102 107
log(1/h)

Figure 2. Numerical convergence orders in H'normatt=1forp=123.
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Combining with (4.18), we yield

luw — ul o < Chp+l(||”||c([o,T];HP+1(Q)) + ||3t2H||c([o,T];Hp+l(Q)))
2 (142 3 3 4
+ ¢k (1187 ull corsme+1 ) + 107 ull oo, rzzcyy + 107wl iz, 200y + 197 ull20,112(2)) -

Then, we finish the proof of Theorem 4.2. [

5. Numerical results

In this section, we present numerical results to illustrate the efficiency and accuracy of the proposed
numerical schemes for the polynomial degrees p = 1,2,3. Here, we consider the initial-boundary value
Problem 2.1 with a spatial domain Q := [0, 1]%. Let b= 1 and choose the exact solution

—t)2

u(x, y,t) =e sin(27m x) sin(4m y)

with
up(x, y) = sin(2mwx) sin(4my),
vo(x,y) = —% sin(2m x) sin(4m y).
Determining the source function f(x,y,t) = (} +2072)e "/?sin(27x)sin(47y) from
equation (2.1) and taking fully discrete initial values defined by (3.6)-(3.8).
We make use of distmesh software in MATLAB to get a sequence of quasi-uniform triangula-

tions 7}, shown in Figure 1 to partition 2. The second-order wave equation is discretized by the fully
discrete scheme (3.5)-(3.7) with the IPDG method and the penalty parameter 1, = 300 (p + 1)2.

log(error)

log(1/h)

Figure 3. Numerical convergence orders in L2 normatt = 1forp = 1,2,3.
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To illustrate the dependence of the numerical errors on the mesh size h, taking the time step
k=1x1072for p=1, k=1 x 1072 for p=2 and k =1 x 10~* for p=3, we list H'(Q) and
L*(R2) numerical errors and convergence orders of space in Tables 1 and 2 with varying spacing
h=273,27%275,276,277 at t= 1. The numerical convergence orders are also shown in Figures 2
and 3. We observe that the numerical convergence orders for H! norm and L? norm are around p and
p+1, respectively, which confirm well with the theoretical results. Moreover, we provide plots of the
exact solution u at t =1 and the numerical solution at t=1 for p=3 and h = 1/128 in Figures 4 and
5. It implies that the numerical solutions approximate the exact solution well.

Figure 4. The exact solution att = 1.

0 0

Figure 5. The numerical solutionatt=1forp=3andh = 1/128.
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Table 3. Numerical convergence orders at t = 1.0 with respect to the time step k for p = 1.

(h, k) 12 errors Order (h, k) H' errors Order
(1/64,1/64) 1.9318e—03 - (1/100,1/10) 8.6080e—02 -

(1/128,1/128) 5.0956e—04 1.9226 (1/144,1/12) 6.3890e—02 1.6351
(1/256,1/256) 1.2864e—04 1.9859 (1/256,1/16) 3.6228e—02 1.9721

Next, we examine the orders of convergence with respect to the time step size k for linear element
(p=1). We take h = O(k) for L*(2) norm and h = O(k?) for H'(2) norm, the results are depicted
in Table 3. We observe that the numerical convergence orders are nearly 2 with respect to k, which
supports the theoretical results in Theorems 4.1 and 4.2.
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