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1. Introduction

In this paper, we study a mathematical model in the form of a hemivariational inequality for a quasistatic bilateral
frictional contact problem between a viscoelastic body and a rigid foundation. The friction law is given in the form of a
subdifferential condition. Damage of the material is incorporated. Modeling, variational analysis and numerical solution of
contact problems have been studied extensively; in this regard, a few comprehensive references are [1-4] in the context
of variational inequalities (VIs), and [5,6] in the context of hemivariational inequalities (HVIs).

The notion of hemivariational inequalities (HVIs) was introduced in early 1980s to model mechanical problems
involving non-smooth, non-monotone or multi-valued relations [7]. Early results on modeling, mathematical analysis and
engineering applications of HVIs are summarized in [8,9]; recent summarized accounts include [5,6,10]. Since there are
no solution formulas for HVIs in applications, numerical simulation is the only feasible approach to solving HVIs. Detailed
discussion of the finite element method for solving HVIs can be found in [11]. More recently, there has been substantial
progress in numerical analysis of HVIs, especially on optimal order error estimates for numerical solutions of HVIs, starting
with the paper [12], followed by a sequence of papers, e.g., [13-16]; the reader is referred to [17] for a recent survey.

Many contact processes are accompanied with material damage. In applications, it is very important to consider the
damage effect. General mathematical models for damage were derived in [18,19]; see also [20]. In [21], a quasistatic
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contact problem for a viscoelastic material is studied variationally and numerically, where the damage effect of the
viscoelastic material is taken into account. Systematic variational analysis and numerical analysis of contact problems
with damage effect is summarized in [4]. The mathematical problems investigated in these references are in the form of
VIs. For studies of contact problems with damage in the form of HVIs, the reader is referred to [22].

This is the first paper devoted to numerical analysis of an HVI arising in a contact problem with damage. The rest of
the paper is organized as follows. In Section 2, we introduce the contact problem, present its weak formulation as an HVI
and comment on the solution existence and uniqueness. In Section 3, we consider a fully discrete numerical scheme for
the contact problem and derive an optimal order error estimate under appropriate solution regularity assumptions. In
Section 4, we report computer simulation results on a numerical example and illustrate numerical convergence orders
that match the theoretical error bound.

2. The contact problem

We first introduce the pointwise formulation of the quasistatic contact problem for the contact between a viscoelastic
body and a rigid foundation. The initial configuration of the body is §2, a Lipschitz bounded domain in R? (d < 3 in
applications). The body is subject to the action of volume forces of a total density fy. The boundary I" of the domain 2 is
split into three disjoint measurable parts, I" = I'1 U I3 U I'3 such that I and I are non-trivial. We will assume the body
is fixed along I, is subject to the action of surface traction with a total density f> on I';. Along the contact boundary I3,
the body and the foundation are in bilateral contact and the frictional process is described by a generalized subdifferential
inclusion.

Following [3,23], we consider a viscoelastic constitutive law with the damage effect in the form

o = Ae(t) + B(e(u), ¢),

where u is the displacement field, ¢ is the damage function, o is the stress field, .4 and B are the viscosity operator and the
elasticity operator. These operators are allowed to depend on the spatial location. For convenience, we use the shorthand
notation Ae(it) and B(e(u), ¢) for A(x, e(i1)) and B(x, e(u), ¢), respectively. The symbol it denotes the time derivative of
u. The time interval of interest is [0, T] for some T > 0.

The notion of the damage function was introduced in [18,19] to quantify the damage to the material. It is defined
to be the ratio between the elastic modulus of the damaged material and that of the original material. The value of the
damage function ¢ lies in [0, 1]. The value ¢ = 1 indicates that there is no damage in the material, whereas the value
¢ = 0 corresponds to a completely damaged material. When 0 < ¢ < 1, there is a partial damage and the system
has a reduced load carrying capacity. A popular model for the evolution of the damage function is given by a parabolic
differential inclusion:

¢ — Kk AL+ 0l 11(¢) 3 ¢(e(u), ¢),

where k > 0 is a constant microcrack diffusion coefficient, Ijo 1j is the indicator function of the interval [0, 1], a1 q; is
the convex subdifferential of Iy 1}, and ¢ is the mechanical source of damage, depending on the strain and the damage
itself. On the boundary I, a homogeneous Neumann condition is described for ¢.

For a vector v defined on I, we let v, = v - v be its normal component, and let v, = v — v,v be its tangential
component. For a stress tensor o defined on I", we let o, = (ov) - v and 6, = ov — o, v be its normal and tangential
components, respectively.

Denote by uy and ¢, the initial values of the displacement and the damage function. The pointwise formulation of the
contact problem is as follows.

Problem 2.1. Find a displacement field u: 2 x [0, T] — R, a stress field o: 2 x [0,T] — S¢, and a damage field
£: 82 x [0, T] — R such that

o = Ae(it) + B(e(u), ¢) in 2 x (0, T), (2.1)

¢ — 1 AL+ 0lo,1)(8) 3 ple(u), £) in 2 x(0,T), (22)
Divo +fy =0 in 2 x (0, T), (2.3)

g—i =0 on I" x (0, T), (2.4)

u=0 on I x (0,T), (2.5)

ov=F on I, x (0, T), (2.6)

u, =0, —o, € 9j(it;) on I3 x (0, T), (2.7)

u(0) = uo, £(0)= 4o in 2. (2.8)
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We already know that (2.1) is the viscoelastic constitutive law with damage, and (2.2) is the evolution relation for
the damage function. We consider a quasistatic contact process and (2.3) is the corresponding equilibrium equation. The
initial conditions for the displacement field and the damage function are given by (2.8). The relations (2.4)-(2.7) are the
boundary conditions for the damage function, the displacement boundary condition on Iy, the traction boundary condition
on I3, and the bilateral friction contact condition on I';. Here, the friction dissipation pseudopotential j will be assumed
to be Lipschitz continuous, and dj represents the generalized subdifferential in the sense of Clarke (cf. [24,25]). We will
also need the notion of the generalized directional derivative in the sense of Clarke. Let V be a Banach space and let
¥:V — R be a locally Lipschitz continuous functional. Recall that the generalized directional derivative of ¢ at u € V in
the direction v € V is

WO v) = lim sup LAV = V(W)
w—u, 10 A

)

whereas the generalized subdifferential of ¢ at u € V is
d(u) == {& € V¥ | ¥Ou; v) = (£, v)vsny Y € V).

We note the following properties:

YO tv) =ty u;v) Yu,veV,t>0, (2.9)
YOus v1 4+ v2) < YO vi) + ¥Ous vy) Yu v, vy €V, (2.10)
YO(u; v) = max {(¢, vyyeuy | ¢ € 9P (u)} VYu,veVv, (2.11)
up > uand v, > vinV = limsup ¥°(un; vy) < ¥Ou; v). (2.12)

Problem 2.1 will be studied in its weak form. For this purpose, we first need to introduce some function spaces. Let

Q — LZ(Q)dXd

sym >

which is a Hilbert space with the inner product
(0,7T) = / ojTidx, o,TeQ.
2

This will be the space for stress and strain fields. The function space for the displacement field is the Hilbert space
V={veH' (2)|v=00nT} v,=00n I3}

with the inner product (u, v)y = (e(u), &(v))q and the associated norm ||v||y = ||e(v)|q. The space for the damage field
is

Z =HY{(Q).
For convenience, we let
Zo = [2(£2).

The spaces Z and Z; are endowed with their canonical inner products and norms. Let S¢ be the space of second-order
symmetric tensors on R,
In the study of the contact problem, we assume that the operator A: 2 x S — S¢ satisfies the following conditions:

(a) There exists L4 > 0 such that
A%, e1) — AR, &)l <Laller — ezl Ve, ez €89, ae. xe .
(b) There exists m4 > 0 such that
(A(x, &1) — A(X, €2)) - (61 — €2) = m4 |l61 — &2 (2.13)
Ve, e, €89, ae xe .
(c) For any € € SY, x — A(x, ) is measurable on £2.
(d) The mapping x — .A(x, 0) belongs to Q.

Similarly, we assume the operator B: 22 x S¢ x R — S? has the following properties:

(a) There exists Ly > 0 such that
|1B(x, &1, {1) — B(X, €2, &) < Lg (ller — e2ll + 161 — &al)
Ve, es €8, ¢, €R, ae. xe 2. (2.14)
(b)Forany € € S? and ¢ € R, x — B(x, &, ¢) is measurable on £2.
(c) The mapping x — B(x, 0, 0) belongs to Q.
As an example of the viscoelastic constitutive law with damage, we consider

o = Ae(ir) + n (e(u) — Py (e(w))) (2.15)
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where the viscosity tensor A satisfies (2.13), n is a positive coefficient, K(¢) is a damage dependent elasticity set, which
is assumed to be convex and Py, is the projection operator onto the set K(¢). We require the properties 0 € K(¢) and
¢1 > & implies K(Z1) C K(&2). The second property implies that as the damage of the material increases, i.e., the value
of the damage function ¢ decreases, the elasticity convex set expands, and the material resembles a purely viscous one.
A concrete example is given by the von Mises convex set

K@¢)={res|z°] <¢ov}, (2.16)

where 7P = 7 — (tr r/d)I is the deviatoric part of 7, and oy > 0 is the yield limit of the damage-free material. Since the
projection operator is nonexpansive, it can be verified that B(e, ¢) = n (e(u) - PK([)(e(u))) satisfies (2.14).
On the damage source function ¢: 2 x S¢ x R — R, the assumptions are

(a) There exists L, > 0 such that
|p(%, €1, 81) — P(X, €2, £2)| < Ly (lle1 — &2ll + 181 — &)
Ve, e;€8% ¢, €R, ae xe 2. (2.17)
(b) For any € € S? and ¢ € R, ¥ — ¢(x, &, ¢) is measurable on £2.
(c) The mapping x — ¢(x, 0, 0) belongs to L?(£2).

On the friction dissipation pseudopotential j: I3 x RY — R,

(@) X — j(x, &) is measurable on I'; V& € RY

and j(x, 0) € [(I3).
(b) & — j(x, &) is locally Lipschitz in R?, a.e. x € I5.
(c) There exist constants cy;, c1; > 0 such that

35k, £)I < coc + crcll€ll V§ € BY, ae. x € I, (218)
(d) There is a constant ¢, > 0 such that
PR EE &)+ (R E E — &) < ol — &7
V&, & eRY, ae xe 3.
Moreover, we assume
k>0 (2.19)
on the microcrack diffusion coefficient,
foe €0, TL L2(2)), f € C([0, T]; LA(12)) (2.:20)
on the densities of forces and tractions,
eV, ek (2.21)
on the initial data. Here K represents the set of admissible damage functions defined by
K={e€Z|&€[0,1]ae. in 2}. (2.22)
By the Riesz representation theorem, we can define f: [0, T] — V by
f@),v)y = / fo(t)-vdx+ | fio(t)-vda VveV, tel0,T]. (2.23)
Q I
Then conditions (2.20) imply 2
f eC(o0,T]; V). (2.24)
Let a : Z x Z — R be the bilinear form
a(é‘,n):/c/ V& -Vndx, &,neZ. (2.25)
2

Let us introduce a weak formulation of the problem (2.1)-(2.8).

Problem 2.2. Find a displacement field u: [0, T] — V, a stress field 0:[0, T] — Q, and a damage field ¢:[0,T] — Z
such that for all t € [0, T],

o(t) = Ae(u(t)) + Ble(u(t)), ¢(t))., (2.26)

(o(t), e(v —u(t)))e +/ Pl () ve — it (6))da = (f(t), v —i(t))y VveV, (2.27)
I3

c(t) €K, (E(t), & — ¢(t)g + a(g(t). & — ¢(t) = (p(e(u(t)), £(1)). & — £(t))z, VE €K, (2.28)

and
u(0) =uo, ¢£(0) = to. (2.29)
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Denote by c, the smallest constant in the trace inequality
IVell2gryy < Cllvily Vv eV. (2.30)

Similar to [22, Theorem 5.1], we can prove the following result.

Theorem 2.3. Assume (2.13), (2.14), (2.17)-(2.21),
€2 < Mg, (2.31)

and either ~/2c1,c2 < my or for a constant d; > 0, °(x, & —&) < d. (1+ ||&|) for all & € R and ae. x € 2. Then
Problem 2.2 has a unique solution u € C'([0,T]; V), ¢ € C([0,T]; Q) and ¢ € H'(0, T; L?(£2)) N L%(0, T; H'(£2)). Moreover,
Dive € [%(2)%

In the numerical solution of Problem 2.2, it will be convenient to introduce the velocity variable
w(t) = u(t). (2.32)

Given the velocity w(t) and the initial displacement u(0) = uy from (2.29), we can recover the displacement by the
formula

gt / w(s (2.33)
Then (2.26)-(2.27) can be rewritten as
o(t) = Ae(w(t)) + Ble(u(t)), £(t)), (2.34)
(o(t), (v — w(t)))o +/ Pw(t); v —w(t))da = (f(t),v —w(t))y VveV, (2.35)
I3

forall t € [0, T].
3. Numerical analysis of the weak formulation

In this section, we introduce and study a fully discrete numerical scheme to solve Problem 2.2. We assume the
conditions stated in Theorem 2.3 are valid so that Problem 2.2 has a unique solution.

For the approximation of the time derivative of the damage function, we use finite difference. We divide the time
interval [0, T] uniformly and comment that much of the discussion of the numerical method below can be extended
straightforward to the case of general partition of the time interval. Thus, let N be a positive integer, and define k = T/N

the step-size. Then 0 =ty < t; < --- < ty = T is a uniform partition of [0, T] with the nodes t, = nk,n =0,1,...,N.
For a function z(t) continuous on [0, T], we write z, = z(t,). We use the backward difference approximation
e~ og =" 1<n<n. (3.1)

For the spatial discretization, we use the finite element method. For simplicity, we assume £2 is a polygonal/polyhedral
domain, and express the three parts of the boundary, Iy, 1 < k < 3, as unions of closed flat components with disjoint
interiors:

Ti=Uk Ni 1<k<3.

Let {7"}, be a regular family of finite element partitions of £2 into triangular/tetrahedral elements, compatible with the
partition of the boundary 952 into I}, 1 <i <1, 1 <k < 3, in the sense that if the intersection of one side/face of an
element with one set I ; has a positive measure with respect to Iy ;, then the side/face lies entirely in I ;. Here h — 0
denotes the finite element mesh-size. Corresponding to the partition 7", we introduce the linear finite element space

vt ={v" e () | v'|re Py(T)' VT € T", v" =0 on Iy, v]! = 0 on I3} (32)
for the displacement field, the piecewise constant finite element space

Q"={t"e Q| e R VT eT" (33)
for the stress field, and the linear finite element space

"= {e" e C(2) | E"re PAT) VT € T") (3.4)
for the damage field. Define the constrained subset of Z":

K" ={&" e z" | EMre[0,11VT e T"}. (3.5)
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Let u? € V" and ¢! € K" be appropriate approximations of uy and ¢, such that
luo — uglly <ch, g0 —¢&gllzy < ch. (36)

These conditions are valid if, e.g. up € H*(2)%, ¢ € H'(£2), and we define u} € V" to be the interpolant or H'(£2)?-
or [%(£2)-projection of ug onto V", define ¢ € K" to be the L2(£2)-projection of ¢, onto K". The smoothness conditions
Uy € H3(£2)" and ¢ € H'(£2) will follow from the solution regularities (3.14) and (3.16).

The discrete velocity and displacement approximations are denoted by {w*}¥_ < V" and {u*}N_, C V", whereas the
discrete stress and damage function approximations are denoted by {o"*}N_ Q]’1 and {¢MN ) C K" Let Pya:Q — Q"
be the orthogonal projection from Q to Q", defined by

Porno € Q" (Pgro, ) = (0,7")y Vo eQ, 7" Q™. (3.7)
Then a fully discrete scheme for Problem 2.2 is the following.

Problem 3.1. Find a discrete displacement field u"™ = {ufk}N_|

C V", a discrete stress field o™ = {o"}N_ < Q", and a
discrete damage field ¢"™ = {¢"™}N_ c K" such that forn =1,2,...,N,

n

o = PonAe(Wi) + PonBle(ult ,), £ ), (3.8)
(o, e(v" — wik))y +/ P v —wyda > (fF,, v" —wik), vyt e Vi (3.9)
I3
(85 &M — ¢z + a(gl* E" — o) = (ple(ul ), ¢ ), &M — ¢y, VEM € KM, (3.10)
and
ulk =l =gl (3.11)

Here {u*}N_, and {w*}N__ are related by the equalities

n
wit =sul* and ulf =uf+k> w. (3.12)
i=1
Note that for implementation, (3.8) and (3.9) are combined together to give

(Ae(wk), e(v" — wik))g + (Ble(u™ ), ¢* ), e(v" — wik)) + f Pw vl — w*yda
I3

> (f, vi—whky, vt e vt (3.13)

n
The solution existence and uniqueness of Problem 3.1 can be proved by an induction argument. The focus of the rest

of this section is to bound the numerical solution errors. For this purpose, we assume the following additional solution
regularities:

ue W0, T; V)N C([0, TT; H3(£2)%), (3.14)
o € C([0, T]; H'(2)™), (3.15)
¢ € H*(0,T; Zo) N CY([0, T1; Z) N C([0, T1; H*(£2)). (3.16)

Then following the argument in [3, Section 8.1], we can show that for all t € (0, T),
Dive +fo =0 ae.in £2, (3.17)
ov=1f, ae.on 3, (3.18)
u, =0 ae.on 3. (3.19)

We first show the uniform boundedness of the numerical solution.

Lemma 3.2. There exists a constant M > 0, independent of h and k, such that

max ||w*||l, <M.
1<n=<N

Proof. Let us fixn e {1,..., N}. We take v! =0 € V" in (3.13),

(Ae(w,"), e(Wi))g < —(Ble(up )., ¢1,). (W) +/ S —w)da + (f wp )y
I3
By (2.13)(b),

ma w12 < (Ae(w*) — 4(0), e(w™)),.
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Combining these relations, we obtain
hk 2 hk hl hk hk 040 ik, hl hl
malwy [l < —(A0), e(w,"))q — (Ble(UyZq), $pq), Wy ))a + / JF Wy —wyr)da+ (fy, wy v (3.20)
I3

Let us treat each of the terms on the right side of (3.20). Let § > 0 be a small constant to be chosen later. We recall
the modified Cauchy-Schwarz inequality: for any a, b € R,

1
ab<d8d +ch?, c=73 (3.21)
Then,
—(A(0), e(W™))g < 8 W% + ¢ [LA)]3. (322)
Similarly,
—(B(e(ui 1), ¢,). (W)))g < 8 WY + c I1B(e()* ). &1 Il -
By (2.14)(a),

I1B(e(u® ), £ DIl < I1Be(ul* ), £ ) — B(0, 0)]| + 1150, 0)
< Ls (le(u™ )+ 1™ ,1) + 1150, 0)]1.
Then, by noting that [¢/*,| < 1, we have

IB(e(un’ ), e Dl < ¢ (Il 11y + 1)

Now
ul* =up +I<Zw
and so
n—1
I Dy < luglly + kY 1wy,
i=1
n—1
Il 1 < c+ck D wd.
i=1
Hence,
n—1
—(Be(ult ), o)), e(Wik)g < 8 IWIMIF + ck Y 1w I +c. (323)
i=1
Write
FPowl —why = [Pwh*; —w!) + 1°(0; w)] — j°(0; wi).
By (2.18)(d),
P —w) + 00 wi) < oo W2
By (2.18)(c),
—%(0; W) < cor WK < 8 [Wi|I? +c.
Thus,
/ JPlwnts —wi)da < (carc? + ) Wy |y +c. (324)
I3
Finally,
o, WY, < 8 IWI2 + 112 (3.25)

Use (3.22)-(3.25) in (3.20),
n—1

2 hk 2 hk |12
(ma — cacc? = 48) (Wi} < ck > w3 +c,
i=1



8 W. Han, M. Jureczka and A. Ochal / Journal of Computational and Applied Mathematics 377 (2020) 112886

where the constant ¢ depends on ||.A(0)lq, [IB(0, 0)llq, Ilfllc(fo,71:v), and an upper bound on ||u""||v. By choosing § =

(ma — c2.¢%)/8, we have
n—1
Iwaklly < ck Y Iw I +c.
i=1
Applying the Gronwall inequality, we get
lwp Iy <c, 1<n<N.
The proof is completed. ®

We will make use of several relations presented in [4]. By [4, (3.25)],
n—1
lan — ulf 15 < c (R +K2) +ck Y llwi — w/k[5.
i=1
By [4, (3.27)],

n
ltn — I < c (W +12) +ck Y wi — w™|I7.
i1
By [4, (3.59)],

n—1
||:n—c,?’<||zo+k2|z;, g <c<h2+k2+k2nu,—uh’<nv>

i=1 i=1
By [4, (3.71)],

llow — o 13 < c (Iwn — WG + 160 — &% 13,) + ck Y llwi — w1} +c (R +12) .

From the regularity assumption (3.16), we see that
1n — En-1llzg = O(K).
By (2.13)(b),
malwy —will§ < (Ae(wn) — Ae(w, ), e(w, —wy)),, .

For any v/ € V", write

(Ae(wy) — Ae(w), e(w, — w¥)) o = (Ae(wy) — Ae(w), e(w, — v}))) ot (Ae(wy) — Ae(w), e(v! —w

From (2.34) at t = t,,

Ae(wy) = o — B(e(Un), &n)-
From (3.8),

PonAe(Wi ) = o7 — PonBle(up 1), ;).
Thus,

Pon(Ae(wy) — Ae(W)) = (0 — 1) — (I — Pon)on — Pon(Be(uy), &) — Ble(ulk ), %))

Then, from (3.7),

(Ae(wy) — Ae(W™), e(v]! — w™)) 0

= (on — o™, e(v — whk))Q — ((I — Pgn)on, e(v! — wl*))q

— (Be(un), &n) — Ble(ult ), 011, &(v) — W)
< (0w — o, e(v, —w, ))Q+c(||un—u“" v + 120 — &2 l1z) W] — wi¥|ly
+ 11U — Pon)aullg le(v! —wik)q.

Apply the above relations in (3.31) to obtain

hk S(Vh _ th))Q

hik hi
mallwn — wi[[j < C”Wn — Wl Wy = villy + (00 — 07, &(v)

+¢ (lun = v + 120 = 6o lizo) v = willy + c b vyt — wp¥ly.

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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By the triangle inequality of the norm,
IvE = wi¥lly < wa — Vi lly + lwn — Wy

For any 8§ > 0, we apply (3.21) and derive from (3.32) that

hk 12 hp2 hk h hk
(ma —268) lwy —wi Iy < cllw, —villy +(0n — 0y, E(Vn —w, Mo

e (1l — w12+ 16 — £ 112) -

Using (3.26) to bound the term |lu, — u’* 1 12, we get from (3.33) that

n—

k)12 hy2 Wk (yh _ yuhk
(M —28) [wn —wy'lly < cliwn —vylly + (o0 — 0y, &(vy — Wy ))g

n—1
+e <h2 HIE kY wi— w4 12— ;,:’E1||§0> :

i—1
We take v = w* € V7 in (2.35) at t = ¢, to get

hk 0 hk hk
(o, (W™ — W) 5/ O (Wars W — Wy yda— (. W — Wiy
I3

From (3.9),
(@ e~ wio = [ Powthiol — wiyda - (v - wity
I3

Write

hk h hk h hk hk h hk
(on — 0y, e(vy —wy ) = (0, €(v, — Wn))g — (00, e(W, —Wy))g — (0", &(v,, — W, ))q.

By using (3.35) and (3.36) with v" = v/, we then have

h

h
n n

K K
(on — Gg(, e(v, — W,lqﬂ))Q < (on, e(vy; —wp))g — (fu, V:: — W)y

+ / [ (Wars W — woe) + (W v — ] da.
I3

By the sub-additivity of the generalized directional derivative,

hk,vh _whk) §JO(W

nt’ "nr nt

hk. 5,h hk . hk)

0 0
J(w e Ve — Wae) + 7 (Wi Wy — w0

By (2.18)(d),

hk

. ke 2
ne> I°.

0 . hk -0 hk
FWhes Wit — wye) + (W Wy — Wyy) < Cor |Wie — Wi

Hence,

hk h hk h h
(on — 0y, e(vy =Wy ))g < (on, &(v, —wWy))g — (Fr, vy — Wa)v

0 hk. .,h 2 hk 2
+/ Fwygs v — W) da + o cF lwn — w3
I3

(3.33)

(3.34)

(3.35)

(3.36)
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Use this inequality in (3.34),

hk 2
v

(ma — cpe? — 26)lWy — W,

< cllwy —VIE + (o0, eV! —wy))g — (Fo, Vi — Wiy +f Pk v —w,.)da
I3
n—1
+e (hz HI kY wi— w4 D1 — ;,?Ln%O) :
i=1

Recall the smallness assumption (2.31). We can choose § > 0 sufficiently small and derive from (3.37) that

hk 2 hy 2 h h :0 hk. 4,h
lwn —wp|ly <c [”Wn = Vylly + (o0, &(vy — Wn))o — (fo, vy — Wn)v] "FC/ Fwygs vy, — wy,)da
I3

n—1
+c <h2 HIE kY wi— w4 12— ;,?El||§0> :

i=1
With the use of (3.30), we rewrite the above inequality as

hk 12 h2 h h 0 hk. 4,h
1Wa — W2 < c [l — VP2 + (0 £V — Wadlg — (o ¥ — wily] + c[ P v — we)da
I3

n—1
+c <h2 HI kY wi— w4 (16— c,?’qn%(]) :

i=1

From (3.28),
n—2
Ign-1 — & 13, < c <h2 +IE kY — u?"né) :
i=1
Use (3.27),

n—2 n-2
kYl — w3 < c (B +K2) +ck Y wi — w3
i=1 i=1
Hence, from (3.38),

hk 12 hy2 h h
lw, —wptlly <c [”Wn =V lly + (o0, e(vy — wp))g — (fa, v, — Wn)v]

n—1
+c/ Wik v — wae)da+c (hz HIE+k)  w; —w!"‘n%) :
I3

i=1
By an application of the Gronwall inequality,
lwn — w15 < [lwn — vy I§ + (o0, £V — Wa))g — (o, vt — W )v]

+c/ P vl —wa)da+c (B + k).
I3

We multiply (3.17) by an arbitrary v € V, integrate over §2 and perform an integration by parts,

/av~vda—/a~e(v)dx+/‘f0'vdx=0.
r 2 fe)

(3.37)

(3.38)

(3.39)

Split the integral over I" to three sub-integrals: the sub-integral over I'j is zero since v = 0 on I7; for the sub-integral

over I3, we apply the relation (3.18); for the sub-integral over I3, we use the relation (3.19). As a result,

/a-e(v)dx—/fo-vdx— fz-vda:/ o; - v, da.
2 2 I I3
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Thus, (3.39) can be reduced to
lwn —wi I} < ¢ (Iwa —vally +h + k) + ¢ f [0 - (Vi — W) + Wy vy, — Wie)] da. (3.40)
I3
Since o € C([0, T]; H'(£2)?*¢) by (3.15), we have
a. € C([0, T]; L(I3)7).
Thus,

h h
/ Onr - (Vy, =Wy )da <c ||(7r||c([o,r];1_2(r3)d)||vm — Wne ||L2(r3)d~
I3

By Lemma 3.2, |w/*||y is uniformly bounded. Then, from (2.18)(c),

0 yphk. 3h hk )Y (1ah
P g —war) < ¢ (T4 [wll) vy, — Waell,

we have a constant ¢ depending on the upper bound M from Lemma 3.2 that
/ P vl — wae)da < ¢ vl — Wl 2, -
I3

Therefore, from (3.40), we can derive the inequality

hk

lwn — w5 < ¢ (Iwn — VIIIG + Vi — Waell 2 + 2+ K2) ¥V e VI (3.41)

Based on (3.41), (3.27) and (3.28), we have proved the following Céa inequality for error estimation.
Theorem 3.3. Assume the conditions stated in Theorem 2.3. Let (u, ¢) be the solution of Problem 2.2, w = u, and let

(u"™®, w £y be defined by Problem 3.1. Then under the solution regularity assumptions (3.14)-(3.16), and (3.6) on the initial
values for the discrete problem, we have

N 1/2
hik hk hk hk,2
max |y — wi[ly + max [l — ully +max [&n — &1z, + (kZ 60— &5 |Z)
n=1

; h h 1/2
<c(h++cmax inf (I = vl + IV, = wacl 20 ) - (342)

We can apply the standard finite element approximation theory (cf. [26-28]) to bound the error

. h h 1/2
max inf ( w, —Vv v, —w )
ax inf, (1w = Vil V5 — Wl

in (3.42), and derive the next result from Theorem 3.3.

Corollary 3.4. Keep the assumptions stated in Theorem 3.3. Under the additional solution regularity assumptions
w e C([0, T]; H(2)"),  we|p,e C([0, T HA(I3,)Y), 1<i<is, (343)

we have the following error bound:
N 1/2
2
max [[wy — iy -+ max [y — u}lly + max 16, — &1z + (kZ Itn — zﬁ"u) <ch+h. (3.44)
n=1

4. Numerical results

In this section, we report some computer simulation results. The spatial domain is a rectangle and we use the
finite element spaces specified at the beginning of Section 3 corresponding to a family of uniform triangulations of
the rectangle. To solve the discrete hemivariational inequality from (3.8)-(3.9), we reformulate it as an optimization
problem and use built-in constrained minimization algorithm from the Python library SciPy. A version of this approach
was presented in [29]. Other algorithms specialized for nonsmooth optimizations could also be adapted. The coupled
variational inequality for damage (3.10) is solved alongside in turns using the Uzawa approach. We also incorporate the
Schur complement method to decrease the dimension of the problem.

We employ the Kelvin-Voigt type short memory viscoelastic law for the isotropic body, modified to reflect the damage
effect on elastic properties of the body. The viscosity operator .4 and the elasticity operator B are defined by

A(t) =2nt+ & tr(T)l, Te§?,

4.1
Blr,0)=cQ2ur+rt(r)l), teS? ¢el0,1], (41)



12 W. Han, M. Jureczka and A. Ochal / Journal of Computational and Applied Mathematics 377 (2020) 112886

where [ is the identity matrix, tr is the trace operator on a matrix, « and A are the Lamé coefficients, whereas n and &
represent the viscosity coefficients, u, A, n, & > 0. In all our simulations we take the following data

T=1,
n=(=2 pu=ir=4,
uo(x) = (0,0), x€ 2,

j(&)=20]&, &eR? (4.2)
28 2072, ¢ e[0.2,1], )
= ¢
(= ¢) { 8 —20|7|2, te0.02), "%
k =0.5.

We first demonstrate the effect of different partitions of the boundary and applied forces on the deformation of the
body. In all cases, we show the initial configuration along with the shape of the body and damage field at the final time
t = 1. Choose a rectangular-shaped domain 2 = (0, 2) x (0, 1) C R2. For spatial discretization, we use uniform triangular
partitions of £2 and the corresponding linear finite element spaces {V"};; here h represents the mesh-size such that the
unit length part {0} x [0, 1] of the boundary is divided into 1/h equal size sub-intervals. For the temporal discretization,
we use the uniform partitions of the time interval [0, 1] with the time step size k = 1/N for a positive integer N. The
numerical solutions correspond to the time step size k = 1/32 and the mesh-size h = 1/32.

Experiment 1: We take the following data

I = {0} x [0, 1],

I = ([0, 2] x {1H) U ({2} x [0, 1]) U ([0, 2] x {0}),
I3 =0,

Folx, (0,-0.2), xe£, tel0,T],

t) =
fa(x,t)=(0,0), xel3, tel0,T].

In this experiment we push the body down using a force with density f,. In Fig. 1 we observe that the body is curved
downward. As a result of twisting forces, the damage inside the body gradually increases when the spatial point moves
closer to I7.

Experiment 2: We change the data to

In = {0} x [0, 1],
I = ([0, 2] x {1H U ({2} x [0, 1)) U ([1, 2] x {0}),
I3=10,1) x {0},
fo(x,t)=(0,-0.8), xe£, te][0,T],
fo(x,t)=(0,0), xeI3, tel0,T].
We once again push the body down, but in this case we introduce a rigid obstacle in contact with part of the body. In

Fig. 2 we see that severe damage occurs in an area near the point (1, 0), which is a corner point of the rigid foundation.
There is damage also in the upper part of the body, as a result of expansion of the material.

Experiment 3: In the final experiment we take

In = {0} x [0, 1],

I3 = ([0, 2] x {1}) U ({2} x [0, 1]),

I3 =10,2] x {0},

fo(x,t)=(0,0), xe £, tel0,T],
frxt)y=(-1,-1), xely, te][0,T]

In this case the entire bottom part of the body is in contact with a rigid obstacle, and we push the body down and to
the left using a force with density f,. In Fig. 3 we see that as a result of the action of the boundary force, an increased
amount of damage is observed towards the upper and right side of the body. It is also interesting to examine the effect of
the frictional force on the interface I's between the foundation and the body; the frictional force prevents the body from
moving further to the left.

We find that simulation results from these experiments agree with our physical intuition.

We now turn to explore the convergence orders of the numerical solutions of a model problem. We take a square-
shaped domain §£2 = (0, 1) x (0, 1), use the same data as in (4.1) and (4.2) and

I7 = {0} x [0, 1],
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1.0 4
0.8 4
0.6
0.4 4
0.2 4
0.01 -0.4
0.0 0.5 1.0 1.5 2.0 —0.6 — T T T T
0.0 0.5 1.0 1.5 2.0
Fig. 1. Initial configuration, body position and damage in first experiment.
1.0 1 1.0
0.8 - 0.8 1
0.6 1
0.6 044
0.4 4 0.2 1
0.0 1
0.2 4
_02 -
00 ke ,_04 4
0.0 0.5 1.0 1.5 2.0 0.6 T ! T T i
0.0 0.5 1.0 1.5 2.0
Fig. 2. Initial configuration, body position and damage in second experiment.
1.0 A
08 1.00 A
0.6 0.75 A
04 0.50 -
024 0.25 A
0.0 0.00 ' . . .

fO(X9 t) = (Ov 0)’
fa(x,t)=(—1.4,-0.2),

T T T T T 0.0 0.5 1.0 1.5
0.0 0.5 1.0 15 2.0

Fig. 3. Initial configuration, body position and damage in third experiment.

I = ([0, 1] x {1}) U ({1} x [0, 1]),

I3 =10, 1] x {0},

xe 2, te[0,T],
xel, te]0,T].

13
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0.82

We use uniform triangulations of the spatial domain and uniform partitions of the time interval, and let h and k be

the spatial mesh-size and time step-size as defined above. We present a comparison of numerical errors ||w — w

"y

and ||¢ — ;h"llzO computed for a sequence of numerical solutions. The numerical solution corresponding to h = 1/128
and k = 1/128 is taken as the “true” solution w and ¢ in computing the numerical errors; |w|y = 0.23525 and

1€ 11z

= 0.75375.

First, we fix k = 1/128 and start with h = 1/2, which is successively halved. The results are presented in Table 1 and
Fig. 4, where the dependence of the relative error estimates ||w — w"||y and || — ¢ hkllzo with respect to h are plotted on
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T T T T
1/32 1/16 1/8 1/4 1/2
h

— lw=wly = [IT= "I

Fig. 4. Errors vs. h with fixed k = 1/128.

1/32 1/16 1/8 1/4 172
— lw=wly = (I{- ]

Fig. 5. Errors vs. k with fixed h = 1/128.

a log-log scale. Asymptotic convergence orders close to one for the velocity variable and slightly higher for the damage
variable can be observed for the numerical solutions.

Then, we fix h = 1/128 and start with k = 1/2, which is successively halved. The results are presented in Table 2 and
Fig. 5. Asymptotic convergence orders close to one for both unknowns can be observed.
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Table 1
Numerical errors vs. h with fixed k = 1/128.
h 1/2 1/4 1/8 1/16 1/32
lw — w™|ly/llwllv 3.4889%e—1 2.2027e—1 1.2745e—1 7.2811e—2 3.9967e—2
Convergence order 0.6635 0.7893 0.8077 0.8653
Il — ;’”‘||ZO/||;° llz 8.7595e—2 4.3672e—2 1.7248e—2 6.1124e—3 2.1316e—3
Convergence order 1.0041 1.3402 1.4966 1.5198
Table 2
Numerical errors vs. k with fixed h = 1/128.
k 1/2 1/4 1/8 1/16 1/32
lw — w™|ly/l|wllv 8.5393e—-2 6.8195e—2 3.2105e—-2 1.4883e—2 7.0551e—3
Convergence order 0.3244 1.0868 1.1091 1.0766
Il — ;’”‘||ZO/||;“ llz 4.0107e—1 5.6124e—-2 2.2501e—2 8.4583e—3 4.3778e—3
Convergence order 2.8372 1.3186 1.4115 0.9502
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