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ance, which is modeled as a quasi-variational inequality.
Consistency, boundedness, and stability are established for the
DG methods. Two numerical examples are presented to illus-
trate the performance of the DG methods.
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1. Introduction

In industry and daily life, processes of frictional contact between deform-
able bodies or between a deformable body and a rigid foundation are very
common. Much effort has been made in modeling, analysis, and numerical
simulations of the frictional contact processes. The normal compliance con-
tact condition was proposed in [1] in the study of dynamic contact prob-
lems, and it allows interpenetration of the body’s surface into the
foundation. Contact problems with a normal compliance condition have
been studied in many articles, e.g. [2-9]. A frictional contact problem with
normal compliance can be described by a quasi-variational inequality,
and its existence and uniqueness are proved by using fixed-point arguments
[10, 11]. Conforming finite element methods (FEMs) were studied for these
problems, and a priori error estimates were derived in [6-8, 10]. Under a
smallness assumption on the material coefficient, a priori error estimates
were derived in [6]. The frictional contact problem with a reduced normal
compliance law was studied in [8], and a Cea-type error inequality was
derived there. In [1], a priori error estimates of finite element

CONTACT Fei Wang @ feiwang.xjtu@xjtu.edu.cn e School of Mathematics and Statistics, Xi'an Jiaotong
University, Xi‘an, Shaanxi, China.

Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/Infa.

© 2018 Taylor & Francis


http://crossmark.crossref.org/dialog/?doi=10.1080/01630563.2018.1472609&domain=pdf
http://www.tandfonline.com/lnfa
https://doi.org./10.1080/01630563.2018.1472609
http://www.tandfonline.com

2 @ W. XIAO ET AL.

approximation for a dynamic contact problem was established. A contact
problem with the nonlinear elastic constitutive law was studied, and a priori
error estimates was derived in [10]. For other more complicated contact
problems with normal compliance, we refer to [12, 13] and the referen-
ces therein.

Unlike the standard FEMs, discontinuous Galerkin (DG) methods do
not require the ordinary inter-element smoothness in the discrete function
spaces. In DG methods, a boundary value problem is discretized in an
element-by-element fashion, and neighboring elements are joined together
through the use of numerical traces. It is easier to construct DG methods
that are locally conservative and that can capture non-smooth or oscilla-
tory solutions effectively. Consequently, the DG methods have attracted
the interest of many applied mathematicians and engineers, and have been
applied to solve various differential equations in the past three decades.
For a second-order boundary value problem, since no inter-element con-
tinuity is required in the discrete function spaces, DG methods allow gen-
eral meshes with hanging nodes and elements of different shapes. In
addition, locality of the discretization makes the DG methods ideally
suited for parallel computing. The compact formulation can be applied
near boundaries without special treatment, which increases the robustness
of any boundary condition implementation (see [14-16] and the referen-
ces therein).

In recent years, discontinuous Galerkin methods have been developed for
solving a variety of variational inequalities, such as the gradient plasticity
problem [17, 18], obstacle problems [19, 20], Signorini problem [21, 22],
quasi-static contact problems [23], the plate contact problem [24-26], two
membranes problem [27], and Stokes or Navier-Stokes flows with slip
boundary condition [28, 29]. In this paper, we study DG methods for solv-
ing a quasi-variational inequality arising in frictional contact problems with
normal compliance. We consider a process in which an elastic body, under
the influence of a given body force and surface traction, comes into contact
with a deformable foundation, and there exists penetration of the elastic
body into the foundation. Therefore, the normal compliance condition is
adopted and Coulomb’s law of dry friction is used to describe the frictional
phenomenon. Since the friction bound function depends on the unknown
variable, the problem is highly nonlinear, and in the literature, no reference
can be found on the study of DG methods for such a problem. We intro-
duce four DG schemes to solve this problem and analyze properties of the
methods. For numerical implementation, we use Uzawa algorithm to cir-
cumvent the difficulty from the non-differentiable term.

The paper is organized as follows: In Section 2, we introduce the frictional
contact problem with normal compliance, and present its weak formulation



NUMERICAL FUNCTIONAL ANALYSIS AND OPTIMIZATION e 3

as a quasi-variational inequality. In Section 3, we give the DG formulations,
and show the consistency of the DG schemes, boundedness, and stability of
the bilinear forms. Finally, in Section 4, we present results from numerical
examples, paying particular attention to numerical convergence orders.

2. A frictional contact problem with normal compliance

Let Q C R? (d=2, 3) be a bounded open connected domain. A Lipschitz
boundary I' of Q consists of three non-overlapping parts I'p, I'p, and I'c,
where displacement, force (surface traction), and contact boundary conditions
will be specified, respectively. We use a vector-valued function u : Q C R? —
R? to denote the displacement, and use &(u) =1 (Vu + (Vu)") and & for the
linearized strain tensor and the stress tensor, respectively, which belongs to $%,
the space of second order symmetric tensors on RY. Let 6: ¢ = iy be the
inner product on space $% and the corresponding norm is |@| := (¢ : qb)
Here and below, the summation convention over a repeated index is adopted.
For a vector w, its normal component and tangential component on the
boundary are v, = w-v, w, = w — w,v, where v is the unit outward normal
vector on I'. For a tensor-valued function &, the normal component and tan-
gential component are g, = (6v) - v, 6, = 6v—a,v, respectively. Due to the
fact that w, - v= 0, o, - v= 0, we have the decomposition formula

(6v) - w = (o,v+6;) - (Wv+w,) = oW, + 6, - Wr. (2.1)

dive= (0,0y), ;4 is divergence of a tensor-valued function o. If vector w
and tensor ¢ are continuously differentiable, then, we have the integration
by a part formula:

J 6:e(w)dx = J (ov) - wds — J dive-wdx. (2.2)
Q r Q

Consider the following frictional contact problem with normal compliance,

6=C¢(u) in Q, (2.3)

—div e=f, in Q, (2.4)

u=0 on I'p, (2.5)

ov=f, on IF, (2.6)

—a, =p,(u, —g,) on Ig, (2.7)

lo:| < p.(u, —g,) on Ig, (2.8)

6. = —p(u, —ga)|Z—T| if u, #0 on I'c. (2.9)

Here, (2.3) represents the constitutive relation of the elastic material,
(2.4) is the equilibrium equation, in which volume forces of density f, acts
in Q. Boundary condition (2.5) means that the body is clamped on I'p, so
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Figure 1. Setting of the problem for Example 4.1.

the displacement field vanishes there. Surface traction of density f, acts on
I’z in (2.6). (2.7) is the normal compliance condition, and it describes a
reactive normal pressure that depends on the penetration of the elastic
body in the deformable foundation. g, is the initial gap between the body
and foundation (Figure 1 in Section 4), u, is the normal displacement, and
u, — g.» when it is positive, represents the penetration of the body in the
foundation. The function p, is nonnegative with the property p,(t) = 0 for
t < 0. The relations (2.8)-(2.9) form a version of Coulomb’s law of dry fric-
tion, and are equivalent to

|O-T| S p‘f(uy _ga),
60| <po(uy — ga) = 4, =0, (2.10)
|0'r| :pf(uy —ga) = 0, = —Ku;, K > 0.

Here, u, denotes the tangential displacement. p, is friction bound func-
tion, so it is nonnegative and p.(¢f) = 0 for t < 0. ¢, denotes the tangential
force on I'c, the contact boundary. Obviously, the shear stress cannot
exceed the maximal frictional resistance p.(u, —g,). When the strict
inequality holds, it is stick state, i.e., the surface adheres to the foundation;
and when the equality holds, a relative sliding happens, this is slip state;
when u, < g,, there is no contact. Therefore, the contact surface I'c is div-
ided into three zones: stick, slip, and separation.

We will make some assumptions on the data. The fourth-order elasticity tensor
of the material C : Q x §¢ — $ is assumed to satisfy the following conditions:

(a) Cijkl < LOO(Q),I < i,j,k,l < d;
(b) (Co):¢ =0:(Cd) Va,pc S ae inQ (2.11)
() 3Ce>0 s.t. Cp: > Colp>, Vo €8 ae. in Q.
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For the elasticity tensor of a homogeneous and isotropic elastic material,
Ce = A(tre)l + 2ue with Lamé parameters A >0 and p > 0. The gap function
has the properties

g € L*(T¢), ga(x) > 0ae xeTlc. (2.12)
For the functions p, (e = v, 1), we assume

(Ll) pe:chR—>R+;

(b) there exists L,>0 such that |p.(x,71) — pe(x,72)| < Le|r1 — 12
Vri,r, € Rjae. x € I'g;

(c) the mapping x+ p.(x,7) is measurable on I'¢, for any r € R;

(d) pe(x,r) =0 for all r <0, ae xelc.

(2.13)

The condition (2.13)(b) means the functions to grow at most linearly.
If there is separation between the body and the foundation, the condition
(2.13)(d) implies that the normal and tangential components of the stress
tensor vanish on the boundary I'c.

We define V= {ve H(Q)*:v=0 ae. on I'p}. Then, by a standard
procedure, we can derive the weak formulation of the problem (2.3)-(2.9):
find u € V such that

a(u,v—u) +j(u,v) —jlu,u) > (f,v—u) VveV, (2.14)
where
a(u,v) = JQCS(u) ce(v)dx  Yu,v eV,
(f,v) = L)fl - vdx + Jrfz -vds VveV,
and

jlu,v) = J oy, — ga)vods +J p(uy — ga)|v:lds NYu,ve V. (2.15)
rc 1—‘C

Here, the functional j depends on u,, which makes this problem highly
nonlinear. The existence of a unique solution for the quasi-variational
inequality (2.14) is studied in several references, see, e.g. [11].

3. Discontinuous Galerkin methods
3.1. Notation

For simplicity, we only consider the case d=2 in this paper; the
three-dimensional case can be analyzed similarly. For a bounded domain



6 @ W. XIAO ET AL.

D C R*, H"(D) is the standard Sobolev space, with the corresponding norm
|- |l,,p and semi-norm |- |, . For a vector u = (u;,u,) € [H™(Q)]?, its

1/2
norm and  semi-norm are |[u[,, = <Zj:1 ||ui||fn,D> and

5 , \1/2
ul,p = (Zi:l ]ui\va) . These definitions are readily extended for the

norm and semi-norm of a matrix-valued function. To describe the numer-
ical methods, we will need the following symbols:

{T 1}, := a family of regular triangulations of Q,
&y = the set of all edges of 7,
wo=En\I,
82 = gh\(rp U rc),
K :=a triangle element € 7,
hk := diam(K),
h = max{hg : K € Tj}.

Then, we introduce finite element spaces:

Vi = {vi € [LX(Q)]* : vilx € PUK)VK € Tpyi = 1,2},
Qn = {¢y € LX) : diylx € PAK)VK € Tpyi,j=1,2}, I=0or L.

Here, P;(K) is the space of all polynomials in K with the total degree no
more than [ > 0. On any element, K € 7, ¢(v), and div,¢ are defined by
the relations ¢,(v) = ¢(v) and div,¢ = divep for any vector-valued function
v and matrix-valued function ¢.

Let e € &} be an interior edge shared by two neighboring elements K+
and K and n™ = n|y- is the unit outward normal vector on K. Then,
for a vector-valued function v and a matrix-valued function ¢, averages {-},
and jumps [-], [] across the edge e are defined as follows:

1 1
{p =20+, bl=g(Ten tntovi4y@n £ @),

B =3 @ 40, [Gl=¢'n 4o,

where
Ve = V|8K17 ‘bt = ¢|61<i-

If e lies on the boundary I', we define

{v} =, [V[==(v®n+ncv),
{¢} =9, [}] = ¢n.

Here, u ® v is a matrix with u;v; as its (i, j)-th element.

M| —
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For a vector-valued function v and a matrix-valued function ¢, by direct
calculation, we can verify the following identity:

) LK(de) vds =" L[¢] {vhds+ 3 Je{¢} Mds. @)

KeTy, eeg;l ec&y

To present the DG schemes, we introduce two lifting operators ry :

(Lz(c‘:g))fxzﬁ Qnand r, : (Lz(e))fxz—> Qp, defined by
Jgro(qﬁ) :&dx = —Lo(b :{&}ds  VEe Q, (3.2)
Lrew) tde=—[0s8as veeqn (33)
The two lifting operators are related by the equality
r(¢) = r(ol) Vo e (L)),

6652
Thus,
o (I = 1D re( @l < 3D lIre(lIP (3.4)

0 0
et ect,

3.2. DG formulations

In this subsection, we present some DG formulations for solving the quasi-
variational inequality (2.14). On any element K € 7, using integration by
part formula, we multiply (2.3) and (2.4) by C"'¢ and v, respectively, inte-
grate over an element K € 7, and perform integration by parts to get:

LC‘lo': pdx = —JKu - divpdx + J u - (¢png)ds,

J fi-vdx = J 6:e(v)dx — J ?:nK) - vds.

K K oK

A subscript h is added on @, ¢, u, v, div and ¢ in these equations. Then,
we sum these two equalities over all the elements K € 7, and use numer-
ical traces u;, and @}, to approximate u and ¢ over element edges:

J C*l [ 7 ¢hdx = —J u - dth(],’)hdx—i— ZJ ah . (¢hnK)dS,
Q Q

KeT,J 9K

Lfl vpdx = Lo'h s ep(vp)dx — ZJ (ennk) - vids

KeT,) 0K
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for all (¢, vn) € Qn X Vj,. to choose the numerical fluxes 6;, and uy, we
should guarantee the stability and consistency of the scheme.

To derive a formulation, which does not rely on 6; explicitly, following
an argument similar to the one used in [21, 23], we have:

J, Conon) <o+ | {7 =} - (v

h

+J [ﬁh — uh]] : {CSh(vh)}dS (3.5)
&

h
—J (6] - {m}ds —J [ : {Gikds = J £, - .
& En Q

Then, we can obtain DG schemes from (3.5) through proper choices of
numerical fluxes.

In order to be consistent with the boundary condition, for all the DG
schemes in this paper, we always make the following choices:

il\h = {uh} on Sh\FD,
u,=0 on I'p, (3.6)
opv=f, on I,

and on I',

_a-hl/ - pu(ﬁhu - ga)a
|o-h‘:| S Pr(i{hu _ga)a
uy

Ohe = —Pr(ﬁhy - ga) ﬁ if up, #0.
T

(3.7)

Note that #;, = u, on I'c U T ;.

To develop an interior penalty (IP) formulation ([30]), we choose
6y, = {Cen(up)} — ;' [up] on &), where 1, is a bounded, positive, piece-
wise constant function on 52. Then we obtain from (3.5) that

B&)l(uh, V) = J f1 - vndx + J fy - vnds+ J Gpv-Vids, (3.8)
' Q I'r I'c
where
Bﬁ{;(uh, Vi) o= J Cen(up) : en(va)dx — J [un] : {Cen(vh)}ds
@ & (3.9)
- [l (Contmn) s+ | e D] - s

Let v, = wy, — uy, with wy, € V). Using (2.1), we have

J;@M%w—wWIJ

a'hzf(whu - uhu)ds + J ahr . <Wh1: - uhr)ds-
I'c

I'c
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Table 1. Choices of 6, on &.

Methods Numerical flux 6, on &)

IP [30] 6k = {Cen(un)} — neh, " [un]

Bassi et al. [31] 6 = {Cen(up)} + '7e{cre([[uhﬂ)}

Brezzi et al. [32] 6n = {Cen(up)} + {Cro([un])} + ﬂe{C"e([[uh]l)}
LDG [33] 6h = {Cen(un)} + {Cro([un])} — neh, " [un]

By (3.7), we have on I'¢,

a-hl/(whll - uhu) = _pu(ﬁhu - ga)(whu - uhl/)
= _py(uhz/ - ga)why +p1/(uh1/ - ga)uhm

and

Ohe(Whe — Une) = OheWhe — G U
Z _|6thWhr’ - &hr'uhr
Z _pr(uhu _ga)|whr| +pr(uhu _gu)|uhr|'

Therefore, we obtain the IP scheme from (3.8),
Bifﬁl(uh, wy — uh) +j(uh, Wh) —j(uh, uh) > (f, wy — uh) Ywy, € V.
(3.10)
With the help of the lift operator ry, we can rewrite Bgl})l as

B (uy, va) = chh(uh) : (en(vn) + ro([va]))dx

(3.11)
+J ro([un]) : Con(vi)dx + Jneh Y] : [valds
Q

Note that (3.9) and (3.11) are equivalent on V.

Similarly, we can introduce three other DG methods. We list the choices
of g}, for these methods in Table 1. Furthermore, we list the bilinear forms
of the DG methods in Table 2 with (-,-) = (-,-)g, {-+) = (-, )¢, and

g= J Cep(up) : en(vy)dx,
Q

p= | ek ] [l

h

§ =3 | ncrm) s s

6652 Q

Let By, represent one of the four bilinear forms Bgi)h, 1 < i< 4. The corre-

sponding DG formulation is to find u; € Vj, such that

Bh(uh, vy — uh) —i—j(uh, Vh) —j(uh, uh) > (f, v, — uh) Vv, € V. (3.12)
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Table 2. DG formulations.

Methods Bilinear forms

P 30] BY) = g — ([unl, {Cen(vn)}) — ([vnl, {Cen(un)}) +
BY) = g+ (Cen(un), ro([val)) + (ro([unl), Cen(vn)) +

Bassi et al. [31] B2 = g — ([unl, {Cen(vn)}) — ([vn], {Cen(un)}) + B
BY) = g+ (Cen(un). ro(Ival)) + (ro([unl). Cen(vh)) + B

Brezzi et al. [32] BY) = g — ([un]. {Cen(vn)}) — (Il {Cen(un)}) + (Cro([un]). ro(Ivn])) +
BY) = g+ (Cen(un), ro([va])) + (Cro([un]), en(va) + ro([va])) + B

LDG [33] BYY) = g — ([un]. {Cen(vn)}) — (Il {Cen(un)}) + (Cro([un]). ro([va])) +
BY) = g + (Cen(un), ro([va]) + (Cro([un]). en(vh) + ro([va])) + F/

3.3. Consistency, boundedness, and stability
Here, we present some properties of the four DG methods introduced pre-

viously. Recall that u is the solution of (2.14).

Lemma 3.1 (Cons1stency) Assume u € [H*(Q))’. Then for Bu(w,v) =
1h(w v) withi=1,---,4, we have:

By(u, vy, —u) + j(u,vy) — j(u,u) > (f,vi —u) Vv, € V. (3.13)

Proof. Since u € [H2(Q))’, on any interior edge e, [u] =0,{u} =u
{e(u)} = ¢(u), [6] = 0,{6} = 6. Then, for any v, € V,

Bu(u, vy, —u) = J Ce(u) : en(vip — u)dx — L" [vi — u] : Ce(u)ds

— Z J o : en( h—u)dx—Lgﬂvh—u]] . ods

KeT,

Using integration by parts and (3.1), we get,

Z J 6:ep(vp—u)dx=— Z J dive- (v, —u)dx+ ZLK ony) - (v, —u)ds

KET;, K KET}, KETh
_ Z J fi-(vn— )dx—i—J 6: vy, —u]ds.
KeTy, K

Therefore,

By(u,vy, —u) = Jgfl < (vp — u)dx—l—J fy- (viw—u)ds +J (6v) - (v — u)ds

I'r I'c
(=)t | (o) (-

(3.14)
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Here,
(O'V) : (vh - u) = JZ/(Vhl/ - ul/) + o; - (vhr - ur)-

Using the boundary conditions (2.7)-(2.9) and (2.13), we have:

O-V(th - Ll,,) == _py(uzz _ga)(vhu - uzz)
= _Pu(uy _ga)vhy +Pu(u1/ _ga)um
O: (Vie — W) = 61 Vjr — 0 - Uy
2 _|ar||vhr| — 0 U

> —po(Uy — 8a)[Vhe| + po(thy — ga)|the]-

Applying these relations in (3.14) together with the definition (2.15) of

the functional j, we observe that (3.13) holds. O
?. Recall that C is bounded, symmetric,

Denote V(h) =V, + VN [H*(Q)]".
and positive definite. We define seminorms and norms for v € V(h) by the

following relations:

|v|f{,K = JKCP,(V) :e(v)dx, v|ah

D Wk W= m DG,

KeT,, e

where

VI, = j ] : ]ds.

Then define norms by

2 2 2 2 2
Vlen + IV V2= WIE + D Bilvhx (315)

IIWI[3 =
KeTy,

By Korn’s inequality on the discontinuous finite element space, the norm
-], is equlvalent to the usual DG-norm (|| - ||1h +]-2 ) ([34]). Set the

norm | - |lg,, = Yer, Il - lox
For the lifting operator r., we have the following lemma.

Lemma 3.2 ([21]). For any v € V(h) and e € 52,
G < (VDI < Cob M VD5 - (3.16)

So, from (3.16) and (3.4), we have
ro(IvDIfos = 11D re(WDllo, < 3G M| IVIIfg,, = 3CaIvEE.

0 0
ect) ec&,

Then similar to [21, 23], we have the following results concerning the

boundedness and stability of By,
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Lemma 3.3 (Boundedness). There is a constant C,>0 such that for 1 <i <
4, By = Bg’)h satisfies
Bu(u,v) < Gpll[ul[[|[[v|]| Vu,v € V(h). (3.17)

Lemma 3.4 (Stability). Let 1, := min,.co1, be lar{ge enough Then there is a
constant 0 € (0,1) such that for 1 <i < 4,B, = B), and Bzh satisfy

By(v,v) > 0||v|]|> Vv eV, (3.18)

Proof. Note that |||v||| = |||v AH for v € V},. Since B()h and B()h coincide on
Vi, once the stability for sz on V), the stability of Bg)h on V,, follows.
Following [21, 23], we apply the Cauchy-Schwarz inequality and Lemma
3.2 to get

! L
B (v.v) > (1 vf2, + (no elfl@ ) e
3Cal[Cll g
BSZ(% v) = (1- 5)|V|2,h + (ﬂococl - %() v[2,

1
BMw) 2 (1 vl + (mGiCr+ 3CClei (11 ) ok

)

1
B0 = (1= Ol + (104 3ClCl g (1- 1) )

Here, C, is the constant in (2.11)(c). Let 5o be large enough. We can
then take 0 = 1 — € and (3.18) holds.

4. Numerical examples

For the numerical examples, we consider functions p,,, p, of the form

Pu( ) =k, ( ) ) pr(t) = kr(t)Ttv (4.1)

where k,, m,, k., m, are the material interface parameters and all non-nega-
tive. Here, (t), is the positive part of function ¢, i.e. (t), =t for t > 0, and
(t), =0 for t > 0. In [3, 4], it is proved that the (2.14) has a locally unique
solution, for 1 < m,,m;<oo if d=2, and 1 <m,,m,<4 if d=3 (in the
case 3 < m,,m;<4 and d=3, (2.14) is replaced by a weaker formulation).
For simplicity, we consider a reduced normal compliance law, i.e. m, =0
in (4.1) [8]. Then the functional j(u,v) can be written as:

j(u,v) = J ky(uy, — ga)'" vids + J ke|ve|ds = j,(u,v) +j.(u,v). (42)
I'c

I'c
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To implement the DG method (3.12), following the idea in [35-37], we
use Uzawa iteration by introducing a Lagrange multiplier 4. Then the DG
scheme is equivalent to the system

By (up, vi,) + jo (t4n, Vi) +J Kidpe - Vieds = (f,vn)  Yvp € Vi, (4.3)
I'c

|lhf| <1, A - Upe = |uhr| ae. on I'c, 4y, € (LOO(FC))”'. (4.4)

The following is the Uzawa iteration algorithm:
Step 1. Choose 4) = 0, and find ), solution of the problem

Bh(uh, Vh) = (f, Vh) Vv, € V. (4.5)
Step 2. For n = 1,2, ..., update the Lagrangian multiplier
M =P + pkoul ), (4.6)

and find u}, € V}, solution of the problem

Bu(uj,vi) = (f, vn) —j,,(qul, vy) — J kA v ds,  Yvy, €V, (4.7)
I'c

Here, p is a positive constant and P is a projection operator defined as:
P(u) = sup(—1,inf(1,u)) Vu e L™(I¢). (4.8)

Step 3. If ||u" — u"!||<e¢, a specified error tolerance, stop; otherwise, go
to Step 2.

Now, we present numerical results on two-dimensional problems solved by
the IP method. In all the examples, the domain is a square, and uniform tri-
angulations of the domain are used. We divide the unit interval into h™!
equal sub-intervals and start with h=1/4, which is decreased by half subse-
quently. We set the error tolerance ¢ = 1078, We adopt the numerical solu-
tion on the mesh h = %8 as the “exact” solution u, for computing the errors
of the numerical solutions on coarser meshes. Let E be Young’s modulus and

s be the Poisson ratio of the material, the Lamé coefficients are
Es _ E
1+s)1-25) M T20+s)

The penalty parameter 7 is chosen to be 30u for two examples.

Example 4.1. The physical setting is shown in Figure 1. The domain Q =
(0,1) x (0.05,1.05) is the cross-section of a three-dimensional linearized
elastic body and plane stress condition is assumed. On I'p = {1} x
(0.05,1.05), the body is clamped. I'p= ({0} x (0.05,1.05))U
((0,1) x {1.05}). Oblique tractions act on the part {0} x (0.05,1.05) and
the part (0,1) x {1.05} is traction free. The contact part of the boundary
is Tc = (0,1) x {0.05}.
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Figure 2. Example 4.1. Deformed configuration with h=1/16.
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deformable foundation

Figure 3. Setting of the problem for Example 4.2.

We use the following data (the unit daN/mm? stands for “decaNewtons
per square millimeter”):

E = 2000daN/mm?, s =04, f, = (0,0)daN/mm?,
f> = (200(5 — x,), —190)daN/mm?  k, = 450, k, = 1,m, = 1,g, = 0.05mm.

Figure 2 shows the deformed mesh with h=1/16, and the red rectangle
stands for foundation below the elastic body. Initially, there is no contact
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Figure 4. Example 4.2. Deformed configuration with h=1/16.

Table 3 Numerical solution error |u, — upl; .

h Example 4.1. Order Example 4.2. Order

1/4 6.1438e-002 - 1.0134e-001 -

1/8 3.0672e-002 1.0022 5.9611e-002 0.7656
1/16 1.5566e-002 0.9785 3.3589e-002 0.8276
1/32 7.4369e-003 1.0656 1.8337e-002 0.8733

since the gap function g, = 0.05mm, but we see that penetration of the elastic
body into foundation occurs after surface traction acts on the boundary I'r.

Example 4.2. The physical setting is shown in Figure 3, where
Q=(0,1) x (0,1). On I'p=1(0,1) x {1} the body is clamped. I'r =
({0} x (0,1)) U ({1} x (0,1)). Horizontal tractions act on the part {0} X
(0,1) and the part {1} x (0,1) is traction free. The contact part of the
boundary is I'c = (0,1) x {0}. We use the following data:

E = 2500daN/mm?, s=0.2, f, = (0,0)daN/mm?,
f, = (880,0)daN/mm?, k, = 250,k, = 1,m, = 1,g, = Omm.

Figure 4 shows the deformed mesh with & =1/16, and penetration occurs
at some places.

The numerical errors |u, — uy|,;, and numerical convergence orders are
reported in Table 3. We observe that the numerical convergence orders are near
1, an expected result since linear elements are used in the numerical methods.
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