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1. Introduction

In many complicated physical processes and engineering applications, mathematical models of the prob-
lems are formulated as inequalities instead of the more commonly seen equations. Two types of inequality
problems have been studied: variational inequalities and hemivariational inequalities. Variational inequalities
refer to those inequality problems with a convex structure. They have been studied extensively for over half
a century since 1960s, both theoretically and numerically. Some representative references include [1-4] on
mathematical theories and [5-8] on numerical solutions. Since the early 1980s, hemivariational inequalities
have been introduced, analyzed and applied to a variety of engineering problems involving non-monotone
and possibly multi-valued constitutive or interface laws for deformable bodies. Studies of hemivariational
inequalities can be found in the comprehensive references [9-15]. The inequality problems from applications
can only be solved by numerical methods. The book [16] is devoted to the finite element approximations of
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hemivariational inequalities, where convergence of the numerical methods is discussed but no error estimates
are derived. In the recent years, there have been much effort from numerous researchers to derive error
estimates for numerical solutions of hemivariational inequalities. In particular, optimal order error estimates
have been derived for linear finite element solutions of various hemivariational inequalities, starting with [17]
for a stationary variational-hemivariational inequality modeling stationary frictional contact, followed by [18]
for a hyperbolic hemivariational inequality arising in dynamic frictional contact, along with several more
publications. More recently, general frameworks are presented for error analysis, on internal numerical
approximations of hemivariational inequalities in [19], on internal numerical approximations of variational-
hemivariational inequalities in [20], and on convergence and error analysis for both internal and external
approximations of elliptic variational-hemivariational inequalities in [21].

In addition to solution existence and uniqueness of an inequality problem, the data continuous depen-
dence, or the stability, is an important property, since in applications, one cannot expect to know the
problem data exactly. The stability is especially significant from the view-point of numerical approximations
since a numerical solution is meaningful only if the problem being solved is stable with respect to the
data (for some ill-posed problems, the regularization technique may be employed for numerical treatment).
The stability is also useful in optimal control of the hemivariational inequalities [22,23]. In the literature,
only partial stability results are available. In this paper, we perform a more systematic stability analysis
to include continuous dependence of the solution on other data as well. For inequality problems arising
in contact mechanics, our general result provides stability of the solution with respect to constitutive
relations, external forces, constraints, and non-smooth contact boundary conditions; in comparison, in
existing references on hemivariational inequalities only the stability of the solution with respect to non-
smooth contact boundary conditions (e.g. [15,24]) or the stability of the solution with respect to the external
forces and a proportionality constant of a constraint set (e.g. [22,23]) is shown. Our general stability result
in this paper will be useful in the study of general optimal control problems for inequality problems.

The rest of the paper is organized as follows. In Section 2 we review some preliminary material needed
in the study of inequality problems. In Section 3, we introduce a variational-hemivariational inequality,
state and prove a general result on its stability. The stability result on the variational-hemivariational
inequality leads to corresponding ones on hemivariational inequalities and variational inequalities under
simplified conditions. In Section 4, we present stability results for hemivariational inequalities and variational
inequalities constraints, and in Section 5, we present stability results for hemivariational inequalities and
variational inequalities without constraints, as consequences of the general result shown in Section 3. In
Section 6 we illustrate the application of the stability results on two contact problems.

2. Preliminaries

Only real spaces are used in this paper. For a normed space X, we denote by || - || x its norm, by X* its
topological dual, and by (-, -) x+x x the duality pairing of X and X*. When no confusion may arise, we simply
write (-, ) instead of (-, -) x*x x. Strong convergence is indicated by the symbol —, whereas weak convergence
by —. The space of all linear continuous operators from one normed space X to another normed space Y is
denoted by L(X,Y).

An operator A: X — X* is said to be pseudomonotone if it is bounded and u,, — v in X together with
lim sup (Aup, u, — u) x*xx < 0 imply

(Au,u — v) x*xx < liminf (Au,, u, —v)x*xx Vove X.

A function ¢: X — R U {400} is said to be lower semicontinuous (l.s.c.) if for any sequence {z,,} C X and
any ¢ € X, x, — z in X implies p(z) < liminf ¢(x,). For a convex function ¢, the set

dp(x) = {z* € X* | p(v) — p(x) > (x*,v — x) x+xx Vv € X}
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is called the subdifferential of ¢ at x € X. If 5(,0(:10) is non-empty, any element z* € 5@0(:6) is called a
subgradient of ¢ at x.

Assume ¢: X — R is locally Lipschitz continuous. The generalized (Clarke) directional derivative of v
at © € X in the direction v € X is defined by

1/)0(55'1)) = lim sup by + Av) — P(y) ]
’ y—x, AL0 A

The generalized subdifferential of ¢ at x is a subset of the dual space X* given by
() = {6 e X" | ¢2(z;0) > (§,0) ey x VU E X }.
The function (z,v) — 1°(z;v) is upper semicontinuous on X x X [25]; in other words,

T, »zandv, »vin X = limsupy®(z,;v,) < ¢O(x;0). (2.1)
n—oo
Details on properties of convex functions can be found in [26], whereas that of the subdifferential in the
Clarke sense can be found in the books [10,13,25,27].
The following two properties of convex functions will be useful later in this paper.

Lemma 2.1 (/26, p. 18]). A l.s.c. convez function ¢ : X — R on a Banach space X is continuous.

Lemma 2.2 (/28, Lemma 11.8.5], [27, Prop. 5.2.25)]). Let X be a normed space and let p : X — R be proper,
convex and l.s.c. Then there exist a continuous linear functional £, € X* and a constant c € R such that

p(x) > ly(x)+c VrelX.
Consequently, there exist two constants ¢ and ¢ such that

p(x) zc+é|zx VeeX. (2.2)
3. Stability result on a general variational-hemivariational inequality

The aim of this section is to provide a stability result on a general variational-hemivariational inequality.
We will first introduce the variational-hemivariational inequality, then a family of perturbed variational-
hemivariational inequalities, and finally we state and prove the convergence of solutions of the perturbed
inequalities to the solution of the variational-hemivariational inequality. In the context of applications in
contact mechanics, the perturbations are with respect to the material constitutive relations, external forces,
constraints, and non-smooth contact boundary conditions.

The assumptions to be made on the data for the abstract variational-hemivariational inequality and its
perturbations involve positive constants m 4, ¢, and c;, as well as non-negative constants cg, c1, o, and o;.
These constants are independent of the perturbation parameter € > 0; in other words, the corresponding
properties will be assumed valid uniformly with respect to the perturbation parameter.

3.1. The variational-hemivariational inequality

We will need the following data and assumptions in the study of the abstract variational-hemivariational
inequality.

(Hy) V is a reflexive Banach space.

(Hg) K C V is non-empty, closed and convex.
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(Hy) A: V — V* is pseudomonotone and strongly monotone with the constant my4 > 0:
(Avy — Avg, vy — v2) > mallvy —va||3 VYor,ve €V, (3.1)

18 a Banach space and v, € , with its norm bounded by ¢,. ¢: X — R is such that
H,)V,isaB h d vy, € L(V,V,,) with i bounded by c,. p: V, xV, = R h th
¢(z,-): V, = R is convex and Ls.c. for all z € V,,, and

©(21,24) — p(21, 23) + @(22, 23) — p(22, 24)

< a¢||z1 - Zg||vw||23 - Z4||V¢ V21,29, 23,24 € V‘P' (32)

(H;) Vj is a Banach space and v; € £(V,V;) with its norm bounded by ¢;. j: V; — R is locally Lipschitz
continuous and

187(2)llvs < co +ellzllv; V=€V, (3:3)
3%(z1; 22 — 21) + §%(22; 21 — 22) Sozj||21—22||%/j V21,20 € V. (3.4)

(Hs)
apcl + ajcf <ma. (3.5)

(Hy)
feven (3.6)

The abstract variational-hemivariational inequality is as follows.
PROBLEM (P). Find an element u € K such that

(Au, v = u) + @(Vpu, 7pv) — P(Ypu, Vo)
+j0(7ju;7jv —yu) > (fiv—u) YVvekK. (3.7)

Note that from (H,) and (H;), we have the inequalities

evllv, < collvllv Vv eV, (3.8)
[vivllv, < cjllvlly Vo eV

In the statement of Problem (P), the function ¢(z,-) is assumed to be convex for any z € V,, whereas the
function j is allowed to be nonconvex. Thus, (3.7) represents a variational-hemivariational inequality. The
spaces V,, and Vj are introduced to facilitate error analysis of numerical solutions of Problem (P) [19-21]
as well as for stability analysis in this paper. For applications in contact mechanics, the functionals ¢(-,-)
and j(-) are integrals over the contact boundary I's. In such a situation, V,, and V; can be chosen to be
L*(I'3)% and/or L*(I's), and V is a subspace of H!(£2)¢. The operators v, € L(V,V,,) and v; € L(V,V;) are
trace operators, and are in fact compact. For a locally Lipschitz function j: V; — R, the inequality (3.4) is
equivalent to

(&1 —&2,21 — 22>V].*xvj > —ajllzr — 22||%/] V1,2 €Vj, & € 0j(21), & € 0j(22), (3.10)

known as a relaxed monotonicity condition. Note that if j: V; — R is convex, (3.10) is satisfied with o;; = 0.
By slightly modifying the proof in [24], we have the following existence and uniqueness result.

Theorem 3.1. Under assumptions (Hv), (Hgx), (Ha), (Hy), (H;), (Hs) and (Hy), Problem (P) has a
unique solution u € K.
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The following Minty-type lemma for variational-hemivariational inequalities is shown in [21] where it is
applied in convergence analysis of numerical solutions. In this paper, we will need it in proving the general
stability result stated in Theorem 3.4. Recall that the operator A is said to be radially continuous if the
function ¢ — (A(u + tv),v) is continuous on [0, 1] for any u,v € V.

Lemma 3.2. Assume K C V is convex, A: V. — V* is monotone and radially continuous, and for all
2 € Vi, ¢(z,-) is convex on V,. Then u € K is a solution of Problem (P) if and only if it satisfies

(Av,v —u) + O(Ypu, Ypv) — (Vs Vo)
+j0('yju;fij7'yju) > {(f,v—u) VoveK. (3.11)

3.2. The perturbed variational-hemivariational inequalities

Denote by € > 0 a small perturbation parameter. To describe the perturbed problems, we keep (Hy ) and
(Hy) from Section 3.1, and introduce perturbed versions of other data and assumptions for each € > 0.

(Hg.) K. C V is non-empty, closed and convex.

(Ha.) Ac: V. — V* is pseudomonotone and uniformly strongly monotone with the constant m 4 > 0:

(Acvy — Acvg,v1 —v2) > mallvg — v2||%, Vv, v € V. (3.12)

(H,.) Vi, is a Banach space and v, € L(V,V,,) with its norm bounded by c,. p.: V,, x V, = R is such
that ¢.(2,-): V,, = R is convex and lLs.c. for all z € V,,, and

@e(21,24) — pe(21, 23) + @ (22, 23) — e (22, 24)

< agllz1 — ZQHVwHZfi —zallv, Vz1,22,23,24 € V. (3.13)

(H,.) V; is a Banach space and v; € £(V,V;) with its norm bounded by ¢;. j.: V; — R is locally Lipschitz
and

10je(2)llvs < co +eanllzlly, VzeVj, (3.14)
jg(zl;ZQ—zl)—i—jg(zg;zl—zg)§aj||zl—z2|\%/j V21,29 € V. (3.15)

(Hy.)
foeve. (3.16)

Then, the perturbed variational-hemivariational inequality is the following.
PROBLEM (P.). Find an element u. € K. such that

<A€u57 v — Ue> + 905(%0“67 '750“) - @e('ﬂauea ’Yapus)
+jg(’7ju€;7jv - 'Yjus) > <f5,’l) - us> Vv e Ks~ (317)

Similar to Theorem 3.1, we have the existence and uniqueness result for the perturbed variational-
hemivariational inequality.

Theorem 3.3. Under assumptions (Hy), (Hg.), (Ha.), (Hy.), (Hj.), (Hs) and (Hy.), Problem (P.) has
a unique solution u. € K.
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3.3. A general stability result

We explore a general stability result that under certain approximation conditions on the data,
u: —u inVase—0.

For this purpose, we will assume convergence of the data defined as follows.

(Ha.—a): Forany v € V, A;v — Av in V*.

Note that since {A.}.~o C L(V,V*), by the principle of uniform boundedness (cf. [28, p. 75]), we know
that if (Ha.—4) holds, then {A.} is uniformly bounded in £(V,V*).

(Hyp.—): There exists a non-negative valued function b, (¢) with b, (¢) — 0 as € — 0 such that

|0e(21, 22) = @e(21,21) — (21, 22) + (21, 21)| < by(e) (L [|zallv,) 11 — 22llv,, V21,22 €V, (3.18)

(Hj.—j): There exists a non-negative valued function b;(e) with b;(e) — 0 as ¢ — 0 such that
[ 22) — (i 22)] <b() (14l ) leally, Vo122 € V5. (3.19)

(erﬁf>: ||f€ — va* —0ase — 0.
(Hik. k) (1) fv. € K. and v = v in V, then v € K.
(ii) For any v € K, there exist v. € K such that v. — v in V.
(He) vo € L(V,V,,) and ; € L(V,V}) are compact.
We comment that in applications of contact mechanics, (H,) is automatically satisfied, cf. the paragraph
between (3.9) and (3.10).

Theorem 3.4. Keep the assumptions stated in Theorems 3.1 and 3.3. Assume (Ha.4), (Hp.—¢), (Hj.—j),
(Hf.-¢), (Hk.—x) and (H.). Then for the solution u of Problem (P) and the solution u. of Problem (P.),
we have the convergence:

ue —>uin Vase — 0. (3.20)

Proof. The proof consists of three steps.
Step 1. We prove that the set {||lu||v} is uniformly bounded.
Since K is nonempty, there exists an element ug € K. By the assumption (Hg, k), there exist ug . € K.
with the property
Uge — Ug in V.

In particular, this implies the set {||uo.||v} is uniformly bounded.
Take v = ug ¢ in (3.17),
<A6usa UQ,e — Ue> + ¢6(7@u67 'Ygauo,s) - @s(mpusfﬁpus)

+jg(7ju6;7ju0,s - ’)/jus) Z <fs,u0,s - u€>'

Then using (3.12),

mA”us - UO,E”%/ < <A5u87u8 - UO,5> - <AEU0,Eau5 - u0,8>'

Thus,

mAHUE - UO,EH%/ < (Ps(%pusa 'chuO,e) - @5('74,0“5’ 7@”6) + jg(’)/jue; VU0, — 'Yjus)
+ <fE - AEUO,EaUE - U0,5>- (3-21)
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By (3.13) with 21 = 23 = y,u. and 22 = 24 = Y,Uo,-, We have

@E(’Y(puea ’7@”0,5) - 906(790”677(,0”8) + <Pe(’Y<pU0,57 ’Ytpus) - (Ps('ytpuo,a '74,0”0,5) S acpcinue - UO,EH%/-

So,

Pe(VplUe, VoUo,e) — Pe(Vple, Yole) < %Ci\lue — Uo,e |%/ + e (Yoo, Yplto,e) — Pe(VolUo,e, Yote).  (3.22)

By (3.18) with 21 = y,uo, and 22 = Yo u.,
e (Vo to,e, Volo.e) = Pe (Yoo, Yoe) < by (€) (1 + 1vpuoellvs, ) 1 (ue — wo.e)llv,
+ ©(VpUo,e, Vollo,e) — P(VpUo,e, Violle)- (3.23)
By (3.2) with 21 = 24 = Youoc, 22 = Y up and 23 = Y, U,
PV, Ypt0,c) = P(Vplo.es Votie) < pllvp(uo.e = uo)llv, 7 (uo.e — ue)llv,,
+ ©(Ypuo, Yptto,e) — P(Ypto, Y tte)-
Applying Lemma 2.2, we have two constants ¢z and ¢4, depending only on ¢ and ug, such that
©(Vpu0,2) > c3 +cullzllv, VzeEV,.
Then,
P(Vptto,e5 Votho,e) = P(Votho,es Vothe) < ||V (w0,e — o) lIvi, (170 (w0,e — ue)llv,
+ ©(Votio, Youo,e) — (c3 + callypucelv,,) - (3.24)
Combining (3.22)-(3.24), we have
e (VpUe, Yptlo,) — e (Yoo, Yptie) < @pcpllue — o[l + gl (wo,e — wo)llvi, 1 (uo,e — ue)llv,,

+ bw(f) (1 + ||790“0,6||V<p) ||’V<p(“e - UO,E)HVw
+ (Yoo, Yptuo,e) — (c3+ 04”'790”6”%) . (3.25)

32 (vjuesvjuo,e — vjue) + G20, Vitte — Vito,e) < ajllvi(ue — o),
and so
32(viue; Yito,e — Yite) < 0ch|lue — ugelly — G2 (Viu0.e Viue — Yjtio,e)-

Further, use the bound (3.14),

32 (vjus; viuo e — yiue) < ajcfllue —uo Y 4 ¢ (14 lluocllv) 17 (ue — uo o) llv;-

Summarizing, we deduce from (3.21) that

mallus — ug i < (%:Ci + ijC?) l[ue — uo eIy + apllyp(uo.e — uo)|[v, |7 (w0,e — ue)llv,
+ b (&) (1+ [puocllv,) 1Ve(ue — uoe) v, + @(vpuo, Ypuo,e)
— (s + callvpuellv,) + e (1 + luocllv) [Iv;(ue — uoe)llv;
+{1fe = Acuoc v lue — uocllv- (3.26)
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Recalling the smallness condition (3.5), we use the modified Cauchy—Schwarz inequality and elementary
manipulations to find

apllve(uo.e = uo)llv, 17p (uo.e = ue)llv, + bo(e) (14 Ivpuocllv,) e (ue — uo)llv,
— (3 + callvpuellv,) + ¢ (1 + lluoellv) [l (ue = uoo)llv; + [ fe = Acuoellv lue = uocllv

1
< 3 (ma — awci - ajc?) lue — uo ||

+e (L4 fluoe —uolli, +bg(e)" + luoelly + lluocllv + [lfe — Acuocli) -

So from (3.26), we have

1 2
3 (mA — QuC,

< (14 [luoe — uolly + byp(e)* + uoellir + lluoelly + [1fe — AcuocllF+) + o(vpu0, vpuo,e)-

| 2
1%

— ajc?) lue — up e

Using the boundedness of b, (¢), ||uo.c||v, || fe]|v+*, uniform boundedness of the operators A, € L(V,V*), and
noting that ¢ (y,uo, Yeuo,e) = (Yoo, Ypuo) (cf. Lemma 2.1), we conclude that {||u. — ugc||v}, and then
{||ue|lv }, is uniformly bounded.

Step 2. We prove the weak convergence:

u: —u inVase — 0.

Since {||uc||v} is uniformly bounded, and 7, and ~; are compact, there exist a subsequence, still denoted
by {uc}, and an element w € V' such that as ¢ — 0,

U —w inV,
Vole = Yow in Vi,

Yjue = y;w in V.

By (Hk.-k) (i), w € K.
Now fix an arbitrary v € K. Then by (Hg,. k) (ii), there exist v. € K. such that

ve v inVase— 0.

We start with the following inequality (cf. Lemma 3.2)
<AEU67 Ve — Ue> + 306(790'“57 'chve) - %(%Us,’wue)
+j£(’yju€;’Yjvs _'Yjus) > <fz-:;vs _u€>’ (327)

Write
(Acve,ve — ue) = (Ac(ve — v),v: —ue) + ((Ae — A) v, v — ue) + (Av,ve — ue).

We have
[{Ae(ve —v),ve — ue)| < [|Acl| [[ve — vllv|lve — uelv — 0,

since ||A|| and ||ve — ue||yv are uniformly bounded, and ||v. — v||y — 0. Similarly,

[((Ae = A) v,ve —ue)| < || (A = A) ||y |lve — uelly — 0

and
(Av, v — us) = (Av,v — w).
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Hence,
(Acve,ve —ue) = (Av,v —w) ase — 0. (3.28)

By (H¢5—>99)7

%(’ﬂaus»%;ve) - @5(’7@“57%,0”5) S @(75&”67%,07}6) - @(’7«,&“&7@”6)
+b(e) (14 7puellv, ) e (ue = ve)llvs,-

Since [|y,uellv, and ||y, (ue — ve)||v, are uniformly bounded, b,(¢) — 0 as € — 0, we have
by(e) (1 + [1vpuellvi,) e (ue = ve)llv, =0 ase = 0.
By (3.2) with 21 = 23 = Y,u., 22 = Y,w and 24 = Y,V

90('790“5, 7@”5) - (P('Yapus»%pus) < LP('thwv ’ngvs) - 30(%01”7 'Yapus)

+ O‘cp”Vw(Us - w)”%; ||'Yso(ue - IUE)HV(p'
Here, ||, (ue — ve)llv, is uniformly bounded and ||, (ue — w)|ly,, — 0. Thus,
e (ue — w)lv, [l (ue — ve)llv, =0 ase—0.

By (H,) and Lemma 2.1, p(y,w,-) is continuous on V,,. Then as ¢ — 0,

‘P('thwa')/tpve) — Cp('}/upwampv)v
P(Ypw, Ypue) = P(Yow, Yow).

By (Hjsﬁj)a
32 ei A0 = ) < 3 (e py0 = vye) + by (&) (1 + el ) 11 (v = )l
Due to the uniform boundedness of [|yjuc|v; and ||v;(ve — u.)|v;, and condition on b;(e),
bi(e) (14 Isuellv, ) v = we)lly; 0 as= 0.

Moreover,

3 (vjw; v — yjw) > limsgpjo(%us; VjVe — Yjlie)-
E—>
Therefore, taking the upper limit in (3.27), we obtain
(Av,v = w) + @YW, 1) = P(Ypw, Yow) + 5O (vjw; v — yw) > (f,v —w).

This inequality is valid for any v € K. By Lemma 3.2, w € K is a solution of Problem (P). Since the solution
u to Problem (P) is unique, we have w = u.
Step 3. We prove the strong convergence:

u: —u ase — 0.
Apply the condition (3.12),
mallue —ul|¥ < (Acue — Acu,ue — u).

Thus,
mallue — ul|F < (Acue,ue —u) + (A — Ad)u, ue — u) — (Au,ue — u). (3.29)
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First, we have, as ¢ — 0,

(A = Ac)u, ue —u)| < [[(A = Ac)ullv=[lue = ully =0,

[(Au, ue —u)| — 0.
By (Hgk. k), there exists w. € K, such that
we —u inV.

Write
(Acuc,ue — u) = (Acue, ue —we) + (Actue, we — u).
Note that
[(Acte, we — u)| < [ Acl| [luellv [lwe — ullv — 0.

By (3.17) with v = w,,

<Aauaa Ue — ws) < @a(%auav%owa) - ‘Pe('ﬂaueafﬁpus) +jg('7jue§’7jwe - ’Yjua) - <f£7 We — Us>-

By (Hep. ) With 21 = y,u. and 2o = y,w,,

905(7¢Uea%owa) - 906(’7@“57’790”6) < @(thusa’yapws) - @(chuev%pue)
+ by (€) (1+ Ivpuellv,,) e (ue — we)llv, .

Note that since u = uin V, we. = w in V, and v,: V — V,, is compact, we have
e (e —we)|lv, =0 ase—0
and since {||uc|v }e>o is uniformly bounded, b, () — 0 as € — 0, it follows that
by(e) (1 + ||’Y§0usHV¢) [l (e — wE)Hqu —0 ase—0.
By (3.2) with 21 = 23 = Y,uU., 22 = Y,u and 24 = YW,

O(Vple, Yowe) — P(Yple, Vole) < @(Yplly YoWe) — P( VU, Yy le)

+ ap v (ue = wllv, 7 (ue = we)llvi,

where
|7 (ue — w) vy, 7 (ue —we)|lv, =0 ase—0.

By the continuity of ¢(vy,u,-) on V,,,
PVl YpWe) — P(VpUs YpUie) = P(Viothy Yout) — P( Yo, Ypu) = 0.

From (Hj.),

32 e pywe = yue) < (g vgwe = i) +by(9) (14 el ) I (e = we) -

Due to the uniform boundedness of [|yjuc|lv;, [|7j(ue —we)llv; — 0, and b;(e) — 0, we have

bi(2) (14 Isuellv, ) e = wo)lly, =0 ase =0,

Moreover, by (2.1),
lim sup 5 (vjue; vjwe — vjue) < §0(yu;vu — ~ju) = 0.

e—0

(3.32)

(3.33)

(3.34)
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Finally,
<fsvws 7u5> = <fs - f7w€ 7u5> + <f,ws 7us> — 0.

Summarizing, from (3.34), we deduce that

lim sup(Acue, ue —w.) < 0. (3.35)

e—0

Therefore, from (3.29)-(3.33) and (3.35), we conclude that
mallue —ul|3 — 0,

i.e., we have the strong convergence u. - uvase—0. H

4. Stability results for special constrained inequality problems

Problem (P) contains as special cases various problems studied in the literature. In this section, we apply
Theorem 3.4 to deduce stability results for several special inequality problems with K # V. The inclusion
u € K represents a constraint on the solution u. The unconstrained special cases are discussed in the next

section.

Special case 1. When (21, 22) = ¢(22) is a function of the second argument zo only, the problem (3.7) has
the form

u€ K, (Au,v—u)+p(,0) = o(ypu) + 50 (yus yv — yu) = (fo—u) Vo€ K. (4.1)

The condition (3.2) is trivially satisfied since the left side of (3.2) is identically zero. We introduce the
following assumptions to replace (H,) and (H,):

(H,) V, is a Banach space and v, € L(V,V,) with its norm bounded by c,. ¢: V,, — R is convex and
Ls.c.

(H)

ajc? <mag. (4.2)

Then by Theorem 3.1, under the assumptions (Hv ), (Hr), (Ha), (H}), (H;), (H;) and (Hy), the
inequality (4.1) has a unique solution u € K.

The perturbed inequality problem is

ue € K, <A5Usyv_ue>+§06(7§0’U)_905(7apu6)+jg(7jua;7jv_7jus) > <f5,11—ug> Vv e Ke. (4'3)

The assumption (H,,) is to be replaced by

(H,,_) V, is a Banach space and v, € L(V,V,,) with its norm bounded by c,. ¢.: V,, — R is convex and
Ls.c.

Then by Theorem 3.3, under the assumptions (Hyv), (Hxk.), (Ha.), (H,,_), (H;.), (H{) and (Hy,), the
inequality (4.3) has a unique solution u € K.

For stability analysis, we replace (H,.,) by

(Hj__,,): There exists a non-negative valued function b, (e) with b,(¢) — 0 as € — 0 such that

lpe(22) = pe(21) — @(22) + @(21)| < by(e) |21 — 22llv, V21,22 € V. (4.4)
Then, by applying Theorem 3.4, we conclude the convergence

u: >uinVase =0
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for the solutions u of (4.1) and u. of (4.3), under the additional assumptions (Ha_ ), (H},__,,), (Hj.—;),
(Hf.), (Hr.—x) and (He).

Special case 2. When ¢ = 0, we have a “pure” hemivariational inequality from (3.7) [19]:
we K, (Au,v—u)+7°(vju;v0 —yu) > (fiv—u) YveK. (4.5)

Then by Theorem 3.1, under the assumptions (Hy ), (Hk), (Ha), (H;), (H}) and (Hy), the inequality
(4.5) has a unique solution u € K.
The perturbed inequality problem is

ue € Koy (Acte, v — ug) +jg(wju5;'ij —yjue) > (fe,v —ue) Ve K.. (4.6)

By Theorem 3.3, under the assumptions (Hv), (Hk.), (Ha.), (Hj.), (H,) and (Hy.), the inequality (4.6)
has a unique solution u. € K..
For stability, we apply Theorem 3.4 to conclude

us: —uinVase — 0

for the solutions u of (4.5) and . of (4.6), under the additional assumptions (Ha,—a), (Hj.—;), (Hp.55),
(Hk.— k) and (H]). Here,
(H]) v; € L(V,V}) is compact.

Special case 8. When j = 0, we have a quasi-variational inequality from (3.7) [8]:
ue K, (Au,v—u)+ o(y,u, 7,0) — o(you, You) > (f,v —u) Vove K. (4.7)

The smallest condition (H) is modified to
(H{)
awci <ma. (4.8)
By Theorem 3.1, under the assumptions (Hv), (Hk), (Ha), (Hy), (HY) and (Hy), the inequality (4.7) has
a unique solution u € K.
The perturbed quasi-variational inequality is

ue € K, <A8u6av - Ua> + @e(’chusa'chU) - ‘Pe('chUaa'Ygaue) > <fav'U - U'E> Vv e K. (4-9)

By Theorem 3.3, under the assumptions (Hy ), (Hg,), (Ha.), (Hy.), (H!) and (Hy, ), the inequality (4.9)
has a unique solution u. € K-.
For stability, we apply Theorem 3.4 to conclude

u: >uinVase = 0

for the solutions u of (4.7) and u. of (4.9), under the additional assumptions (Ha,~4), (Hp.—¢), (Hf.—f),
(Hk. k) and (H/). Here,
(H!) v, € L(V,V,) is compact.

Special case 4. When j = 0 and ¢(z1, 22) = ¢(22), we have the variational inequality [1,29]
ue K, (Au,v—u)+ ¢(1,v) —o(vou) > (f,v —u) YVoveK. (4.10)

By Theorem 3.1, under the assumptions (Hy ), (Hx), (Ha), (H}), (H}) and (Hy), the inequality (4.10) has
a unique solution u € K.
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The perturbed inequality problem is
ue € Koy (Actie, v — ue) + 0 (750) — 0 (Ypte) > (fe,v —ue) Vv € K. (4.11)

By Theorem 3.3, under the assumptions (Hy ), (Hk. ), (Ha,.), (H}_), (H,') and (Hy,), the inequality (4.11)
has a unique solution u. € K..
For stability, we apply Theorem 3.4 to conclude

u: >uinVase —0

for the solutions u of (4.10) and w. of (4.11), under the additional assumptions (Ha, ), (H,__,,), (Hs. ),
(Hx.—~x) and (H[).

Special case 5. When j = 0 and ¢ = 0, we have the variational inequality of the first kind [1]
ue K, (Au,v—u)>{(fiv—u) VveK. (4.12)

By Theorem 3.1, under the assumptions (Hy ), (Hg), (Ha) and (Hy), the variational inequality (4.12) has
a unique solution u € K.
The perturbed inequality problem is

ue € Koy (Acue,v —ug) > (fe,v—ue) Vove K. (4.13)

By Theorem 3.3, under the assumptions (Hy), (Hg, ), (Ha,) and (Hy,), the inequality (4.13) has a unique
solution u. € K-..
For stability, we apply Theorem 3.4 to conclude

ue »>uinVase —0

for the solutions w of (4.12) and u. of (4.13), under the additional assumptions (Ha,—4), (Hf.—f) and
(H. k).

5. Stability results for special inequality problems without constraints

When K = V, we have the special cases of unconstrained problems. The general variational
-hemivariational inequality (3.7) is reduced to

ueV, (Au, v —u) + p(Ypu, Yov) — PVt Ypu)
+j0('yju;7jv —yu) > (fiv—u) YveV (5.1)

with the corresponding perturbed problem

ue €V, <Aau6a v — ua> + @e(’ﬁoua ’Ytpv) - %(%Us,’ﬁaue)
+j£(7jug;7jv —ue) > (fe,v—u:) YveV. (5.2)

We can apply Theorems 3.1, 3.3 and 3.4 and conclude that under assumptions (Hv ), (Ha), (Hy), (Hj),
(Hs) and (Hy), the problem (5.1) has a unique solution uw € V; under assumptions (Hy ), (Ha,), (Hy,),
(Hj.), (Hs) and (Hy, ), the problem (5.2) has a unique solution u. € K.; and under additional assumptions
(Ha,-4), (Hp.54), (Hjo—j), (Hf.—5) and (H,), we have the convergence result

u: »>uinVase — 0.
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The unconstrained counterparts of the five special cases in Section 4 are as follows.

Special case 1. When K =V and ¢(z1, 22) = ¢(22) is a function of the second argument 2z only, the problem
is
weV, (Auv—u)+(10) = p(rpu) + 1 (vyus 0 —y5u) 2 (fo—u) YoeV. (5.3)

The corresponding perturbed problem is

ue €V, <A5u5,’0 - Ue> + 505(’}@0’0) - @e('ﬁaus) +jg('7jus§'7jv - ’Yjue) > <f87v - u5> VveV. (5'4)

Then, applying Theorems 3.1, 3.3 and 3.4, we know that the problem (5.3) has a unique solution u € V
under assumptions (Hy ), (Ha), (H},), (H;), (Hg) and (Hy); the problem (

under assumptions (Hy), (Ha,), (H., ), (H,.), (H}) and (Hy,); and

Pe

5.4) has a unique solution u. € V'

u: »>uinVase — 0
under additional assumptions (Ha.a), (H,_ ), (Hj.—j), (Hs.—y) and (H.).
Special case 2. When K =V and ¢ = 0, we have the simplest form hemivariational inequality [10]:
weV, (Auv)+%0pui) > (fiv) VueV. (5.5)
The corresponding perturbed problem is
ue €V, (Acuc,v —uc) + 52 (vjue; 10 — vjue) = (fe,v —ue) Yo eV. (5.6)

By Theorems 3.1, 3.3 and 3.4, the problem (5.5) has a unique solution u € V under assumptions (Hy ), (Ha4),
(H;), (H.) and (Hy); the problem (5.6) has a unique solution u. € V under assumptions (Hy ), (Ha.), (Hj,.),
(H}) and (Hy,); and

u: »>uinVase =0

under additional assumptions (Ha.—4), (Hj.—;), (Hf.—s) and (H.).
Special case §. When K =V and j = 0, we have a quasi-variational inequality [29]:
uweV, (Au,v—u)+ @(Vpu, Yov) — e(You,You) > (f,v —u) YveV. (5.7)

The corresponding perturbed problem is

ue €V, <Aeu5av - Us> + @a('}ﬂpuaaf}/wv) - ‘pe('}ﬁpueafﬂaua) > <f87v - u5> VoeV. (5-8)

By Theorems 3.1, 3.3 and 3.4, the problem (5.
(Ha), (Hy,), (HY) and (Hy); the problem (5.8
(HAE)’ (HW5)7 (HJE)7 (erl) and (Hfs)’ and

7) has a unique solution v € V under assumptions (Hy ),
) has a unique solution u. € V under assumptions (Hy ),

s > uin Vase —0

under additional assumptions (Ha, ), (H,__,,), (Hs. ) and (H).

Special case 4. When K =V, j =0 and (21, 22) = ¢(22), we have the variational inequality [1,8]
ueV, (Au,v—u)+p(1v) = elyu) = (f,v—u) VoeV. (5.9)
The corresponding perturbed problem is

ue €V, (Acuc,v — ) + 0 (Yp0) — @ (Ypte) > (fe,v —ue) Yo eV, (5.10)
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By Theorems 3.1, 3.3 and 3.4, we know that the problem (5.9) has a unique solution v € V' under assumptions
(Hv), (Ha), (H}), (H{) and (Hy); the problem (5.10) has a unique solution u. € V under assumptions
(Hv), (Ha.), (Hg,), (HY) and (Hy.); and

u: > uinVase —0

under additional assumptions (Ha,a), (Hj,__,,), (Hy.—y) and (H[).

Special case 5. When K =V, 7 =0 and ¢ = 0, we have the variational equation:
weV, (Au,v)=(f,v) VveW (5.11)
The corresponding perturbed problem is
ue €V, (Acue,v) = (fe,v—ue) VveV. (5.12)

By Theorems 3.1, 3.3 and 3.4, we know that the problem (5.11) has a unique solution v € V under
assumptions (Hy ), (Ha) and (Hy); the problem (5.12) has a unique solution u. € V under assumptions
(Hv), (Ha,) and (Hy,); and

U —>uinVase —0

under additional assumptions (Ha, ) and (Hy. ).

6. Applications in sample contact problems

In this section, we take stability analysis of two static contact problems as examples to illustrate the
application of the theoretical results presented in previous sections. The physical setting of a contact problem
is as follows: the reference configuration of a deformable body is an open, bounded, connected set 2 C R¢
(d = 2 or 3 in applications) with a Lipschitz boundary I' = 942 partitioned into three disjoint and measurable
parts I, I'; and I's such that meas (I'1) > 0. The body is fixed on I', is in contact on I's with a foundation,
and is in equilibrium under the action of a volume force of density f; in {2 and a surface traction of density
Jo on I's. The material of the deformable body is assumed to be elastic.

To describe the contact problems, we use u: £2 — R for the displacement field, e(u) == (Vu + (Vu)T) /2
for the linearized strain tensor, and o: £2 — S? for the stress field. Here, the symbol S¢ denotes the space
of second order symmetric tensors on R?. We use “-” and “|| - ||” for the canonical inner product and norm
on the spaces R% and S%.

Let v be the unit outward normal vector on the boundary I', which is defined a.e. For a vector field v,
v, = v-v and v, := v — v, are the normal and tangential components of v on I'. For the stress field o,
o, = (ov)-v and o, := ov — o,V are its normal and tangential components on the boundary. For the
stress and strain fields, we will use the Hilbert space Q = L2(£2;S%) with the canonical inner product

(o,7)g = / oij(x)i;(x)de, o, 7€Q.
Q
The function space for the displacement field is
V={v=(v)e H'(2;RY) |v=0ae. onI}}.

Since meas (I'1) > 0, an application of Korn’s inequality shows that V' is a Hilbert space with the inner
product

(u,v)y = /Qs(u) -e(v)dzx, wu,veV.

We will use the same symbol v for the trace of a function v € H*(£2;R?) on I'.
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6.1. A contact problem with unilateral constraint

The equations and conditions for this contact problem are

o =Fe(u) in 2, (6.1)
Dive+f,=0 in 2, (6.2)
u=0 onlYy, (6.3)
ov=7_F only, (6.4)
supplemented by the following contact conditions [24]:
U, <9, 00+ & <0, (uy—g) (00 +&) =0, & € 9ju(w,) on I, (6.5)
lorl| < Fy(uy), —or = Fp(u,) ”57:” if ur 20 on I;. (6.6)

In these equations and conditions, (6.1) is the elastic constitutive law, (6.2) represents the equilibrium
equation, (6.3) is the displacement boundary condition, and (6.4) describes the traction boundary condition.
In (6.1), F: 2 x S% — S? is the elasticity operator and is assumed to have the following properties:

(a) there exists Lz > 0 such that for all 1,e, € S, a.e. z € 12,
[F(z, 1) — F(@,€2)|| < Lrller —eaf;
(b) there exists mz > 0 such that for all €1,e5 € S¢, a.e. ¢ € £,

6.7
(Fl.e1) ~ Fla,22) - (€1 £2) 2 mz o1 — e 60
(c) F(-,€) is measurable on {2 for all € € S§%;
(d) F(x,0) =0 for a.e. ¢ € {2
The densities of the body force and the surface traction are assumed to satisfy
fo e L2(2:RY), fo € L3(Iy;RY). (6.8)

We define f € V* by the relation

(frvyvexv = (fo, v)2(ama) + (Fos )2y ray YO EV. (6.9)

In the normal contact condition (6.5), the relation u, < g restricts the allowed penetration, where g
represents the thickness of the elastic layer. We assume ¢g: I'; — R satisfies

g€ L*(I3), g(x)>0 a.e. onls. (6.10)

The contact condition (6.5) represents a combination of the Signorini contact condition for contact with
a rigid foundation and the normal compliance condition for contact with a deformable foundation. Details
on the normal compliance and Signorini contact conditions can be found in [13,30]. The tangential contact
condition (6.6) describes a version of Coulomb’s law of dry friction. The friction bound Fp: I's x R — R4
may depend on the normal displacement u,, and we assume

(a) There exists Lp, > 0 such that

|Fy(x,r1) — Fy(,r2)| < Lp|ri —ra| Vri,rp €R, ae x € I's;
(b) Fy(-,7) is measurable on I3, for all r € R;
(¢c) Fy(x,r) =0forr <0, Fp(xz,r) > 0for r >0, a.e. x € I5.

(6.11)

For the potential function j,: I's x R — R, we assume
(a) ju(-,r) is measurable on I3 for all » € R and there
exists € € L?(I3) such that j,(-,e(-)) € L'(I3);
(b) ju(x, ) is locally Lipschitz on R for a.e. & € I's;
(¢) |9, (z,1)| < ¢ +C1|r| for ae. ¢ € I's Vr € R with ¢, ¢ > 0;
(d) 38(, 71572 — 1) + §O(@, 2571 — 72) < 0y, |y — 72|
for a.e. x € I3, all r1,r2 € R with 5, > 0.

(6.12)
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The displacement will be sought from the following subset of the space V:
K={veV|v,<gonls}.

The weak formulation of the contact problem is the following.
PROBLEM (P1). Find a displacement field uw € K such that

(F(e(u)),e(v—u))q +/ Fy(uw) (lor || = [lur]]) ds

I'3
—I—/ uy;v, —u,)ds > (f,v— uw)yexy VoveK. (6.13)
I's
We can apply the results of the previous sections on Problem (P1). Let Vi, = L?(I'3)? with 7, the trace
operator from V to V,,, V; = L?(I'3) with ;v = v, for v € V. Define
<Au7 v> = (‘F(E(u))75(v)>ﬂ2ﬂ

(Yot 0) = / Fy(u,) [[vr | ds,
3

j50) = [ ulw)ds.
I's
Then (3.2) is satisfied with a, = Lp,:

(21, 21) — (21, 23) + p(22, 23) — (22, 24) = /F (Fo(21,0) — Fo(22,)) (24,7 ]| — [|23,7 1) ds

< LF,,/ |21, — 22,0 | 23,r — 2a,r || ds
I's

< L,z — 2| 12(pg)allzs — 2zl L2 (rg)a-

Moreover, o; = a;,. Applying Theorem 3.1, we know that Problem (P;) has a unique solution v € K under
the stated assumptions, and (3.5) takes the form

LAy + Ay < mr, (6.14)

where A1y > 0 is the smallest eigenvalue of the eigenvalue problem
ueV, /e(u)-e(v)dac:/\/ u-vds Yvely,
Q I's
and Ay, > 0 is the smallest eigenvalue of the eigenvalue problem

ueV, / e(u)e(v)de =X | wuvds YveV.
Q I3
The perturbation of Problem (P;) is the following.
PROBLEM (P .). Find a displacement field u. € K. such that

(Fe(e(ue)),e(v—u))g + Fye(u,) (llv-]] = [Jue - ||) ds

I3
—|—/ jgu(ug,l,;vl, —Uep)ds > (fe,v — u)y+xv VveE K. (6.15)
I's
We assume (6.7) with F replaced by F., (6.11) with F replaced by F ., (6.12) with j, replaced by j. .,

(6.8) with fy and f; replaced by fo.. and fo ., and (6.10) with g replaced by g.. The linear functional f. and
the constraint set K. are defined by

(fe, v)vexv = (fo.es v)LQ(_();]Rd) + (fae 'U)L2(p2;]Rd) Voev,
K.={veV]|v, <g.onl3}.

Then Problem (P; ) has a unique solution u. € K, under the condition (6.14).
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Applying Theorem 3.4, we have the stability result
lue —ully -0 ase—0

under the assumptions (Ha,4), (Hp. ), (Hj.—;), (Hf.—s) and (Hgk.— k) adapted to the notation of
Problem (P;) and Problem (P .).
As an example of perturbations of the constraint set K, consider

K.={veV]|v, <(1+6)gon s},
ie., ge = (14 96.)g, where §. = d.(x) is Lipschitz continuous in x € 2, for some constant ¢ > 0,
|0c(z)| < ce, =€ L2,

and
||V65||L2(Q)d —0 ase—0.

In the verification of condition (Hg, k) (i), we note that if {v.} C K. and v. — v in V, then v. — v in
L?(I'3)® and for a subsequence, v.(x) — v(x) a.e. & € I'3. Thus, from

Vep(®) < (14 6:(x)) g(x), ae xel;

we have
v(x) <g(z), ae xecls.

Therefore, the limit v € K. To verify the condition (Hg, k) (ii), for v € K, we can simply choose
v = v/(1+0.). Thus, (Hk._ k) is satisfied.
As an example of perturbations of A, consider

(Acu,v) = (Fe(e(u)), e(v))q-

Assume
Fe(e(v)) = F(e(v)) inQforvelV.
Then, (Ha._,4) is satisfied.

As an example of perturbations of ¢, consider

Pe(z1,22) = | Fyelz1,)|22,7]1 ds
I's

and assume, for some constant ¢ > 0,
[Foe(t) — Fyp(t)| < ce (1+t]) .
Then from

pe(21, 2) — (21, 21) — @(21, 22) + (21, 21) = / (Fye(21,0) = Fo(z1,0)) (22,2 | = 121,711 ds,
I's

we conclude

lpe(21, 22) — e (21, 21) — (21, 22) + (21, 21)| < / |Fye(21,0) — Fo(z10)] |21, — 22.-|| ds
I's

< [ celt+la g - mlds
I's
<ée (L+aly,) 2 - v,

for possibly a different constant ¢ > 0 in the last upper bound. Thus, (3.18) is satisfied with b,(¢) = ¢e.
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For a concrete choice of j,, we consider [18]

[¢]
Ju(x;t) = S(:c)/ w(r)dr,
0
where S(z): I's — R, is a continuous function of & € I3, u: [0,00) — R is continuous and

lu(r) <e(l+r) Vr=0, (6.16)
plry) —p(re) > =A(ri—r2), A>0,Vry>ry>0. (6.17)

Then,

7| < Se(1+t]) VteR, e djt),
(11 —7m2) (t1 —t2) > =S Aty —152|2 Vi, €R, 7 € 0ju(ts), 1 =1,2.

Following from [18, Lemma 3.2],

0y _ Jsen(ty) Sp(fta])ta if &1 #0,
ju(t17t2) - {S/L(O) |t2| lf tl — O, (618)
and
jo(’ij;'}/jw) = / jg(vu;wu) ds, wv,welV. (619)
I'3

As an example of perturbations of j, let

It|
Jue(z;t) = SE(:B)/ w(r)dr,
0
where S.(x): I's — R, is a continuous function of & € I'3, and

max |S; — S| =0 ase —0. (6.20)
I's

Then by (6.18),
pe(tista = t1) = jotista — t)| < [Sc = S|u(|ta]) [tz — 1| Vi1, b2 €R,
and combined with (6.19),
|72 (3503 75w) — 50 (v 057,w)| < ¢ max |Se = S| (1 - I\vulle(p3)) lwillz2(ry), v weV.

Thus, (Hj. ;) is satisfied in lieu of (6.20).
Finally, to satisfy the condition (Hy._, ), we only need to assume

1fo.e = follL2(omaey + lfore = FollL2(rymay >0 ase —0.
6.2. A contact problem without unilateral constraint

For this contact problem, the equations and conditions (6.1)—(6.4) are supplemented by the following

contact conditions [17]:
u,

— Oy eajy(uu)a ||UTH < Fb(uy)y —O0r :Fb(uu)i

if ur #0 on I5. (6.21)
[ ||

The potential function j, is assumed to satisfy (6.12), whereas the friction bound Fj, is assumed to satisfy
(6.11).
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The contact condition in (6.21) does not involve the unilateral constraint and it can be viewed as a limiting

case of the condition (6.5) as ¢ — oo. The weak formulation of the corresponding contact problem is the

following.
PROBLEM (P2). Find a displacement field w € V' such that

(J’(e(U)),E(v—U))QJr/ Fy(u) (lor || = [lur]) ds

I's

—i—/ jB(uU;v,,—u,,)dsz(f,v—u)v*xv VoveV.
I's

This problem can be viewed as a special case of Problem (P;) where K = V. Thus, for the stability

analysis of Problem (P3), the discussion in Section 6.1 carries over verbatim with any reference to K or K,

removed.
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