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In this paper, well-posedness of a general class of elliptic mixed hemivariational—
variational inequalities is studied. This general class includes several classes of
the previously studied elliptic mixed hemivariational-variational inequalities as
special cases. Moreover, our approach of the well-posedness analysis is easily
accessible, unlike those in the published papers on elliptic mixed hemivariational—
variational inequalities so far. First, prior theoretical results are recalled for a class
of elliptic mixed hemivariational-variational inequalities featured by the presence
of a potential operator. Then the well-posedness results are extended through
a Banach fixed-point argument to the same class of inequalities without the
potential operator assumption. The well-posedness results are further extended to a
more general class of elliptic mixed hemivariational-variational inequalities through
another application of the Banach fixed-point argument. The theoretical results are
illustrated in the study of a contact problem. For comparison, the contact problem
is studied both as an elliptic mixed hemivariational-variational inequality and as
an elliptic variational-hemivariational inequality.
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1. Introduction

The main goal of this paper is to provide a well-posedness analysis of a general class of elliptic mixed

hemivariational-variational inequalities of the following form:

Problem 1.1. Find (u,\) € Ky x K4 such that

(Au,v —u) +b(v —u, ) + ®(u,v) — S(u,u) + ¥O(u;v —u) > (f,v —u) Vo€ Ky, (1.1)
blu,p—A) <0 VpeKy. (1.2)
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In Problem 1.1, Ky and K, are closed convex sets in Hilbert spaces, A is a Lipschitz continuous and
strongly monotone operator, b is a continuous bilinear form, @ is continuous and convex with respect
to its second argument, ¥ is locally Lipschitz continuous and ¥° denotes its generalized directional
derivative in the sense of Clarke, and f is a given linear continuous functional. Precise descriptions of
the assumptions on the data will be given in Section 4. Of particular relevance to applications is the case
where the term ¥0(u;v — u) in (1.1) is replaced by Ia(¢°(u;v — u)), which is the integration over A of
the generalized directional derivative of a function ¢ and A represents a subset of the spatial domain of
the application problem or a part of the boundary of the spatial domain. The corresponding elliptic mixed
hemivariational-variational inequality is studied at the end of Section 4.

Elliptic mixed hemivariational-variational inequalities of special types have been studied in the literature.
For example, the problem of finding (u, A) € Ky x K, such that

(Au, v —u) +b(v = u,A) + 1a (W (w0 —w)) > (fv—u) Vove Ky,
b(u7ﬂ_/\) <0 VMEKA

was studied in [1], where I represents the integration over a measurable set A of the boundary of the spatial
domain for the problem. A closely related problem of finding (u, A\) € Ky x K, such that

(Au,v —u) +b(v —u, \) + V(w0 —u) > (f,v —u) Vv Ky,
blu,p—A) <0 VpeKy

was studied in [2,3]. The results in [2] are extended in [4] to the following problem of finding (u, ) € Ky x K4
such that

(Au,v —u) +b(v — u, \) + &(v) — S(u) + VO (u;v —u) > (f,v —u) Vv e Ky,
bu,p—A) <0 YyueKy. (1.4)

In these references, the main theoretical tools for proving solution existence are rather complicated fixed-
point principles for set-valued mappings. In the more recent paper [5], under an additional assumption that
A is a potential operator, the problem (1.3)—(1.4) is studied based on an equivalent saddle-point formulation.
A minimax principle on the saddle-point formulation provides an elementary proof of the solution existence
on the mixed hemivariational-variational inequality, thus avoiding the need of the complicated fixed-point
principles for set-valued mappings.

The novelty of this paper is reflected in two aspects. First, Problem 1.1 and its analogue where ¥°
is replaced by I (¥?) are more general than the mixed hemivariational-variational inequalities studied
in the references cited above. Second, we prove the well-posedness of the problems without applying the
complicated fixed-point principles for set-valued mappings and our technique is easily accessible by applied
mathematicians and engineers. More precisely, we start with the well-posedness results proved in [5] on the
problem (1.3)—(1.4), and extend the solution existence and uniqueness without requiring the operator A to
be potential. Then we further extend the well-posedness analysis to Problem 1.1 through the use of a basic
fixed-point principle: the Banach fixed-point theorem.

Hemivariational inequalities are useful for applications involving non-smooth, non-monotone and set-
valued relations among physical quantities. Since the pioneering work of Panagiotopoulos four decades
ago [6], modelling, analysis, numerical solution and applications of hemivariational inequalities have at-
tracted more and more attention from the research community. One has witnessed a substantial increase in
the number of publications related to hemivariational inequalities in recent years. As representative recent
references, one is referred to [7] for well-posedness analysis results of hemivariational inequalities, and to [8]
for a survey of numerical analysis of hemivariational inequalities.
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Mixed formulations are known to be useful especially in the numerical solution of problems with certain
constraints. A well-known example of mixed formulations is the treatment of the incompressibility constraint
for fluid flow problems. Moreover, mixed formulations are useful in developing efficient numerical methods
for the computation of physical quantities other than the original unknown variable of the underlying partial
differential equations. See [9] on mixed finite element methods for solving a variety of boundary value
problems through their mixed formulations. Mixed hemivariational inequalities and their numerical solutions
of the Stokes equations and Navier—Stokes equations can be found in [10-12].

The rest of the paper is organized as follows. In Section 2, we review preliminary materials needed later;
in particular, we review results from [5] on solution existence results and minimax principles for the elliptic
mixed hemivariational-variational inequality (1.3)—(1.4) when the operator A is potential. In Section 3,
the elliptic mixed hemivariational-variational inequality (1.3)—(1.4) is reconsidered and solution existence
is proved without assuming the operator A to be potential. In Section 4, well-posedness is proved for the
more general elliptic mixed hemivariational-variational inequality (1.1)—(1.2) and its analogue where W9 is
replaced by I (¢°). In Section 5, we apply the theoretical results in the study of a contact problem. For
comparison, the contact problem is studied both as an elliptic mixed hemivariational-variational inequality
and as an elliptic variational-hemivariational inequality.

2. Preliminaries

In this section, we review some results proved in [5] on the elliptic mixed hemivariational-variational
inequality (1.3)—(1.4) when the operator A is assumed to be potential. In describing hemivariational
inequalities, we need the notions of the generalized directional derivative and generalized subdifferential
in the sense of Clarke for a locally Lipschitz continuous function [13]. Let ¥:V — R be a locally Lipschitz
continuous functional defined on a real Banach space V. Then its generalized (Clarke) directional derivative
at u € V in the direction v € V is defined by

v ) — ¥
PO (u;v) == limsup (w + v) (w)’
w—u, A0 A

whereas the generalized subdifferential of ¥ at u € V is
OV (u) = {neV*| ¥ (uv) > (nv) YveV}.

We note that if #:V — R is locally Lipschitz continuous and convex, then the subdifferential 9 ¥ (u) at
any u € V in the sense of Clarke coincides with the convex subdifferential 0 ¥ (u). Hence, the notion of the
Clarke subdifferential can be viewed as a generalization of that of the convex subdifferential. For all A € R
and all u € V, we have

OA V) (u) =A0¥(u).
Moreover, for locally Lipschitz functions ¥, ¥5:V — R, the inclusion
(W1 + W) (u) COV(u) +0Wa(u) YueV (2.1)
holds, which is equivalent to the inequality

(U1 + ¥)%(usv) < 07 (us0) + W (u;v) Yu,v € V. (2.2)

Detailed discussions of the generalized directional derivative and the generalized subdifferential for locally
Lipschitz continuous functionals, including their properties, can be found in several references, e.g. [13,14].

Following [5], from now on, we let V' and A be two real Hilbert spaces. Their dual spaces are denoted by
V* and A*. The symbol (-, -) denotes the duality pairing between V* and V, or between A* and A4; it should
be clear from the context which duality pairing is meant by (,-). Let Ky C V and K, C A.

Given operators and functionals A:V — V* b:V x4 > R, &:V - R, ¥:V - R, and f € V* we
consider the mixed inequality problem defined by (1.3)—(1.4).
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Problem 2.1. Find (u,\) € Ky x K, such that

(Au,v —u) +b(v — u, \) + &(v) — S(u) + VO (u;v —u) > (f,v—u) Vo€ Ky, (2.3
blu,p—AN) <0 VpeKy. (2.4)

~—

In the study of Problem 2.1, we will use the following conditions on the problem data.

(Ky) V is a real Hilbert space, Ky C V is non-empty, closed and convex.
(K4) Ais a real Hilbert space, K4 C A is non-empty, closed and convex.
(A) A:V — V* is Lipschitz continuous and strongly monotone.

(b) b:V x A — R is bilinear and bounded.

(#) &:V — R is convex and continuous.

(

TRENERET

) ¥:V — R is locally Lipschitz continuous, and there exists a constant g > 0 such that
PO (vy; 09 — vy) + PO (vg; 01 — v9) < aypllvr — v2||‘2/ Vui,v9 € V. (2.5)
« H(f) feV™.
Related to the condition H(A), we will use M4 > 0 for the Lipschitz constant:
|Avy — Avg|lv+ < Mallvr — v2llv Voi,v2 €V, (2.6)
and use my4 > 0 for the strong monotonicity constant:
(Avy — Avg, vy — v2) > mallvy — w23 Vour,ve € V. (2.7)
Related to the condition H(b), we will use M; > 0 for the boundedness constant:
b, )| < Mpllvflvllplla YveV,pe A (2.8)
Assumption H(b) allows us to define an operator B € L(V'; A*) by the relation
(Bu,u) =blv,u) YveV,ue A

In H(9), the convex function ¢:V — R is assumed to be continuous, instead of L.s.c. from V to the extended
real line. As is explained in [15,16], there is no loss of generality with the stronger assumption of continuity
for a vast majority of applications.

When K, is an unbounded set in A and Ky is a subspace of V, we will assume the bilinear form b(-,-)
satisfies an inf-sup condition: there exists a constant «g > 0 such that

b(v, p)

ozveky VIV

>apllplla Ype A (2.9)

We recall that an operator A: V' — V* is potential if there exists a Gateaux differentiable functional
F4:V — R such that A = F’}; the functional F4 is called a potential of A. Detailed discussion on potential
operators can be found in [17, Section 41.3].

In the special case where A is a potential operator, Problem 2.1 admits an equivalent saddle-point
reformulation. Define

L(v,p) = Fa(v) + &(v) + T(v) — (f,v) + b(v,p), ve Ky, u€ Ky, (2.10)

known as a Lagrangian functional. Then, we consider a saddle-point problem corresponding to Problem 2.1.
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Problem 2.2. Find (u,\) € Ky x K, such that

L(u,p) < L(u,A) < L(v,\) Vve Ky, u€ Ky. (2.11)
An equivalence result between Problems 2.1 and 2.2 is shown in [5].

Theorem 2.3. Assume H(Kvy), H(K,), H(A), H(b), H(®?), H(V), H(f), aw < ma, and A is a potential
operator with the potential Fo. Then, Problems 2.1 and 2.2 are equivalent, i.e., (u,A) € Ky x K4 is a solution
of Problem 2.1 if and only if it is a solution of Problem 2.2.

The assumption ay < my4 in Theorem 2.3 is known as a smallness condition in the literature.
The next existence result on Problem 2.1 is also proved in [5]. We distinguish two cases: the case with a
bounded K 4, and the case with an unbounded K 4.

Theorem 2.4. Assume H(Kvy), H(K,), H(A), H(b), H(®), H(V), H(f), aw <ma, and A is a potential
operator. Moreover, assume either

K 4 is bounded,
or

K, is unbounded; Ky is a subspace of V; ®:V — R is Lipschitz continuous on Ky ; there ezist

non-negative constants co,c1 and k € [0,2) such that
Ha![/(’(})nv* SCO"‘FCIHUH@ YveV; (212)

and the inf-sup condition (2.9) holds.

Then Problem 2.1 has a solution (u,\) € Ky x Ky, and the first component u of the solution is unique.

In the next two sections, we will consider Problem 2.1 again, without assuming A to be a potential
operator, and will extend the results to the more general form, Problem 1.1.

3. A class of elliptic mixed hemivariational-variational inequality
We continue to consider Problem 2.1, but without assuming A to be a potential operator.

Theorem 3.1. Keep the assumptions stated in Theorem 2.4, except that A is not necessarily potential.
Then, Problem 2.1 has a solution (u, ) € Ky x K4, and the first component u of the solution is unique.

Proof. For any 6 > 0, (2.3)—(2.4) is equivalent to

(u,v —w)y + 0 [b(v —u,\) + &(v) — P(u) + ¥ (u;v — u)]
> (u,v —u)y — 0 (Au,v —u) +0(f,v —u) VYove Ky,
Ob(u,p—A) <0 VyueKy. (3.2)
Now let 8 € (O,a;l). Then for any w € Ky, we can apply Theorem 2.4 to conclude that there exists
(u, \) € Ky x K4, u being unique, such that
(u,v —w)y + 0 [b(v —u,\) + &(v) — B(u) + ¥ (u;v — u)]

> (w,v —uw)y —0{(Aw,v —u) + 6 (f,v—u) Vove Ky, (3.3)
5
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0b(u,u—A) <0 VpeKy. (3.4)
Since v is unique, we can define a mapping Py: Ky — Ky by the formula
u=PFPy(w), weKy.

Let us prove that the mapping Py: Ky — Ky is a contraction. For any wy, wy € Ky, denote u1 = Py(wy)
and us = Py(wsy). Then there exist A1, As € K, such that

(ur, v —uy)v + 0 [b(v —up, A) + D(v) — B(ur) + ¥ (ur;v — uy)]
> (w1, v —u1)y — 0 (Awr,v —u1) + 0 (f,v—w) VYve Ky, (3.5)
Qb(uhp—)\l)g() VMGKA,

and

(U, v — uz)v + 0 [b(v — uz, A2) + D(v) — D(us) + ¥°(us;v — us)]
> (we,v — ug)y — 0 (Awg, v —ug) + 0 (f,v —uz) Vv e Ky, (3.7)
Gb(UQ,/,L—/\Q) <0 VMGKA.

We take v = us in (3.5), v =y in (3.7), and add the two resulting inequalities to obtain

lur — g3 <6 [—b(ul —ug, A1 — o) + PO(ugsug —uy) + PO (ug;up — UQ)]

+ (w1 — Wa, U1 _UQ)V —9<A’U}1 _A'LUQ,Ul —’U,2>. (39)
From (3.6) and (3.8),
bui, A2 — A1) <0,
b(UQ,)\l - )\2) S 0.

Hence,
—b(U1 — Uz, A\ — )\2) = b(ul, Ay — )\1) =+ b(UQ, A — )\2) <0.

Thus, we derive from (3.9) that

||7.L1 — UQ”%/ S 0 [Wo(ul;w - Ul) + WO(UQ;ul - U2)]

+ (w1 — wa,up —u2)y — 0 (Awy — Awg, up — us).
Applying the condition (2.5),
(1-0ay)||u — u2||%/ < (w1 —wa,u; —ug)y — 0 (Awy — Awg,up — ug). (3.10)
Let J:V* — V be the Riesz mapping. Recall that

<9a”>:(~797“)v VQGV*v’UG‘/a
[Tgllv = llgllv= VgeV™

Then
(Auwn — Awg, ur — ug) = (J(Awr — Aws), w1 — u2)v,

and we can rewrite (3.10) as

(1 — 9agp) ||U1 — UQ”%/ S ((w1 — wg) — GJ(Awl — sz),ul — UQ)V .
6
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Hence,
(1 — 0014‘/) ||U1 — UQHV S H(w1 — UJQ) — Oj(Awl — Aw2)||v (311)

Now

[(w1 = w2) = 0 T (Awr — Aws) [ = w1 — w23 — 26 (T (Awr — Aws), w1 — wa)y,
+ 02T (Awy — Awy)|f3.

By assumptions H(A), we have
17 (Awy — Aws) [} = [[Awy — Aws ||+ < M3 [wy — w2}

and
(J(Awy — Aws), w1 —w2)y, = (Awy — Awa, wy — wa) > myllwy — w2||%,.

So
|(wy —wsg) — 0 T (Awy — Aw2)||%/ < (1 —20my + 92Mfl) llwy — w2||%,

Therefore, we square both sides of (3.11) and derive that

1—20my + 6>M?
luy — uz|} < 25 lwy — walf} (3.12)
(1 — 90411/)
Note that 1_ 90 2002
—2Umat OV MA (3.13)
(1 —9a¢)
if and only if
(M3 —a%)0<2(ma—ay). (3.14)

Since avyg < my < My and 6 € (O,afpl), (3.14) is valid. In other words, for 6 € (0,a;1), (3.13) holds and
the operator Py: Ky — Ky is a contraction. By the Banach fixed-point theorem (e.g., [18, Section 5.1]), Py
has a unique fixed-point u € Ky: Py(u) = u. Then for some A € K4, the pair (u, \) satisfies (3.1)-(3.2), or
equivalently (2.3)—(2.4), i.e., it is a solution of Problem 2.1.

The uniqueness of u follows from the uniqueness of the fixed point of the operator Py for 6 € (0, afpl). It
can also be proved directly. W

4. A general class of elliptic mixed hemivariational-variational inequalities

In this section, we consider Problem 1.1, which is more general than Problem 2.1. It can also be termed as
an elliptic mixed hemivariational-quasivariational inequality. For convenience, we restate the problem next.

Problem 4.1. Find (u, \) € Ky x K, such that
(Au,v —u) +b(v — u, \) + ®(u,v) — S(u,u) + T (u;v —u) > (f,v —u) Vve Ky, (4.1)
blu,p —A) <0 VpeKy.

In the study of Problem 4.1, we modify H(®) to H(®P)a; the subscript 2 in H($)s reminds the reader
that this is a condition for the case where ¢ depends on two variables.

o H(®); ¢:VxV = R;forany u eV, &(u,-):V — R is convex and bounded above on a non-empty
open set; and there exists a constant ag > 0 such that

@(ul,vg) — @(ul,vl) + ¢(’U,2,1}1) — @(UQ,UQ) S Oészul — U2H ||’Ul — U2|| Vul,UQ,’Ul,’UQ evV. (43)
7
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Note that the assumption @(u,-):V — R being convex and bounded above on a non-empty open set
implies that @(u,-) is continuous on V' (cf. [19]).

Theorem 4.2. Assume H(Kv ), H(K ), H(A), H(), H(®)2, H(¥), H(f), and ag+ay < my. Moreover,
assume either

K 4 is bounded,
or

K, is unbounded; Ky is a subspace of V; for anyu € V, ®(u,-):V — R is Lipschitz continuous on
Ky ; there exist non-negative constants cg,cy and £ € [0,2) such that

0¥ (W)|[vs < co+alv|ly YveV;
and the inf-sup condition (2.9) holds.

Then, Problem 4.1 has a solution (u, ) € Ky x K, and the first component u of a solution is unique.

Proof. For any w € Ky, we consider the auxiliary problem of finding (u, A) € Ky x K, such that

(Au,v —u) +b(v — u, \) + &(w,v) — d(w,u) + T (u;v —u) > (f,v —u) Vve Ky, (4.4)
bluyp—A) <0 VpeKy.

Under the stated assumptions, we apply Theorem 3.1 to conclude that there is a pair (u,\) € Ky x Ky
satisfying (4.4)—(4.5) and u is unique. This allows us to define a mapping P: Ky — Ky by the relation

P(w) = u.

Let us show that P: Ky — Ky is a contraction. For any wy,ws € Ky, denote u; = P(wy), ug = P(w3).
By the definition of the mapping P, there exist A1, A2 € K4 such that

(Aug,v —uy) +b(v —uy, A1) + ®(wy,v) — S(wy,uy) + T°(ur;v —uq)
> (f,v—u) Vve Ky, (4.6)
blui,p—A) <0 Vpe Ky

and

(Aug, v — ug) + b(v — ug, A2) + P(wa,v) — P(wa,us) + Wo(ug;v — Ug)
Z<f,U—U,2> VUEK\/7
b(’u,g,qug)SO VMGKA.

We take v = ug in (4.6), v = u; in (4.8), and add the two resulting inequalities to obtain

<AU1 — A’LL27’IL1 — UQ> S —b(u1 — UQ,)\l — )\2) + WO(UNUQ — Ul) + W()(’U,Q;ul — ’ILQ>
+ @(wl,UQ) — @(wl,ul) + @(’U)Q,Uq) — @(UJQ,UQ). (410)

From (4.7) and (4.9),

b(ul,)\g — )\1) S 0,
b(UQ,)\l — )\2) S 0.

8
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Hence,
—b(u1 — Uz, A\ — )\2) = b(ul, Aoy — )\1) =+ b(UQ, A — )\2) <0.

Thus, by making use of the assumptions H(A), H(¥) and H(®)2, we derive from (4.10) that
malluy = w2}y < awllur — w2y + agllwr — wallvur — uzflv-.
Then,

ag
|ur — ually £ ———— |lwy — wally.
mag — oy

Note that the smallness assumption ag+ay < my4 implies ag/(ma—ay) < 1. So from the above inequality,
we deduce that the mapping P: Ky — Ky is contractive. By the Banach fixed-point theorem, the mapping
P has a unique fixed-point u € Ky. From v = P(u), it is easy to see that for some A € K, the pair
(u,\) € Ky x K4 is a solution of Problem 4.1. Moreover, the first component u of the solution of Problem 4.1
is unique due to the uniqueness of the fixed-point of the mapping P. W

Now we present a Lipschitz continuous dependence property of the solution on the right side.

Theorem 4.3. Keep the assumptions stated in Theorem 4.2. Then, for solutions (u1, A1), (u2, A2) € Ky XKy
of Problem 4.1 with f = f1, fo € V*, the following inequality holds:

1
ur —ually < —————|f1 = follv~. (4.11)
mag—Oop — Qg

Proof. By the definition of a solution of Problem 4.1, we have

(Aug,v —uy) +b(v —uy, A1) + ®(u,v) — D(ur,ur) + PO(ur;v —uy)
> (fi,v—w) VveEKy, (4.12)
b(ul,u—/\l)SO VMGKA (413)

and

(Aug,v — up) + b(v — ug, Aa) + B(ug,v) — B(ug, uz) + PO (ug;v — us)
> (fa,v—u2) Vve€ Ky, (4.14)
blug, i —A2) <0 YVue Ky (4.15)

We take v = ug in (4.12), v = uy in (4.14), and add the two resulting inequalities to obtain

<AU1 — A’L@,Ul — UQ> S —b(ul — UQ,)\l — )\2) —+ WO(Ul;Ug — Ul) —+ WO(UQ;U:[ — UQ)
+ @(’U,l,UQ) — @(ul,ul) + @(ug,ul) — @(UQ,UQ)
+ <f1 - fz,ul — ’LL2>. (416)

As in the proof of Theorem 4.2, we deduce from (4.13) and (4.15) that
=b(uy — u2, A1 — A2) = b(ug, A2 — A1) + bluz, Ay — A2) < 0.
Then, from (4.16) with the use of H(A), H(¥) and H(®),,
mallur — wal[y < awllur —uslfy + agllur —ual} + 1| f1 = follv+llur — uzllv.

Therefore, (4.11) holds. W
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Following [4], we can introduce several Minty-type equivalent formulations of Problem 4.1. The equivalent
formulations can be useful in numerical analysis of Problem 4.1, cf. [20] for such an example in the context
of numerical analysis of an elliptic variational-hemivariational inequality.

Let k4 € [0,m4] be a fixed constant.

Problem 4.4. Find (u,\) € Ky x K4 such that
(Av,v —u) + b(v —u, \) + D(u,v) — D(u,u) + ¥O(u;v — u)
> (f,v—u) + kalv—ul|} Vo€ Ky, (4.17)
blu,p—A) <0 Vpe Ky. (4.18)

Problem 4.5. Find (u,\) € Ky x K, such that

(Au,v —u) + b(v, ) — b(u, p) + ®(u,v) — S(u,u) + ¥°(u;v —u)
>(fiv—u) YveKy,ueKy. (4.19)

Problem 4.6. Find (u,\) € Ky x K, such that

(Av,v —u) + b(v, \) — b(u, p) + P(u,v) — S(u,u) + T°(u;v —u)
> (f,v—u) +kallv—ul} VveKy,ucKy. (4.20)

Theorem 4.7. Assume H(Kvy), H(K4), H(A), H(b), H(®)2, H(¥), H(f), and let k4 € [0,m4]. Then,
Problems 4.1, 4.4, 4.5, and 4.6 are all equivalent in the sense that if (u, ) € Ky X K4 is a solution of one
of these problems, it is also a solution of all the other problems.

Proof. Let (u,\) € Ky x K4 be a solution of Problem 4.1. From the monotonicity condition (2.7), we have
the inequality
(Av,v —u) > (Au,v —u) + maljv — ul|%.

Then, it is easy to see that (u,\) € Ky x K4 is a solution of Problem 4.4.
Conversely, assume (u,A\) € Ky x K, is a solution of Problem 4.4. In (4.17), we replace the arbitrary
element v € Ky by u+t (v —u) € Ky for any ¢t € (0,1) and any v € Ky, to obtain

t{Au+t (v —u)),v—u) +tb(v—u, )+ &(u,u+t(v—u)) — ¢(u,u) + ¥O(us;t (v — u))
> t(f,v—u) + rat?|lv — ul}. (4.21)
By the convexity of @ with respect to its second argument,
P(u,u+t(v—u)) <td(u,v)+ (1—1t) P(u,u).
Also note that ¥O(u;t (v —u)) =t ¥°(u;v — u). Then from (4.21), after dividing by ¢,
(Alu+t(v—u)),v—u) +bv—u,\) + &(u,v) — S(u,u) + VO (u;v — u)
> (fov—u) + matllv —ully.

Take the limit ¢ — 04 to recover (4.1). Thus, (u,A) € Ky X K4 is a solution of Problem 4.1.
Now we show the equivalence between Problems 4.1 and 4.5. Assume (4.1) and (4.2) hold. Then, for any
v € Ky and any p € Ky,

b(v,A) — b(u, p) = b(v —u, A) + b(u, A — p) > b(v —u, A).

10
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Thus, (4.19) is valid. Conversely, assume (4.19) holds. We take p = A in (4.19) to recover (4.1), and take
v =wu in (4.19) to recover (4.2).

The proof of the equivalence between Problems 4.5 and 4.6 is similar to that between Problems 4.1 and
4.4, and is hence omitted here. W

We comment that not all the assumptions listed in Theorem 4.7 are necessary for the equivalence of the
problems, e.g., (2.5) and (4.3) are not needed for the equivalence.

Finally, we focus on the case where ¥ is defined as an integral of a function . In most applications, a
hemivariational inequality describes a physical problem on a spatial domain in a finite-dimensional Euclidean
space R?%. Denote by A the domain or its sub-domain, or its boundary or part of the boundary. Let I
stand for the integration over A. We will need a space V,, and a linear operator v, from V' to V. Assume
elements from the space Vy, are R™-valued functions, for some positive integer m. In applications in contact
mechanics, the operator 7, is either the normal trace operator and then m = 1, or the tangential component
trace operator and then m = d. We will take V, = L?(A;R™). Let us introduce the following assumption
on the function .

o« H(p) vy € L(V;L2(A;R™)); p: A x R™ — R; 9(-,v) is measurable on A for all v € R™; (z, ) is
locally Lipschitz continuous on R™ for a.e. © € A; and for some non-negative constants c and ay,

[0Y(-,v)| <c(l+ |v|gm) VYveR™, ae. on A, (4.22)
VO (1302 — v1) + 90 (va; 01 — v2) < aylvr — v2|]§m Vui,va € R™ a.e. on A. (4.23)

Consider the following analogue of Problem 4.1 in which W¥° is replaced by the integral of ¥° over the
domain A.

Problem 4.8. Find (u,\) € Ky x K, such that

(Au,v —u) + b(v — u, A) + P(u,v) — P(u,u) + Ia (wo(w,u; YU — Yplt))
> (f,v—u) Yove Ky, (4.24)
bluyp —A) <0 Vue Ky. (4.25)

Denote by ca > 0 the smallest constant in the inequality
La(lygolgm) < lollt Vo€V (4.26)

Define the functional
U (v) = Ia(p(ypv)), veV. (4.27)

Then under the assumption H (1)), similar to the results and arguments in [14, Section 3.3], it can be shown
that W¥(-) is well-defined and locally Lipschitz on V', and

PO (u;v) < Ta(W° (vpus ypv)) Yu,v € V. (4.28)
Thus, (4.23) and (4.26) imply that for any vq,vs € V,

PO (v1;02 — v1) + WO(v2301 — v2) < TA(Y° (13 Yeva — Yev1) + 0 (Ypv2; Y1 — Yp02))
2
< Ia(aglyy(vr — v2)|gm)
< aychlor —valff, (4.29)

i.e., (2.5) is satisfied with ay = ayc?.

11
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Theorem 4.9. Assume H(Ky), H(K,), H(A), H(b), H(®)2, H{), H(f), and ag + apcyy < ma.
Moreover, assume either

K 4 is bounded,
or

K, is unbounded; Ky is a subspace of V; for anyu € V, &(u,-):V — R is Lipschitz continuous on
Ky ; and the inf-sup condition (2.9) holds.

Then, Problem 4.8 has a solution (u,\) € Ky x K4 and the first component u of a solution is unique.

Proof. The assumption H (¢)) implies that the functional ¥ defined by (4.27) satisfies H(¥). Therefore, by
Theorem 4.2 with k = 1, Problem 4.1 has at least one solution (u,A) € Ky x K,. By (4.28), we recognize
that (u,\) € Ky x K, satisfies (4.24)—(4.25).

To prove the uniqueness of the first component u of the solution, let (uy, A1), (uz, A2) € Ky x K4 be two
solutions of Problem 4.8. Similar to the proof of Theorem 4.2, we have the following analogue of (4.10):

<AU1 — AUQ,Ul — ’LL2> S —b(u1 — Ug,)\l - )\2)

+ Ta(W° (ypurs Ypuz — ypur) + 0 (puz; ypur — ypuz))
+ P(u1,uz) — P(ur,ur) + P(ug, ur) — P(uz, uz),

where

—b(U1 — Ug, A\, — )\2) = b(ul,)\g — )\1) =+ b(UQ,)\l — )\2) <0.

Hence, by applying H(A), (4.29) and H(P),,
malur —usf < aychllur — uolly + s flur — uo|f-

Then,
(mA - awci — aqs) llur — u2||%/ <0.

Since ma — ayc} — ag > 0, we conclude that u; — us = 0. In other words, the first component u of the
solution is unique. M

5. An example in contact mechanics

In this section we discuss an example from contact mechanics to illustrate the application of the theoretical
results shown in previous sections.

Consider the deformation of a deformable body whose initial configuration is a Lipschitz domain 2 C R?
(d < 3). Since 942 is Lipschitz continuous, the unit outward normal vector v = (v1,...,v4)" is defined a.e. on
012. For an R%valued function w on the boundary, its normal and tangential components are u, = u-v and
u, = u—1u,v, respectively. Denote by S the space of second order symmetric tensors on R¢ or, equivalently,
the space of symmetric matrices of order d. For an S?-valued function o on the boundary, we call o, = v-ov
and o, = ov — o, the normal and tangential components of o on the boundary.

We adopt the summation convention over a repeated index. The indices ¢ and j range between 1 and d.
The canonical inner products and norms on R? and S¢ are

U-v =0, |[v]=|vga=(v- )2 for all u = (u;), v = (v;) € RY,

1/2

0T =0T, |O]=|0lga=(0:0) for all & = (0y;), T = (1i;) € S

12



W. Han and A. Matei Nonlinear Analysis: Real World Applications 66 (2022) 103553

To describe the contact problem, we split the boundary I' = 9{2 into four mutually disjoint parts:
I' =T UTyUT3UTy with [Iy| > 0, [I3] + [I4] > 0. The classical formulation of the contact problem
is to find w : 2 — R3 and o : 2 — S such that

Dive + f, =0 in {2, (5.1)
o=C¢&e(u) in 2, (5.2)
u=0 on Iy, (5.3)
ov=Ff, onls, (5.4)
— o, € MWy(uy), |or| < Fo(w), —or= Fb(uy)|u—T| if u, 20 on I, (5.5)
o,=0,0,<0, u, <0, o,u, =0 on I}. (5.6)

Let us briefly comment on the equations and conditions in this problem. The equilibrium equation is
represented by (5.1) where f is the density of the body force. The material is assumed to be elastic and
(5.2) is the constitutive law in which & represents the elasticity operator. The condition (5.3) means that the
body is fixed on I'y. The condition (5.4) gives a surface traction condition on I's, where f, is a given density
of the applied surface traction. Two types of contact conditions are considered on two different parts, I's
and Iy, of the contact boundary. On I3, we have a possibly non-monotone contact condition with normal
compliance on contact of the deformable body with a reactive foundation, described by the first part of (5.5).
The function %, is locally Lipschitz continuous and it may be non-convex. The second and third relations of
(5.5) provide a version of static Coulomb’s law of dry friction, associated with the normal contact condition;
here Fj, is a given friction bound and it is allowed to depend on the normal displacement. The two relations
are equivalent to

lor| < Fy(uy), o7 ur+ Fp(uy)|u] =0 on Is. (5.7)

Mechanical interpretation of (5.5) can be found in [21]. On Iy, we specify a frictionless unilateral contact
condition, cf. (5.6). For more details on (5.6) the reader may consult, for instance, [22,23]. Note that the
assumption “|I3] + |I'y| > 07 allows the possibility that [I3] > 0 and I'y =0, or |[I4] > 0 and I's = (; in the
former case, the contact problem contains the contact condition (5.5) only, whereas in the latter case, the
contact problem contains the contact condition (5.6) only.

The elasticity operator £: £ x S* — S? is assumed to have the following properties:

a) there exists Lg > 0 such that for all €1,e2 € a.e. x € {7,
(a) th ists L 0 h that f 1l ey, Sd, n
|E(x,e1) — E(x,e2)| < Leler — eal;
there exists mg > 0 such that for all €1,e2 € a.e. x € {2,
(b) th i 0 h that f 1l ey, Sd, 0
(E(x,e1) — E(x,82)) 1 (€1 — €2) > meler — ea;
(c) (-, €) is measurable on (2, for any e € S
(d) E(x,0) =0 ae. x € .

For the potential function v, : I's x R — R, assume

(a) ¥, (-, 2) is measurable on I'; for all z € R and 1, (+,0) € L*(I}3);
(b) ¢ (z,-) is locally Lipschitz on R for a.e. € Is;
(c) |[“)1pl,(:c 2)] <c(l+]z]) forall z € R, ae. x € I's; (5.9)
(d) (a: Z1, %2 2—21)+¢ ((E 22,21—22)<O{¢V|2’1—22|
for a.e. © € I3, all 21,22 € R with ay, > 0.

For the friction bound Fj:I's x R — R, assume

(a) there exists Ly, > 0 such that for all 21,2 € R, a.e. € I3,
|Fy(x, 21) — Fy(x, 22)| < L, |21 — 22;
(b) Fp(-, z) is measurable on I, for all z € R;
(¢c) Fp(x,z) > 0 for z € Rand Fp(x,0) =0, a.e. € I3.
13
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The contact problem will be studied as an elliptic mixed hemivariational-variational inequality, and for
comparison, it will be also studied as an elliptic variational-hemivariational inequality. For this purpose, we
will apply a result from [16, Theorem 4.10].

Theorem 5.1. Assume H(Ky), H(A), H(®)2, H(¢Y), H(f), and ag +ayc® < ma. Then there is a unique
solution to the problem

ue Ky, (Au,v—u)+ &(u,v) — S(u,u) + Ia(W° (vypu; 1o — ypu)) > (fiv —u) Vv € Ky.

We will use the space
V={veH (2R |v=00nTI'} (5.11)
for the displacement variable. The trace of v € V on the boundary is denoted by the same symbol v. Since
|| > 0, Korn’s inequality holds (cf. [24, p. 79]): for some constant ¢ > 0,

V]l g1 (oiray < clle(@)]l2(gay YV EV.

Consequently, we can define the norm [[v|lv = |[e(v)]| 2(ps4), Which is equivalent to the standard norm
[/l g1 (2ray on V. Define a subset of V:

K={veV]v, <0on I}. (5.12)
Let A, > 0 be the smallest eigenvalue of the eigenvalue problem

ueV, /s(’u,):e(v)dx:)\ uyv,da Yv €V,
e} rs

and let A; > 0 be the smallest eigenvalue of the eigenvalue problem

ueV, /s(u):e(v)dx:)\ ur-vrda VveV
o Iy

Then we have the trace inequalities

lvllz2ry) < AP0l Vo eV, (5.13)
vl L2(rymay < A2 l0lly Vo eV. (5.14)

Study of the contact problem as an elliptic variational-hemivariational inequality. In the deriva-
tion of the elliptic variational-hemivariational inequality for the contact problem defined by (5.1)—(5.6), we
assume that there is a smooth function w € V' such that (5.1)—(5.6) hold pointwise. For any smooth function
v € V, we multiply (5.1) by (v — u), integrate over {2, and perform an integration by parts to obtain

_/Fo-,/.(v_u)da-g-/ga:s(v—u)dw:/gfo-(v—u)dx. (5.15)

By applying the boundary conditions (5.3) and (5.4), we have

_/FU,/.(v_u)da:— F2f2-('u—u)da—/p o'u-(v—u)da—/ ov - (v—u)da.

Iy

To apply the boundary conditions (5.5) and (5.6), we write

ov-(v—u)=o0,(v, —u,) + 0o, (v —u,).

14
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On I3, by (5.5), we have

*Gu(vu - Uu) < lbg(uu;vu - Uu)a

—0; - (v; —ur) < Fy(u,) (|vr] = |uq]),

where the second inequality can be easily derived by making use of (5.7). Hence,

—/ ov-(v—u)da < / [V (u; vy — uy) + Fy(w,) (Jvr| = |u-|)] da.
I I's

By applying the boundary condition (5.6),

—/ au-(v—u)da:—/ o, (v, — uy)da <0, (5.16)
Iy Iy
where we use the relations o,u, = 0 and o,v, > 0 on Iy. Summarizing, we arrive at the following
variational-hemivariational inequality: find a displacement field w € K such that
(o =)+ [ [, = w) + Fow) (o] - fu )] da
I's
>{(f,v—uyy+xy VveEK, (5.17)
where the operator A:V — V* and the functional f € V* are defined by
(Au,v) = / E(e(u)) :e(v)dx Yu,v eV, (5.18)
Q
<f7v>V*><V:/ fo-vde+ | fy-vda YVveV (5.19)
Q Iy

Let us apply Theorem 5.1 to the inequality (5.17). Take Ky = K, defined in (5.12). Obviously, H(Ky)

is valid. Define the functional @ by

d(u,v) :/F Fp(u) |vr|da Yu,veV.
3

By (5.8), A:V — V* is Lipschitz continuous and is strongly monotone with
(Av] — Avg, vy — v3) > mg|vy — vs||3, Vovi,vy €V.
We take A = I3, 1 = 1), 7y as the normal trace operator:
Yy =v, YveV,
m =1 and Vy, = L?(I'3). We have ¢% = A\ ! from (5.13). For any w1, ug, v1,v2 €V,
D(uy,v3) — P(ur,v1) + P(ug,v1) — P(usz,v2)
= [ (Ffun) = Fua,)) (o,
3

—|v1-]) da

< Lp, / |u1,, —uz,| V1, — v2r|da
I's

< Lp,llui,, — U2,v||L2(F3)||'U1,T - "’2,T||L2(F3)d

< LFb)\;l/Q)\Il/QHm —uz|vljvi — vallv.

So (4.3) holds with avg = LFbAZI/zA;l/Z.

15
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Applying Theorem 5.1, we see that under the stated assumptions on the data and the smallness condition
L\ P2 4oy, At < me, (5.21)

the variational-hemivariational inequality (5.17) has a unique solution u € Ky .

Study of the contact problem as an elliptic mixed variational-hemivariational inequality. We
now turn to a mixed hemivariational-variational inequality for the contact problem. For simplicity, in this
part of the paper, we assume 2 is a C''! domain so that the unit outward normal vector v is Lipschitz
continuous on the boundary I'. We choose A = —o, on Iy as the Lagrangian multiplier for the mixed
hemivariational-variational inequality of the contact problem. For this purpose, we first introduce the space

Z ={z€ L*(Iy) | z =, a.e. on I'y for some v € V}. (5.22)
This is a Hilbert space with the norm
|zl z = inf {||lv||v | z = v, a.e. on I'y}. (5.23)

Since 2 is a C**! domain, the normal trace operator v ~ v, is surjective from H'(2;R?) to HY/?(I") (cf. [25,
Theorem 5.5]). So in the case Iy N T = (), we may simply view the space Z as the restriction of H'/2(I")

over [y.
We then introduce the dual space of Z:
AN=7" (5.24)
endowed with the ordinary dual norm
il g = sup Yo2axz. (5.25)

ez |Izllz

As usual, the duality (u, z) 4xz extends the L?(I'y) inner product, i.e.,
(U, 2) Axz = / pzda for pe L*(Iy), z € Z.
I’y
Now we define the bilinear form

bv, ) = (B, v)axz, VEV,ue A (5.26)

Note that if A\ = —0,, € L?(I;), then

b(v,A) = —/ o0, da for v € V.
Iy

The continuity of the bilinear form b is readily seen:

b, W < llpllallovllz < llpllallollv: Yo eV, pe A

To establish the inf-sup condition for the bilinear form b, let us first prove that the infimum in the definition
of the norm ||z]|z in (5.23) can be achieved.

Lemma 5.2. Forany z € Z,

inf {||v|lv | z=v, a.e. on Iy} = min{||v||y | z = v, a.e. on I'y}. (5.27)

16
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Proof. For any given z € Z, denote
a=inf{||v|]ly | z=v, a.e. on I'y}.

Then there is a sequence {v,,} C V such that v, , = z on I'y and ||v,|lv — @ as n — oc.
Since {v,} is a bounded sequence in the Hilbert space V', we have a subsequence, still denoted as {v,,},
and an element vy € V such that
v, vy inV.

Due to the Ls.c. of the norm (cf. [18, Exercise 3.3.6]),
llvollv <liminf ||v,|ly = a.

By the definition of o, we must have

lvollv = a.

The two properties v, — v in V and ||v,||v = ||vo||v imply (cf. [18, Exercise 2.7.3])
v, —> vg in V.

In particular, since v, , = z on I'y, we also have vy, = z on I'4. In other words, the infimum on the left side
of (5.27) is achieved at the element vo. MW

Return to the definition (5.25) for the norm |||/ 4. For any z € Z, by Lemma 5.2, we have the existence
of v, € V with v, , = z on Iy such that ||z]|z = ||v.|v. Then,

ll[a = sup (. 2)axz — sup (1,02 0) A%z
z€Z ”Z”Z e ”vz”V
Thus,
lalla < sup ooW)axz _ b0
vev vy vev vy

i.e., the inf-sup condition for the bilinear form b holds, with the constant o, = 1 in (2.9).
Further, introduce a subset of A:

Kip={pued|{pv)<0VveV,v, <0on I,}. (5.28)

In the derivation of the mixed hemivariational-variational inequality, instead of (5.16), we write
f/ ov-(v—u)da= f/ o, (v, —uy)da =bv —u, \).
Iy Iy
Moreover, for any p € K,, we note that
blu,p— N) = / uy, (e — ) da = / uypda < 0.
Iy Iy
Hence, the mixed formulation for the contact problem (5.1)—(5.6) is to find (u, \) € V x K4 such that

(Au, v — ) + b(w — u, \) + /P [0 (s vy — ) + Fy () (0] — e, )] da

>({f,v—wyvxv VveEYV, (5.29)
bluyp—N) <0 Vpue Ky, (5.30)

where A:V — V* is defined by (5.18) and f € V* is defined by (5.19).

17
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Let us apply Theorem 4.9 with Ky =V, K4 defined by (5.28), @ defined by (5.20), b: V x A — R defined
by (5.26), and the functional f defined by f. Obviously, H(Ky) and H(K,) hold. We already know that
A:V — V* is Lipschitz continuous and is strongly monotone with the monotonicity constant mg. Moreover,
we have verified the continuity and the inf-sup condition for the bilinear form b: V' x A — R. We take A = I,
¥ =1, vy as the normal trace operator:

Vv =v, YVvEeV,

m =1 and Vy, = L?(I3). As previously, H(®)s and H(¢) are valid, ¢4 = A\, and ag = Lpb/\;l/Q/\T_l/Q.

By Theorem 4.9, under the stated assumptions on the data and the smallness condition (5.21), the mixed
hemivariational-variational inequality (5.29)—(5.30) has a solution (u,\) € V x K, and the first component
u of the solution is unique.
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