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Abstract

Numerous C° discontinuous Calerkin (DG) schemes for the Kirchhoff plate bending
problem are extended to solve a plate frictional contact problem, which is a fourth-order
elliptic variational inequality of the second kind. This variational inequality contains a non-
differentiable term due to the frictional contact. We prove that these C° DG methods are
consistent and stable, and derive optimal order error estimates for the quadratic element.
A numerical example is presented to show the performance of the C° DG methods; and
the numerical convergence orders confirm the theoretical prediction.
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1. Introduction

Many problems in physical and engineering sciences are modeled by partial differential equa-
tions (PDEs). However, various more complex physical processes are described by variational
inequalities (VIs). VIs form an important class of nonlinear problems arising in a wide range
of application areas of physical, engineering, financial, and management sciences. In an early
reference [6], many problems in mechanics and physics are formulated and studied in the frame-
work of variational inequalities. More detailed study on VIs and numerical methods for solving
them can be found in numerous monographs, e.g. [8-11,14]. In this paper, we study a frictional
contact problem for Kirchhoff plates, which is modeled by a fourth-order elliptic variational in-
equality of the second kind. To solve fourth order elliptic PDEs, the conforming finite element
(FE) method uses C* finite elements, which requires a large number of degrees of freedom and
in addition, the method is not easy to implement. To resolve this problem, nonconforming FE
methods have been developed, and an early reference on the mathematical analysis of noncon-
forming FE methods for the plate bending problem is [15]. In [12], nonconforming finite element
methods for solving a plate frictional contact problem are analyzed, and optimal order error
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estimates are derived for both continuous and discontinuous nonconforming finite elements.
However, the nonconforming FE space needs to be carefully chosen so that the inconsistency
error can be controlled. Various discontinuous Galerkin (DG) methods have also been devel-
oped to solve fourth order PDEs. DG methods are an important family of nonstandard finite
element methods for solving partial differential equations. Discontinuous Galerkin methods
use piecewise smooth yet globally less smooth functions to approximate problem solutions, and
relate the information between two neighboring elements by numerical traces. The practical
interest in DG methods is due to their flexibility in mesh design and adaptivity, in that they
allow elements of arbitrary shapes, irregular meshes with hanging nodes, and the discretionary
local shape function spaces. In addition, the increase of the locality in discretization enhances
the degree of parallelizability. We refer to [5] for a historical account about DG methods.

Due to the inequality form of the problems, the Galerkin orthogonality is lost when DG
methods are applied to solve variational inequalities, resulting in substantial difficulty in an-
alyzing DG methods for VIs. Moreover, the bilinear forms of DG schemes are coercive only
in the finite element spaces, not in the original function space. Therefore, the standard ana-
lytical techniques of finite element methods for VIs are not applicable for DG cases. In [21],
numerous DG methods are extended for solving elliptic variational inequalities of 2nd-order,
and a priori error estimates are established, which are of optimal order for the linear element.
In [22], some discontinuous Galerkin schemes with the linear element for solving the Signorini
problem are studied, and an optimal convergence order is proved. The ideas presented in [22]
are extended to solve a quasistatic contact problem in [23]. In this paper, we study DG methods
to solve a fourth-order elliptic variational inequality of the second kind for the Kirchhoff plates.
There are two kinds of DG methods for the biharmonic equations: fully discontinuous ones
and C° continuous ones. The fully discontinuous IP methods are investigated systematically
in [16-18,20] for biharmonic problems. These type DG methods allow meshes with hanging
nodes and arbitrary locally varying polynomial degrees on each element, and thus are ideally
suited for hp-adaptivity, but they still suffer from a large number of degrees of freedom. A
C° TP formulation is introduced for Kirchhoff plates in [7] and quasi-optimal error estimates
are obtained for smooth solutions. Unlike fully discontinuous Galerkin methods, C° type DG
methods do not “double” the degrees of freedom on element boundaries. The FE spaces belong
to CY, not C'; penalty terms on inter-element boundaries are added to force the derivative to
be nearly continuous. Therefore, C° DG schemes have good accuracy with fewer number of
degrees of freedom, leading to the time saving in solving the discretized problems. A rigorous
error analysis is presented in [3] for the C° IP method under weak regularity assumption on
the solution. A weakness of this method is that the penalty parameter can not be precisely
quantified a priori, and it must be chosen suitably large to guarantee stability. However, a
large penalty parameter has a negative impact on accuracy. Based on this observation, another
C° DG method is introduced in [25], where the stability condition can be precisely quantified.
In [13], a consistent and stable C® DG method, called the local C° DG (LCDG) method, is
derived for the Kirchhoff plate bending problem.

In this paper, we consider C° DG methods to solve the Kirchhoff frictional contact plate
problem, which is a fourth-order elliptic variational inequality of the second kind. This model
variational inequality arises in the study of a frictional contact problem for Kirchhoff plates.
It is difficult to construct stable DG methods for such problems because of the higher order
and the inequality form. For fourth-order elliptic variational inequalities of the first kind, some
DG methods are developed in [24]; however, no error estimates are given. In [4], a quadratic
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CY TP method for the Kirchhoff plates problem with the displacement obstacle is studied, and
errors in the energy norm and the L norm are given by O(h®), where 0.5 < o < 1. Note that
in these papers the variational inequalities being approximated are of the first kind; i.e., they
are imposed over convex sets, and no non-differentiable terms are involved. To analyze C° DG
methods for fourth order variational inequalities of the second kind, we need to employ new
techniques. We will extend numerous C° DG methods in [24] to solve the frictional contact
problem for Kirchhoff plates, and prove that the quadratic C° DG schemes achieve the optimal
convergence order. To our knowledge, it is the first time in the literature that such optimal order
error estimates are presented for C° DG methods to solve fourth order variational inequalities
of the second kind. The ideas and results reported in this paper can be extended to C° DG
methods for other fourth order elliptic variational inequalities of the second kind.

The rest of the paper is organized as follows. In Section 2, we introduce Kirchhoff plate
bending problem and its variational formulation. In Section 3, we present the notation and
introduce some C° discontinuous Galerkin methods for solving the Kirchhoff frictional contact
plate problem. In Section 4, consistency of the C® DG methods, boundedness and stability of
the bilinear forms are presented. A priori error analysis for these C° DG methods is established
in Section 5. In the final section, we report simulation results from a numerical example.

2. Kirchhoff Plate Frictional Contact Problem

2.1. Kirchhoff plate bending problem

Let © C R? be a bounded polygonal domain with boundary I'. The boundary value problem
of a clamped Kirchhoff plate under a given scaled vertical load f € L2(Q) is (cf. [19])

o=—(1—-k)\Vu—ktr(V2u)I in Q,
-V-(V-o)=f in Q, (2.1)

u=0,u=0 on I

where k € (0,0.5) denotes the Poisson ratio of an elastic thin plate occupying the region € and
v stands for the unit outward normal vector on I'. I is the identity matrix of order 2 and tr
is the trace operation on matrices. Here, V is the usual nabla operator, and we denote the
Hessian of v by V?v, i.e.,

Onv  O1v
2, .— — ty 11 12
Vv :=V(Vv) = V((01v,020)") = < Oo1v Doy ) .
Note that the first equation in (2.1) can be rewritten as
1 K
— I=-Vu 2.2
T ° 1,,€2(tr0) Vu (2.2)

For a vector-valued function v = (v1,v2)" and a matrix-valued function o = (0;;)2x2, their
divergences are defined by

o .f t
V-v:=v11+v292, V-0:=(011,1+0212 0121+ 02,2)".

The normal and tangential components of a vector v on the boundary are v, = v - v and
v; = v — v,v. Similarly, for a tensor o, its normal component is defined by ¢, = ov - v and
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then its tangential component is o, = ov — o,v. Furthermore, we have the decomposition
formula
(ov) - v=(ow+o;) (LWV+v:)=0,0,+0; V.

For two matrices 7 and o, we define their double dot inner product and corresponding norm
byo:T = Z?jzl o7 and || = (1 T)V/2
The following integration by parts formulas will be used later.

Lemma 2.1. Let D be a bounded Lipschitz domain, then for a scalar function v and a sym-
metric matriz-valued function T, we have

/UV-(V-T)dac:/V2U:de— Vv-(Tn)ds—i—/ vn-(V-1)ds,
D D oD aD

/V%:de:—/VU-(V-T)dac—i— Vv - (Tn)ds,
D D oD

whenever the terms appearing on both sides of the above identities make sense. Here, n is the
unit outward normal to 0D.

The weak formulation of problem (2.1) can be written as
Find uwe€ HZ(Q): a(u,v) = (f,v) Yvec HZ(Q), (2.3)
where the bilinear form is

a(u,v) = / [Au Av+ (1 — k) (20120 0120 — 011U Dagv — Dagu 6111))] dz, (2.4)
Q

and the linear form is

(f,v):/vad:v.

Actually, multiplying the second equation in (2.1) by a test function v € HZ(Q2) and noticing
v = dypv = 0, by Lemma 2.1, we get the following equation

—/QO':VQde:/vadx. (2.5)

Then we can obtain (2.3) from (2.5) and the definition of o.

2.2. A frictional contact problem for Kirchhoff plate

In this paper, we consider a plate frictional contact problem, which is a 4th-order elliptic
variational inequality (EVI) of second kind ( [6]). The Lipschitz continuous boundary T" of the
domain € is decomposed into three parts: 'y, I's and I's with T'y, I'; and I's relatively open
and mutually disjoint such that meas(I';) > 0. Then the plate frictional contact problem we

consider is:
Findue W: a(u,v—u)+jw)—ju)>(f,v—u) YveW (2.6)

Here,

Wz{UEHQ(Q):Uzauvzoonfl}, j(v):/ glv|ds.
s
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This variational inequality describes a simply supported plate. The plate is clamped on the
boundary I';y:
v=0,v=0 on I, (2.7)

is free on I's, and is in frictional contact on I's with a rigid foundation; g can be interpreted as a
frictional bound. Applying the standard theory on elliptic variational inequalities (e.g., [1,8]),
we know that the problem (2.6) has a unique solution u € W.
Let
A= {)\ € L*°(T3) : |A] <1 a.e. on F3}.

We have the following result ([12]).

Theorem 2.1. A function u € W is a solution of (2.6) if and only if there is a X € A such
that

a(u,v)—i—/ g Avds=(f,v) YveW, (2.8)
s
Au=|ul a.e. onTs. (2.9)

Throughout the paper, we assume the solution of the problem (2.6) has the regularity u €
H3(Q). The regularity result u € H?(12) is shown for solutions of some variational inequalities
of fourth-order (|9, pp. 323-327]).

2.3. Pointwise relations and characterization of \

In error analysis of numerical solutions for the problem (2.6), we need to take advantage of
pointwise relations satisfied by the solution u. Note that o is defined by the first equation of
(2.1). Then o € H'(2)2*2. We rewrite (2.6) as

/Q[_O':VQ(U_U)—f(U_U)}dﬂﬁ-F/' 9|U|d5—/’ glulds >0 VYveW.

s s

Take v = u & ¢ for any ¢ € C§°(Q2) to obtain

—/O':Vngdx:/fgodx Vo e C5° ().
Q Q

Thus,
—V-(V-0)=f in the sense of distribution.

Since f € L?*(Q), we deduce that V- (V- o) € L?(Q) and
-V (V-o)=f ae. in. (2.10)

Since V-0 € L?(Q)? and V - (V- &) € L*(Q), we can define (V- o) -v € H-/?(T") which
satisfies the relation

<(V'O')'V,’U>1/2’F:/V'(V'U)Ud$+/(V'O')'VUdI Yo e HY(Q). (2.11)
Q Q
Therefore, for any v € H?(Q),
_/V'(V'O’)’Ud.f:/(V'O')'VUdI—<(V'O')'V,’U>1/27F
Q Q

:—/0'ZVQde+/(O'V)'VUdS—<(V'O')'V,’U>1/27F7
Q

r
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ie.,
a(u,v)z/fvdac—/(al/)-Vvds—l—((V-O')-l/,vh/QI Vo € H*(Q).
Q r

Recalling the equation (2.8), we then have for any v € W,
—/(0'1/) “Vods+((V-0)-v,0)12r —|—/ gAvds =0. (2.12)
r I's

Let 0, and o, be the normal and tangential components of the vector ov on I'. In (2.12),
taking v € W such that v =0 on I' and 0, v arbitrary on I's U '3, we have

o, =0 ae onlyUT;s (2.13)
Then from (2.12) we get
f/ araTvder((Vwr)~1/,’u>1/27p+/ gAvds=0 YveW. (2.14)
I'oUl's I's

Note that the closure of W in H(Q) is
HE (Q)={ve H' () :v=0ae onTi}.

Denote _
Hlll(Q) ={ve Hlll(Q) 1070 € LQ(F)}.

Then from (2.14), we conclude that

,/ araTvder((V.a-).y,v>1/2,p+/ gAvds =0 Vveﬁ%l(ﬂ). (2.15)
I'oUIl's I's

3. C° Discontinuous Galerkin Methods

In this section, we introduce several C° DG methods, and we start with some notation.

3.1. Notation

Given a function space F, let (F)2*? := {7 € (F)**? : 7' = 7} Dbe the space of the sym-
metric 2 x 2 matrix function. Given a positive integer m, H™(D) is the usual Sobolev space
with the corresponding norm || - ||, p and semi-norm | - |,,, p, where D is a bounded set in R2.
Let || - ||p denote the norm of the Lebesgue space L?(D). We assume () is a polygonal domain
and denote by {7} a family of shape-regular triangulations of . Denote hy = diam(K) and
h = max{hk : K € T;}. For a triangulation 7y, let &, be the set of all the element edges, £}
the set of all the element edges that lie on the boundary I, &/ := Eh\é'g the set of all interior
edges, and &) C &, the set of all the edges that do not lie on T or I's. For any e € &, denote
by he its length. Given a triangulation 7y, let

S = {re (L) inylx e HK) VK €Ty, i, = 1,2},
V:={veH (Q):vx € H(K)VK €T},
and the corresponding finite element spaces are
1 o (O ol P8 VK €, 4512
Vi i={op € HE (Q) s vp|x € P2(K) VK € Tp} .
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Here, for a triangle K € Ty, P(K) (I = 0,1) and P»(K) are the polynomial spaces on K of
degrees [ and 2, respectively. Note that the following property holds

1 K
V}%Vh C Eh; mzh - m (trEh)I C E}“ (31)

where V3V, |k := V2(V}|k) for any K € Tj,. Correspondingly, we define the broken Hessian
V%v by the relation V%v = V?2v on each element K € Tj,.

Let e € &, be the common edge of two neighboring elements K and K, with n" and
n~ be their outward unit normals on e. For a vector-valued function w, denote its restriction
on K* by w* = w|g+. Similarly, write 7% = 7|+ for a matrix-valued function 7. Then on
e € &, we define averages and jumps as follows:

{w} = %('ufr +w ), [w]= %(wJr ent+ntewt+w @nT +n Qw),
A R N
For e € 82, the above definitions need to be modified:
(w) v, [w] =5 wer+vew)
{r} =, [t] =TV

Here, u ® v is a matrix with u;v; as its (i, j)-th element.
We define a global lifting operator 7 : (LQ(ES))2X2 — X by

S

2x2

/ ro(@) : Tdx = —/ ¢:{r}ds VreX, ¢c (LQ(E,?))S ) (3.2)
Q €9

In addition, for each e € &, we introduce a local lifting operator 7. : (LQ(e))§X2 — X by

/ re(¢p): Tdx = —/gb A{rtds VT eX,, ¢pc€ (LQ(e))iw. (3.3)
Q e
By definition, we have the following identity
2%2
ro(@) = D re(dle) Vo e (LP(ER),
eegy
Consequently,
ro(@)5.0 =11 D re(@le)fn <3 Ire(dle)F.o (3.4)

e€Ep e€Ep

3.2. C° DG formulation for the Kirchhoff plate problem

In [24], a general primal formulation of C° DG methods is presented for a 4th-order elliptic
variational inequality of the first kind. The process of deriving C° DG schemes for 4th-order
elliptic equations can also be found in [13]. Based on the discussions in [24] and [13], we
introduce five C° DG methods for the problem (2.6) as follows: Find uy, € Vj, such that

By (un,vn — un) + j(vn) — j(un) = (f,vn —up) Yoy € Vi, (3.5)

where the bilinear form By, (w,v) = B;{,)L(w, v) with j =1,---,5, and B;{,)L(w, v) are given next.
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The method with j = 1 is a C? interior penalty (IP) method, and the bilinear form is

Bff)b(uh, vp) = /9(1 - n)V%uh : V%vh dx + /Q K tr (V%uh) tr (V,leh) dx
_ /80 [Vun] : (1= &){Vion} + str ({Viop}) I) ds
_ /g [Vor] s (1 — 8){V2un} + str ({V3up}) I) ds
+ / nh; M [Vun] : [Von] ds, (3.6)
&y

where 7 is a function, defined to be a constant 7. on each e € &), with {ne}eg? having a
uniform positive bound from above and below. For a compact formulation, we can use lifting
operator 7o (cf. (3.2)) to get

Bg}b(uh, vp) :/ (1 —r)Viuy, : (V,leh + ro([[Vvh]])) dx
Q
+ / rtr (Viug) tr (Vo + 7o ([Vor])) do
Q
+ / ro ([Vur]) : (1 — k)Vivn + str (Vi) I) do
Q

+ /E‘h{ nh;  [Vug] : [Vor] ds. (3.7)

A similar C° IP method was studied in [3].

Motivated by related DG methods for the second order elliptic problem, we can define the
C° non-symmetric interior penalty (NIPG) formulation,

Bf})b(uh; 'Uh) :/

(1- /@)V%uh : V%vh dx + / K tr (V%uh) tr (V}QLU}L) dx
Q

Q

+ /80 [Vur] : (1 = &){Vivn} + rtr ({Viv,}) I)ds
_ /50 [Vun] « (1= &){Viun}t + str ({Viun}) I) ds
+ /80 nh M [Vuy] : [Vor] ds, (3.8)
or equivalently,
Bg}b(uh, vp) :/Q(l — H)V,Qluh : (V,leh + ro([[Vvh]])) dx
+ / rktr (Viug) tr (Vion + 7o ([Vor])) do
Q
— /Qro ([Vun]) : ((1 - K)Vivp + Ktr (V%Uh) I)dax

+ /E‘h{ nh M [Vug] : [Vor] ds. (3.9)
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The C° DG method with j = 3 has the bilinear form

Bﬁi)z(“hvvh) :/

Q

_ /50 [Vun] : (1= &){Vion} +str ({Vivn}) I)ds

(1- /@)V%uh : V%Uh dx + / K tr (V%uh) tr (V%vh) dx
Q

_ /50 [Vorl « (1= ){V3un} + str ({Viup}) I) ds

+ /Q ro([Vur]) : ((1 — &)ro([Vun]) + ﬁtr(ro([[Vuhﬂ))I) dx

+> /977((1 = &)re([Vun]) : re([Vor]) + s tr(re([Vun]))tr(re([Von]))) de,
ec&y

or equivalently,

BE) (un, vn) :/9(1 — k) (Viup, +ro([Vun])) : (Vivn + 7o([Vor])) de

+ / Ktr (V%uh + ro([Vur])) tr (V%vh + 7o([Vur])) dz
Q

+ > /977((1 = R)Te([Vun]) s re([Von]) + s tr(re([Vun]))tr(re([Von]))) de,
ec&y

(3.10)

which is the C° DG formulation proposed in [25].
The bilinear form of the C° DG scheme with j = 4 is

Bﬁl})z(uhvvh) :/

(1 — k)Viuy : Vi da + / rtr (Viug) tr (Vioy) do
Q

Q

_ /8 [Vun] : (1= 5){V2un} + st ({VZun}) I) ds

_ /8 [Vor] : (1= 8){V2up} + str ({VZup}) I) ds

+ > /977((1 = R)re([Vur]) : re([Vor]) + s tr(re([Vun]))tr(re([Von]))) dz,

ec&y

(3.11)

or equivalently,
Béfl,)l(uh,vh) = / (1= rk)Viup : (Vivn +ro([Vur])) dz
Q
+ / rtr (Viug) tr (Vion + ro([Vor])) do
Q
+ [ ro(IFul) s (L= )T, + ntr (Vion) ) da
Q
+ Y /977((1 — R)re([Vun]) : re([Vor]) + mtr(re([Vun]))tr(re([Von]))) dz,

ec&y

(3.12)
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which is the C° DG formulation extended from the DG method of [2] for elliptic problems of
second order.
For the LCDG method ([13]), the bilinear form is

B;‘?}L(uh, vp) :z/

(1 —K)Viuy : Vi, dx + / Ktr (V%uh) tr (V%’Uh) dx
Q

Q

_ /50 [Vun] : (1 = &){Vivn} + str ({Vivn}) I)ds
_ /g [Von] : (1= 8){V2up} + str ({VZup}) I) ds
+ /Q ro([Vur]) : (1 = K)ro([Vun]) + & tr(ro([Vun]))I) da

+/ nh  [Vur] : [Vor] ds, (3.13)
&
or equivalently,

BE) (un, v) == /9(1 — k) (VZup, + ro([Vun])) : (Vion + 7o([Von])) da

+ /Q Ktr (V,Qluh + ro([Vun])) tr (V,leh +ro([Von])) do

+/ nh  [Vug] : [Vor] ds. (3.14)
&

Remark 3.1. The bilinear forms B;j}{ and Béj 4 (7 =1,---,5) coincide on the finite element
spaces V4, so either form can be used to compute the numerical solution w;. In this paper, a
priori error estimates are proved based on the first formulas By })L Due to the equivalence of

the two formulations on V},, the stability only needs to be proved for the second formulas Béj ,)L

on Vj,, which ensures the stability of the first formulas BY })l on V}, as well.

4. Properties of C° DG Schemes

First, we address the consistency of the methods (3.5).
Lemma 4.1 (Consistency) Assume u € H3(Q). Then for all the five C° DG methods with
By (w,v) = Bg,)L(w,v), 1 <5 <5, we have
Bp(u,vp, —u) + j(vp) — j(u) > (fyvn —u) Vo, € V.
Proof. Noting [Vu] = 0 on each edge e € &}, we use (2.2) to get

By, (u,vp, — ) :/

(1 —k)V?u: Vi(vp —u)dz + / rtr (V) tr (Vi (vp — u)) do
Q

Q

~ | [V(vn —w)] : (1= k)V?u+ ktr (V?u) I)ds

- /Ka':VQ(U;L—u)dac—i—/gg[[V(wl—u)]]:O'ds.

KeTn
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Using Lemma 2.1 and noticing [o] = 0 on each edge e € £}, we have

Z /KU:VQ(vhfu)d:c:— Z /Kv(vth)~(V~a)dx

KeTy, KeTy,

+ Z V(v —u) - (ong)ds
Ker, JoK

z—/V(Uh—u)-(V-a)dac—i— [V(vy, —w)] : ods.
Q En

Combining the above two equations, we obtain

By, (u,vp, — ) :/QV(Uh —u)- (V- -o)dx _/r [V(vp —u)] : ods

2Ul'3

Z/V(Uh—u)-(v-a')dac—/ o O-(vp —u)ds
Q I'aUll's

=_ /Q V- (V-o)op—u)de+((V-0) v,on—u)r

— / o7 Or(vp, — u)ds.
I'oul's

Here, the second equation comes from the relation (2.13), and the last equation holds by (2.11).
We apply the relation (2.15), Lemma 2.1, (2.9) and (2.10) to obtain

Bh(u,vh—u)z—/V-(V-a)(vh—u)dac—/ g)\vhds—i—/ g Auds
Q s s

z/f(vh—u)dx—/ g)\vhds—i—/ g |ulds
Q2 s Is

Z/f(vh—u)dx—/ g|vh|ds+/ g |ulds.
Q s I's

So the stated result holds. O
For a function v € L*(Q) with v|x € H™(K) for all K € Ty, define the broken norm and

seminorm by
1/2 1/2
|v||m,h<2 |v||3n,K) ,|v|m,h<2|v|;,K) |

KeTn KeTn
The above symbols are used in a similar manner when v is a vector or matrix-valued function. In
error analysis, C' denotes a generic positive constant independent of h, which may take different
values on different occurrences. To avoid writing these constants repeatedly, we use “z < y”
to mean that “z < Cy”. For two vectors u and v, u ® v is a matrix with u;v; as its (7, j)-th
component. Let V(h) := Vj, +V N H3(Q) and define two mesh-dependent energy norms by

2= o3+ D B IIVOlGes  lol® = olZ + D hkloBx, ve V().
ec&y KeTh

The above two formulas define norms, i.e., if |v|, = 0 and v € V(h), then v = 0. Actually, from
[v]2,n = 0, we have v|x € P;(K) and so Vv is piecewise constant. Let e be the common edge of
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two neighboring elements K and K. From ||[Vv]|jo,. = 0, we get (Vv)T = (Vv)~. Hence,
Vv is constant in 2 and so v € P;(Q). Since v = 0 and Vv = 0 on I'y, we conclude that v = 0
in Q.

Results similar to the following three lemmas are stated and proved in [24] in the context of
fourth order VIs of the first kind. We present the results for completeness, but omit the proofs.

Lemma 4.2. There exist two positive constants C1 < Co such that for any v € V(h) and
e € 52,
Cih VIS o < [lre([VoD)]

6. < CahHIIVOII[G - (4.1)
From (4.1) and (3.4), we have

lro(VeD g s = 1| Y re([VeD) I3 < 3C2 Y b IVl

ecEy e€Ep
Lemma 4.3 (Boundedness) Let Bj, = Bij,)L with j =1,---,5. Then
By (w,v) Sl w [ fI[v [l V(w,v) € V(h) x V(h). (4.2)

Lemma 4.4 (Stability) Let Bj, = B;j,)L with j =1,---,5. Assume

min 7, > 3 (1 4+ k) Co for j =1,

ec&y

min 7, > 3Cy/Cy for j =4,

ec&y
with Cy and Cy the constants in the inequality (4.1). Then

|H/U|||2 5 Bh(U7U)7 Vo e ‘/h- (43)

5. Optimal Order Error Estimation
We now derive an optimal order error estimate for the C° DG methods. Write the error as
e=u—up=(u—ur)+ (ur —up),

where u; € V}, is the usual continuous piecewise quadratic interpolant of the exact solution wu.
Using the scaling argument and the trace theorem, we have the following result.

Lemma 5.1. For allv € H*(K) on K € Ty,

o =il + i [0 = vily g+ hi v —vrly ¢ S Pilvls x,

3
IV (0 = vn)llo o S Big?luls i
As a consequence of Lemma 5.1, we obtain the estimate
lu = sl < hluls. (5.1)

Now, we are ready to derive a priori error estimates of the C° DG methods when they are
applied to solve the fourth-order elliptic variational inequality (2.6).
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Theorem 5.1. Assume the solution of the problem (2.6) satisfies u € H*(2) and the assump-
tions in Lemma 4.4 hold. Let By = B,(L]) with j = 1,--- .5, and up, € K}, be the solution of

(3.5). Then we have the optimal order error estimate

Ilw = unll S A (lul

so+ il ollgldr, )
Proof. Recall the boundedness and stability of the bilinear form Bj. We have
llur = unll® < Bu(ur — up,ur —up) = Tr + T,
where
Ty = Bp(ur —u,ur —up), To= Bp(u— up,ur — up).
We bound T as follows:
Ty S llur =l fllwr = unlll < €l ur — un ||I? +4i€ lwr = wll?,

where € > 0 is an arbitrarily small number.
Following the same argument in Lemma 4.1, we have

Bh(u,ul—uh)z/f(ul—uh)dac—/ g)\ulds—i—/ g A upds.
Q I's s

Let vp, = uy in (3.5),

By (un,ur —up) + j(ur) — j(un) > (f,ur — up).

Combining (5.6) and (5.5), and with the use of (2.9), we can bound T3 as follows:

TQS—/ gAUIdS-i-/ g X upds+ j(ur) — j(un)
s

s

/g(|u1|—)\u1)ds+/ g\ up — |up])ds
I's

I's

S/ g(|u1|—)\u1)d5=/ g(lur| — lu| + X uw—Xur)ds
I's

s

<2 / g lur — ulds < 2l|gllo.rs lur — ullo.rs-
I's

Hence, by trace inequality and Lemma 5.1, we obtain

Ty S 1°%||ul

3,Q||g| 0,I'3-
The combination of (5.1), (5.3), (5.4), and (5.7) leads to

llwr = unll* < h?|lul

20+ 12 ulls.0llgllo,r,-

(5.2)

(5.3)

(5.4)

(5.7)

(5.8)

Finally, from the triangle inequality |||u — up||| < |lu —wr ||| + ||| wr — unll], (5.1) and (5.8), we

obtain the error bound.

O
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6. Numerical Results

In this section, we present simulation results from a numerical example with the five C° DG
schemes studied in solving the elliptic variational inequality (2.6).
Example 6.1. Let Q = (—1,1) x (=1,1), K = 0.3. A generic point in  is denoted as x =
(x,5)T. The Dirichlet boundary is I'y = (—1,1) x {1}, and the free boundary is 'y = {{—1} x
(L, 1)} U{{1} x (=1,1)}. On the friction boundary I's = (—1,1) x {—1}, we choose g = 1.
The right hand side function is f(x) = 24(1 — 2%)? + 24(1 — y?)? + 32(32z% — 1)(3y® — 1).

For a discretization of the variational inequality (2.6), we use uniform triangulations {7}
of the domain €, and define the finite element spaces to be

Vi i= {vn € Hp, (Q) : op|x € Po(K) VK € Tp},

¥, = {Th e (L)% : Tyl € PUK) VK € Thy iy = 1,2}.

Any function v" € Vj, can be expressed as
v (x) = sz‘fﬁi (%),

where v; = v"(x;), {x;} are the nodal points, and {¢;} are the standard nodal basis functions of
the space V3. The basis functions satisfy the relation ¢;(x;) = 6;;, with J;; being the Kronecker
delta. The functional j(-) is approximated through numerical integration:
o : h
Jn(@") = SE (g ") = wig(x) Y vidi(x;)| =Y |wjg(x;) vl
where the summations extend to all the finite element nodes on I3, and SL* denotes the
composite Simpson’s rule using these finite element nodes. Then the discrete problem is
1
min = a(u",u") + j, (u") — (f,u"). (6.1)
whevh 2

The matrix/vector form of the discrete optimization problem is
1
min §uTAu + [|Bullg, — u’f, (6.2)
u

where u = (u;)", A = (a(¢s, ¢;)), B = (wig(x;)d;;), and £ = ((f,¢;))" .

Algorithm 6.1. Primal Dual Fixed Point Algorithm

Initialize ug and vy, set parameters A € (0, m],'y € (0, HAQH2)
fori=1,2,3,--- do

w1 =u; — y(Aug —f),

Vi1 = (I — prox%H.Hl)(BukJr% + (I —ABB")vy),

Ui41 = uk+% — )\BTvk;Jrl
end for

To solve the discrete problem (6.2), we use the following primal-dual fixed point iteration
Algorithm ?? proposed in [26]. Here for a given function F' of a vector variable x, the proximal

operator prox is defined as

, 1
prox(x) = argmin F(y) + 5 [x — yli3
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Table 6.1: Error for C° TP method (3.7).

[[w — wall| |u — un|m1 (o)
n=1|n=10|7n=100 | n=1 | n=10 | n =100
1/2 | 5.1859 | 4.2973 | 3.1164 | 0.9367 | 0.8126 | 0.5635
1/4 3.3677 | 2.6726 1.5923 | 0.5105 | 0.4135 | 0.3133
1/8 1.8625 | 1.4407 0.8122 | 0.2691 | 0.2049 0.1580
1/16 | 0.8601 | 0.7652 | 0.4422 | 0.1355 | 0.1059 | 0.0801

Table 6.2: Error for NIPG method (3.9).

[ — wall| |u — un|m1(0)
n=1|n=10|7n=100| n=1 | n=10 | n =100
1/2 | 5.5411 | 4.4659 | 3.1178 | 1.0000 | 0.8250 | 0.6638
1/4 3.6029 | 2.7708 1.6071 | 0.5699 | 0.4233 | 0.3607
1/8 1.9137 | 1.5359 | 0.7961 | 0.2829 | 0.2246 | 0.1853
1/16 | 0.9485 | 0.7594 | 0.3929 | 0.1491 | 0.1144 | 0.0934

h

Table 6.3: Error for Wells-Dung DG formulation (3.10).

[ — wall| |u — un|m1(0)
n=1|n=10|7n=100 | n=1 | n=10 | n =100
1/2 | 4.4617 | 3.4573 | 2.0932 | 0.8062 | 0.7650 | 0.3785
1/4 2.8185 | 2.2331 1.3618 | 0.4301 | 0.3885 0.2486
1/8 | 1.4545 | 1.1473 0.6794 | 0.2131 | 0.2035 | 0.1253
1/16 | 0.7322 | 0.6270 | 0.3832 | 0.1085 | 0.1036 | 0.0645

h

For ' = {|| -1, the proximal operator has the explicit form (applied to each component of the
vector variable):

b 0
proxy ., & = sgn(x) max(|x| — X’O) = sgn(z) (|x| _ X)_,_

Tables 6.1-6.5 provide numerical solution errors in the energy norm ||| - ||| and H'(Q2) semi-
norm for the five C° DG methods discussed in this paper. Since the true solution of the
variational inequality (2.6) is not known, we use the numerical solution corresponding to the
meshsize h = 1/64 as the reference solution to compute the numerical solution errors. There-
fore, only the errors for numerical solutions with h larger than or equal to 1/16 are reported.
We observe that the numerical convergence orders in the energy norm are around one, agreeing
with the theoretical error estimate (5.2). We note that the numerical convergence orders in the
H'(Q)-seminorm are also close to one.
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Table 6.4: Error for Baker-DG formulation (3.12).

[l — wal] [u — un|m (o)
n=1|n=10|7n=100 | n=1 | n=10 | n =100
1/2 | 4.8538 | 4.1180 | 2.0977 | 0.8771 | 0.8360 | 0.3793
1/4 | 2.8524 | 2.4987 | 1.3632 | 0.4662 | 0.4625 | 0.2489
1/8 | 1.5067 | 1.2842 | 0.6765 | 0.2447 | 0.2409 | 0.1255
1/16 | 0.7629 | 0.6747 | 0.3842 | 0.1259 | 0.1212 | 0.0657

Table 6.5: Error for LCDG method (3.14).

[ — wall| |u — un|m1(0)
n=1|n=10|7n=100 | n=1 | n=10 | n =100
1/2 4.6407 | 4.2599 2.5863 | 0.8384 | 0.7696 | 0.5579
1/4 | 2.8265 | 2.2147 1.6213 | 0.4546 | 0.4111 0.2863
1/8 1.5011 | 1.2460 0.8669 0.2311 | 0.2301 0.1453
1/16 | 0.7517 | 0.6341 | 0.4705 | 0.1189 | 0.1186 | 0.0812

h
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