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This paper is devoted to a well-posedness analysis of elliptic variational-hemivariational
inequalities in Banach spaces. The differential operator associated with the variational-
hemivariational inequality is assumed to be strongly monotone of a general order,
in contrast to that in the majority of existing references on this subject where the
differential operator is assumed to be strongly monotone of order 2. Moreover, the so-
lution existence is proved with an approach more accessible to applied mathematicians
and engineers, instead of through an abstract surjectivity result for pseudomonotone
operators in existing references. Equivalent minimization principles are established
for certain variational-hemivariational inequalities, which are valuable for developing
efficient numerical algorithms. The theoretical results are applied to the analysis of a
mixed hemivariational inequality in the study of a generalized Newtonian fluid flow
problem involving a nonsmooth slip boundary condition of friction type. Existence
and uniqueness of both the velocity and pressure unknowns are shown for the mixed
hemivariational inequalities.
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1. Introduction

Similar to variational inequalities, hemivariational inequalities play an important role in modeling and studying
nonlinear, nonsmooth problems in applications. Variational inequalities refer to inequality problems in which non-smooth
terms have a convex structure, whereas hemivariational inequalities are inequality problems in which non-smooth
terms are allowed to be non-convex. Rigorous mathematical analysis on variational inequalities began in the 1960s, and
the theory of variational inequalities forms a pretty mature area. Interest in hemivariational inequalities was started
by Panagiotopoulos in the early 1980s [1], in responding to the need of modeling and solving engineering problems
involving non-smooth, non-monotone or set-valued relations among physical quantities. Recent years have witnessed
explosive growth in the literature on modeling, analysis, numerical approximation and simulations, and applications
of hemivariational inequalities, or more generally, of variational-hemivariational inequalities. In this paper, the two
terms “hemivariational inequalities” and “variational-hemivariational inequalities” are used interchangeably. Variational-
hemivariational inequalities have the features of both variational inequalities and hemivariational inequalities, i.e., both
convex and non-convex non-smooth terms are present in such problems. For two recent representative references, we
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refer to [2] on theoretical analysis and to [3] on numerical analysis of variational-hemivariational inequalities. The latter
reference employs the finite element method for the spatial discretization; other numerical methods have also been used
for the spatial discretization, cf. [4-6] on the analysis of the virtual element method for solving such problems.

In general, variational-hemivariational inequalities do not correspond to minimization principles. Nevertheless, in [7],
minimization principles are shown for some particular variational-hemivariational inequalities. A further step is taken
in [8] where solution existence and uniqueness are proved for general variational-hemivariational inequalities start-
ing with the results in [7]. The “standard” technique to prove the solution existence for variational-hemivariational
inequalities is through applications of abstract surjectivity results for pseudomonotone operators (e.g., [2] and the
references therein). The alternative approach presented in [8] on the study of variational-hemivariational inequalities
avoids referencing to pseudomonotone operators and the related abstract surjectivity results, and is more accessible for
applied mathematicians and engineers. Additional references in this regard include [9-11]. The well-posedness theories
developed in the majority of the literature on variational-hemivariational inequalities are for the case of a strongly
monotone operator of order 2 (e.g., [2,8,12,13]) and are thus essentially in the setting of Hilbert spaces. In this paper,
we extend the alternative approach to study variational-hemivariational inequalities with a strongly monotone operator
of a general order p > 1 which is genuinely in a Banach space setting. As an example of applications of the theoretical
results, we study a generalized Newtonian fluid flow problem subject to a non-smooth slip boundary condition.

Early references on mathematical models for viscous incompressible Newtonian fluid flows involving nonsmooth slip or
leak boundary conditions are [14,15]. Further studies of such problems can be found in numerous references, e.g., [16,17]
on variational inequalities governed by the Stokes equations, and [18,19] on variational inequalities governed by the
Navier-Stokes equations. In these references, the slip and leak boundary conditions are expressed by monotone relations
between physical quantities, and thus the mathematical formulations of the problems are in the form of variational
inequalities. When the nonsmooth boundary conditions involve non-monotone relations between physical quantities,
the mathematical formulations become hemivariational inequalities, cf. [20-23]. Mixed finite element methods have been
studied for the numerical solution of a stationary hemivariational inequality of the Stokes equations with the slip boundary
condition in [24], and for that of the Navier-Stokes equations in [25]. Recently, hemivariational inequalities arising in
non-Newtonian or generalized Newtonian fluid flow problems have been studied in several papers, cf. [26-28]. In a non-
Newtonian fluid, the viscosity depends on the unknown solution. Non-Newtonian fluids are found in various industrial
and engineering applications, cf. [29,30] and more recently [31].

Let us briefly summarize the main novelty of this paper. We provide a well-posedness analysis of elliptic variational-
hemivariational inequalities in Banach spaces, starting with minimization principles for a special variational-hemivariational
inequality. With applications in mind, we provide additional theoretical results that are not explored by other researchers
(Theorems 4.1 and 4.4). These results are new and are presented in a way more accessible to applied mathematicians
and engineers. The minimization principles are of independent importance, especially when the numerical solution of
variational-hemivariational inequalities is concerned. In the study of the variational-hemivariational inequalities for the
generalized Newtonian fluid flow problem with a non-smooth slip boundary condition of friction type, we provide not
only the existence and uniqueness of the velocity variable, but also that of the pressure variable that is not available in
the existing literature.

The rest of the paper is organized as follows. In Section 2, we review definitions and basic properties of the generalized
directional derivative and generalized subdifferential in the sense of Clarke, and provide a detailed discussion of operators
of strong monotonicity of a general order p > 1 in a Banach space. In Section 3, we consider an elliptic variational-
hemivariational inequality in a reflexive Banach space, and prove the solution existence and uniqueness of the problem
through the study of an equivalent minimization principle. In Section 4, we introduce variants of the results in Section 3
which are more relevant to applications, and extend the results to more general elliptic variational-hemivariational
inequalities in a reflexive Banach space. In Section 5, we apply the theory developed in previous sections to the study of
the steady incompressible generalized Newtonian fluid flow problem subject to non-smooth slip boundary conditions of
friction type.

2. Preliminaries

This section consists of two parts. The first part provides a brief review of the generalized directional derivative and
generalized subdifferential in the sense of Clarke. The second part discusses the strong convexity for functionals on a
Banach space.

We first briefly recall the notions and basic properties of the generalized directional derivative and generalized
subdifferential in the sense of Clarke [32,33]. Let V be a real Banach space. Denote by V* the dual space of V, and by
(-, -) the duality pairing between V* and V. For a locally Lipschitz continuous functional ¥ :V — R defined on V, the
generalized (Clarke) directional derivative of ¥ at u € V in the direction v € V is

v AV)— W
wO(u; v) == limsup (w+ Av) (w).
w—u, 1|0 A

Then, the generalized subdifferential of ¥ at u € V is defined as a subset of V*:

W (u) = {u* e V* | wOu; v) > (u*,v) Yv e V}.
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Some basic properties needed later are stated below. Details of the generalized directional derivative and the
generalized subdifferential can be found in [33].

Proposition 2.1. Let V be a real Banach space.
(i) For a locally Lipschitz continuous functional ¥ :V — R,

Ou; v) = max {(u*, v) | u* € 0¥(u)} Yu,veV. (2.1)

(ii) Let ¥, ¥y, ¥, : V — R be locally Lipschitz continuous. Then d(A ¥ )(u) = A 0¥ (u) for all » € R and all u € V. Moreover,
the inclusion

AW + W)u) C Wy (u) + 0ds(u) YueV (2.2)
holds. This inclusion relation is equivalent to the inequality
(W + W) (u; v) < W (u; v) + ¥ (u;v) Yu,ve V. (23)

(iii) If ¥ : V. — R is locally Lipschitz continuous and convex, then the subdifferential 0w (u) at any u € V in the sense of
Clarke coincides with the convex subdifferential 0¥ (u).

Because of Proposition 2.1 (iii), we use the same symbol 9 to denote the subdifferential operator in the sense of Clarke
as well as that in convex analysis.

Next, we discuss about strong convexity of functionals, strong monotonicity of operators, both of a general order
p € (0, 00). The presentation of this part extends that in [34] where notions of strong convexity and strong monotonicity
of order 2 are discussed. For convenience, we provide detailed arguments of the results.

Definition 2.2. An operator A:V — V* is said to be strongly monotone of order p if there exists a constant m, > 0 such
that

(Avi — Avy, v1 — v2) > maflvr — w2}, Yur, vy € V. (2.4)

Definition 2.3. A functional @:V — R is said to be strongly convex of order p if there exists a constant mg > 0 such
that

SAu+(1—=2)v)<2dw)+ (1 —A) P(v) —meAi (1 —21) |lu— v||€ Yu,veV, VA el0,1]. (2.5)
Proposition 2.4. Assume (2.5). Then

P(v)— P(u) > (U v—u)+mgllv—ull, Yu,veV, Yu*eid(u). (2.6)
Proof. We switch u and v in (2.5) to obtain

D(u) — d(v) + % [Pu+Ar(v—u)—PW)] <—my(1—2)[v—ull, Yre(0,1]

The condition (2.5) implies that @ is convex and is bounded above on a non-empty open set in V; thus, @ is locally
Lipschitz continuous on V (cf. [35, Corollary 2.4, p. 12]). Take the upper limit as A — 0+ in the previous inequality,

D(u) — @(v) + @%u; v —u) < —mgllv — ully,

P(v) — D(u) = (s v — u) + my [|v — . (2.7)
Thanks to the property (2.1), we deduce the inequality (2.6) from (2.7). B
Corollary 2.5. A functional strongly convex of order p > 1 is coercive.

Proof. Assume @ :V — R is strongly convex. Choose an element ug € V and uj € 99(up). Then by Proposition 2.4,

D(v) > mollv — uolly + (U, v —uo) + P(ug) Yv e V.

3
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Hence,
@(v) = me | lvllv — lluollvlP — llugllv Alvlly + lluollv) + @(uo)

1
= 5 mololl, —allvly —c.

for some constants cq, c; € R. So @(-) is coerciveonV. H
Proposition 2.6. Assume (2.6). Then we have a modified version of (2.5):
PAU+(1=2)v) <APW)+ (1—=21) P(v) —meph (1 —A4) |Jlu— v||€ Yu,veV, VA el0,1].

where
.- 227Pifp e (0, 11U (2, 00),
P 1ifpe(n,2].
Proof. Let &£ € 0&(Au+ (1 — A)v). Then from (2.6),
D(u) — P(hu+(1—21)v) = (1= 1), u—v) +me (1—1)P |u— vy,
A

v) >
D(v)— d(Au+(1—21)v) = A (€, v—u) +mer?u— v},

(2.8)

(2.9)

We multiply the first inequality by A, multiply the second inequality by (1 — 1), and add the two resulting inequalities to

obtain
A@)+ (1—2) () — d(hu+(1—1)v) > mer (1 — 1) g(1) v —ull},
where
g =21+ (1 =P, ae(o, 1)
Through elementary calculations, it can be shown that
inf{g,(A) 10 <1 <1} =g,
Then (2.8) follows from (2.10) for A € (0, 1) and the observation that (2.8) is obvious for A =0,1. &

Proposition 2.7. Assume (2.6). Then

W —vu—v)>2mplu—v|f, Yu,veV, Yu* €dd(u), v* e dd(v).

Proof. For any u, v € V and any u* € d®(u), v* € 0&(v), we have from (2.6) that

P(v) — @(u) = (U, v —u) + mo v —ully,
P(u) — ®(v) = (v, u—v) +mgflu— vy,

Adding these two inequalities, we obtain (2.11). W
Proposition 2.8. Assume (2.11). Then we have a modified version of (2.6):

2
®(v)— d(u) > (u*,v—1u) + Em¢||v —ull, Yu,veV, Vu'€dd(u).

Proof. For fixed u, v € V, consider the function
gAM)=oAv+(1—A)u), 0<xir<1.
Assumption (2.11) implies the convexity of g. By [36, Theorem 2.3.4],

1
o) - D) =)~ 20 = v -w + [ (6~ v - w .
0
where u* =& € 9®(u) and &, € 0&(AL v+ (1 — A)u). Denote w = A v + (1 — A)u. Then,
w—u=»Ai(v—u)
and

1
<EA—§07U—U)=X(SA—&),U)—U)-

(2.10)

(2.11)

(2.12)
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Apply the condition (2.11),
(& — &0, w —u) = 2mg |lw —ully =2meA”|lv — ull},.

Hence,
1
B(v) — Bu) = (E0. v — 1) +/ 2mexP v — ullPdA
0

2 p
= (50, v —u) + » My |lv — ully.
Therefore, (2.12) holds. W

We end the section with a summarizing result on the strong convexity of a general order p.

Theorem 2.9. Let V be a real Banach space, ®:V — R, and p € (0, oco). If (2.11) holds, then @ is strongly convex of order
p over V.

Proof. By Proposition 2.8, the assumption (2.11) implies (2.12). By Proposition 2.6, the following inequality holds for any
u,v e Vandany A € [0, 1],

2
PAu+(1-v)<rAdW)+(1—1) o) — qubcpx (1= Jlu—v|b.
Thus, @ is strongly convex of order p over V. =W
3. A variational-hemivariational inequality in a reflexive banach space and a minimization principle

In this and the next sections, we will make the following assumption.
H(K): V is a real reflexive Banach space, K C V is non-empty, closed and convex.

From now on, the range of the order p is limited to (1, oo). Consider the following variational-hemivariational
inequality.

Problem 3.1. Find an element u € K such that

Au,v—u) + () — d(u)+¥°(u;v—u) > (f,v—u) Vovek. (3.1)

We will consider the case where A is a potential operator; note that this is a dominant case for applications in physical
sciences and engineering. Recall that A is a potential operator if A = F; is the Gateaux derivative of a functional F4:V — R.
The functional F4 is known as a potential of A, and we will use the symbol F, for the potential of A. Given a potential
operator A, its potential functional F4 is not unique and the difference between any two potential functionals is a constant.
The formula

1
Fa(v) = / (A(tv), v)dt (3.2)
0

provides one potential functional. Discussions of potential operators can be found in [37, Section 41.3].
The assumptions on the data are as follows.

H(A): A:V — V* is a locally Lipschitz potential operator and is strongly monotone of order p > 1 over V:
(Avi — Avy, v1 — v2) > maflvr — w2}, Yur, vy € V. (3.3)

H(®): &:V — R is convex and continuous.
H(¥). ¥:V — R is locally Lipschitz, and for a constant my > 0,

WOv1s vp — v1) + WO (v2; v1 — v2) < myllvr — valf, Yur, v €V, (3.4)

H(f): f e V*.
H(s): my < my.

Let us make some comments on the assumption H(®). In the literature, the convex function @ is usually assumed to
be proper and l.s.c. from V to R U {+o0}. By redefining the constraint set K to reflect the effective domain of @, we may
restrict our attention to the case where the symbol @ represents a real-valued function on V. By [35, Corollary 2.5, p. 13],
a real-valued l.s.c. convex function on a Banach space is continuous. Moreover, from [35, Corollary 2.4, p. 12], we know
that the convex function @:V — R is continuous if and only if it is locally Lipschitz continuous, and if and only if it is
bounded above on a non-empty open set in V.
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By an argument similar to that found on page 124 in [2], it can be shown that (3.4) is equivalent to
(M =1 vi—v2) > —mylvi — v}, Yy eV, nedd(v), i=1,2. (3.5)

In the literature, a condition of the form H(s) is called a smallness condition.
Corresponding to Problem 3.1, we introduce a minimization problem.

Problem 3.2. Find an element u € K such that

E(u) = inf{E(v) | v € K}, (3.6)
where the energy functional

E(v) = Fa(v) 4+ @(v) + ¥(v) — {f, v). (3.7)

We first provide a result on the local Lipschitz continuity of the potential F4. For r > 0, we denote by B,(0) the closed
ball in V with radius r centered at 0.

Lemma 3.3. IfA:V — V* is locally Lipschitz continuous, then the potential F4:V — R is locally Lipschitz continuous.

Proof. Fix a positive number r > 0. Then there is a number ¢, > 0 such that
lAu — Av|ly= < ¢ llu—vllv Yu,v € B:(0).

For any u, v € B;(0),

iFA(v +s(u—wv))ds

1
FA(U)—FA(U)=/O s

1
:/ Alv+s(u—v)),u—v)ds
0

= [1(A(v +s(u —v))—A(0), u —v)ds+ (A(0), u — v).
0
Then,
[Fa(u) = Fa(v)l < (crr + [|AQO)lv+) llu — vllv.
Hence, F4:V — R is locally Lipschitz continuous. H
Theorem 3.4. Assume H(K), H(A), H(®), H(W), H(f) and H(s). Then Problem 3.2 and Problem 3.1 are equivalent, and both

admit the same unique solution u € K. The solution u depends Holder-continuously on f; more precisely, if uy, u, € V are the
solutions of Problem 3.1 corresponding to f = f; € V* and f = f, € V*, then

luy — wally < (mp — my)"ED)fy — f AP0 (38)
Proof. First, we show that Problem 3.2 has a unique solution. Under the stated assumptions, we know that the functional
E:V — Ris locally Lipschitz continuous; the local Lipschitz continuity property of F4 follows from Lemma 3.3, while that

for @ follows from H(®) and properties of convex functions (|35, Chapter I, Section 2.3]). Applying Proposition 2.1, we
have

dE(v) C Av + 0@ (v) + d¥(v) — f.
So for v; € V, ¢; € 0E(v;), i = 1, 2, we can write
Gi=Avi+&+ni—f, i=12,
where & € 0®(v;), n; € 0¥ (v;). Then
(61— &2, v1 — v2) = {Avy — Avg, v1 — V) + (61 — &2, v1 — v2) + (M1 — M2, v1 — V2).
Since @ is convex, (§; — &, v1 — v2) > 0. Applying (3.3) and (3.5), we have
(61— &2, v1 — v2) = myllvr — vally + 0 — my flvr — V2 I}, = (Ma — my) [lv1 — V2. (3.9)

Note that by H(s), ms —my > 0. Thus, by Theorem 2.9, the functional E is strongly convex of order p. Moreover, under the
stated assumptions on the data, E is continuous. Hence, by a standard result on convex minimization (cf. e.g. [38, Section
3.3]), Problem 3.2 has a unique solution.
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Denote by
0, v eK,
fiv) = { +oo, v ¢K

the indicator functional of K. It is known that Ix: V — R is proper, convex and l.s.c. The solution u € K of Problem 3.2
satisfies

0 € d (E(u)+ Ix(u)) C Au+ 0®(u) + alx(u) + 0w (u) — f.
Then,
(Au,v—u) + @(v) — P(u)+ ¥o(uw; v —u) > (f,v—u) Yvek.

Thus, the solution u € K of Problem 3.2 is also a solution of Problem 3.1. Suppose i1 € K is another solution of Problem 3.1.
Then,

(A, v —1) + P(v) — (@) + ¥ v —0) > (f,v—11) Yvek. (3.10)
Take v = 11 in (3.1), take v = u in (3.10), and add the two inequalities to obtain

(All — Au, &t — u) < WO>i; u — 1) + ¥Ou; i — u).
By H(A) and H(Y¥),

malli — ull) < my i — u}.

Since my > my, the above inequality is possible only if ||ii — ully = 0, i.e., i = u. So a solution of Problem 3.1 is unique.
In conclusion, under the stated assumptions, both Problem 3.2 and Problem 3.1 have u € K as the unique solution,
and therefore, the two problems are equivalent.
Finally, let us prove (3.8). Take v = u; in the defining inequality (3.1) for u; to obtain

(Au, uy — ug) + D(uz) — D(ur) + ¥ ur; up — ug) > (fi, uz — uy).
Similarly,

(Auz, uy — o) + @(u1) — D(u2) + ¥Ouz; uy — ) > (o, Uy — ).
Add the two inequalities,

(Auy — A, g — uz) < WO(uq; up — up) + W O(uz; uy — up) + (fi — o, g — ua). (3.11)
Apply the conditions (3.3) and (3.4) to the above inequality,

mallur — wz ¥, < my llur — wally + Ifi — follvsllur — uzllv.
So

(ma —my) lluy — w57 < lfy = follve
from which we deduce (3.8). W

We comment that in [28], a solution existence and uniqueness result for Problem 3.1 is proved under somewhat
different assumptions: instead of H(A), it is assumed that A:V — V* is pseudomonotone and strongly monotone of
order p > 1, and an additional assumption is made on the growth of the subdifferential 0¥. The proof there is achieved
through an application of an abstract surjectivity result for pseudomonotone operators. For applications, we usually need
a variant of Theorem 3.4, cf. Theorem 4.1 next section.

4. Variant and generalization

In some applications (cf. Section 5), we need a variant of the theory developed in Section 3. This need is based on the
observation that in the assumption (3.4) on ¥, the exponent p is typically 2, even for problems where the operator A is
strongly monotone of a general order p > 1. In other words, Theorem 3.4 is not directly applicable because of a mismatch
between the two exponents in (3.3) and (3.4) when the norm in the original space V is used. To deal with this issue, in
addition to the reflexive Banach space V, we introduce another reflexive Banach space V; such that V is continuously
embedded in V;. The strong convexity assumption on the operator A:V — V* will be made over the space V; instead
of V. In this section, the duality pairing between V* and V will be indicated by the full notation (-, -)y=y. Also, to avoid
potential confusion, we use p; € (1, c0) to denote the order of the strong convexity of A:V — V* over V;. Specifically,
we replace H(K), H(A), H(¥) and H(f) by the following:

H(K);: V and V; are real reflexive Banach spaces with V continuously embedded in V7, and K C V is non-empty, closed
and convex.
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H(A){: A:V — V* is a locally Lipschitz potential operator and is strongly monotone of order p; > 1 over V;:

(Avy — Ava, v1 — V2)yexy = Mallvg — Uz||€11 Vv, vy e V. (4.1)
H(¥);: ¥:V — Ris locally Lipschitz, and for a constant my > 0,

015 vy — v1) + ¥0(v2; v1 — 12) < My vy — U2||I\2 Vv, v eV. (4.2)
H(fh: f eVy.

A modification of Theorem 3.4 is the next result.

Theorem 4.1. Assume H(K), H(A)1, H(®), H(¥ )1, H(f)1 and H(s). Then Problems 3.2 and 3.1 are equivalent, and both admit
the same unique solution u € K. For fi, f, € Vi and the corresponding solutions uy, u; € V of Problem 3.1,

— - 1 -1
lur = 2llyy < (ma = my)” VPV = fol 70,

Since V is continuously embedded in V4, we may view V; as a subspace of V*. The proof of Theorem 3.4 can be adapted
for the proof of Theorem 4.1 when we replace (3.9) by

(¢1 = 82, v1 — V2)yrxy = (Mg —my) [lvg — U2||'\;11~
We comment that Theorem 3.4 may be viewed as a special case of Theorem 4.1 with V; = V and p; = p. In our
application problems to be discussed in Section 5, we apply Theorem 3.4 with V. c W'?(£2;R%) and p > 2; and when
we apply Theorem 4.1, we use in addition V; ¢ H'(£2; R?Y) and p; = 2.
We now consider a problem more general than Problem 3.1.
Problem 4.2. Find an element u € K such that
(Au, v — Wysny + P, v) — P, u) + 0w v —u) > (f, v — Uy YveK. (4.3)

Note that in (4.3), the functional @ has two arguments. In the study of Problem 4.2, we modify the condition H(®) on
@ to one of the following two forms.

H(®): ®:V x V — R is convex and continuous with respect to its second argument, and for a constant my > 0,
D(uq, v2) + D(uz, v1) — D(uq, v1) — D(Uz, v3) < Mo llug — U2||€7]||U1 —ullv Yui, up, v, v €V, (4.4)
H(®);: @:V x V — R is convex and continuous with respect to its second argument, and for a constant mg > 0,
D(uq, v2) + D(uz, v1) — D(uq, v1) — DUz, v3) < Mg llug — U2||I:/:_l||vl —vlly, Vug,up, v, v €V. (4.5)
Moreover, we modify H(s) as follows.
H(s): my + mg < ma.
A generalization of Theorem 3.4 is the next result.
Theorem 4.3. Assume H(K), H(A), H(®), H(¥), H(f), and H(s). Then Problem 4.2 has a unique solution u € K. For f;, f, € V*

and the corresponding solutions uy, u; € V of Problem 4.2,

_ _ 1 —1
lur — ually < (ma —mg — my )"V VYfy — f /P77, (4.6)

Proof. For any w € K, we apply Theorem 3.4 to know that there is a unique element u € K such that
(Au, v — Wysyy + P(w, v) — P(w, u)+ P2 v —u) > (f, v — Uyy YveK.

This defines a mapping P:K — K by the formula u = P(w).
Let us show that the mapping P is a contraction on K. For this purpose, let w; and w; be any elements in K, and denote
u; = P(wq) and u; = P(w-). Then

(Aug, v — ) ysxy + P(w, v) — D(wy, u) + ¥Our; v —ur) = (f,v —up)ysuy Vv €K,
(Atg, v — Ug)ysxy + D(w2, v) — (w2, Uz) + WO (uz; v — ) > (fLv — Up)ysxy Vv EK.
Take v = u, in the first inequality, take v = u; in the second inequality, and add the two inequalities to obtain
(Auy — Aug, Uy — Up)yrxy < D(wr, Up) + P(wa, Ur) — @(wy, Uy) — P(wy, Ua)
+ U Ougs uy — uq) + ¥ Ou Uy — ).
Apply assumptions H(A), H(®) and H(¥),
myllur — wally; < mollwy — wall} uy = zlly + my lluy — wa I}

8
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Then, by H(s),
lur — ually < @ llwy —wally, &= (Mg/(Ma —my))/PD < 1.

Hence the mapping P: K — K is a contraction. By Banach fixed-point theorem, the operator P has a unique fixed-point
u € K. It is easy to see that the fixed-point u € K is the unique solution of Problem 4.2.
The proof of (4.6) is similar to that of (3.8). We replace (3.11) by

(Auy — Auy, Uy — Up)yrxy < @(Uy, Up) + DUz, Uq) — P(ug, ug) — (U2, uz)
+ WU Uy — wy) + WO(uzs Uy — ) + (fi — fo, U — Ua)yexy.
Then we apply the conditions (3.3), (4.4) and (3.4) to obtain (4.6). W

A generalization of Theorem 4.1 is the next result and its proof is similar to that of Theorem 4.3.

Theorem 4.4. Assume H(K);, H(A), H(®);, H(¥ )1, H(f)1 and H(s). Then Problem 4.2 has a unique solution u € K. For
fi,f» € V{ and the corresponding solutions uq, u, € V of Problem 4.2,

1 (py— 1/(p1—1
lur = uallyy < (ma = mo —my)~ OOy — .
5. Application to a steady incompressible generalized newtonian fluid flow problem

As an application of the theory developed in previous sections, we consider a model of steady incompressible
generalized Newtonian fluids subject to a general slip boundary condition. We consider the fluid flow in a Lipschitz
domain £2 in RY; for applications, we let d < 3. The boundary 352 of the domain 2 is split into two non-overlapping
parts: 082 = Iy U I, with I'y and I3 relatively open, meas(I7) > 0, meas(/3) > 0, and I'; N I3 = @. Since the boundary
92 is Lipschitz continuous, the unit outward normal n = (nq, ..., ng)" exists a.e. on 9£2. For a vector-valued function
u on the boundary, we denote by u, = u - n and u, = u — u,n the normal component and the tangential component,
respectively. With the flow velocity field u, we define the deformation rate tensor e(u) = (Vu + (Vu)")/2 which takes
on values in the space S¢ of second-order symmetric tensors on R? or, equivalently, the space of real symmetric matrices
of order d. We adopt the summation convention over a repeated index. The indices i and j are between 1 and d. The
canonical inner products and norms on R? and S¢ are

u-v=uy, [Vig=w-v)"? Yu=(), v=_v)eR

1/2

. . d
0:T =0T, |O|ge=(0:0) Vo = (o), T= (1) € S".

For o € §%, let 6, = n-on and ¢, = on — o,n be its normal component and the tangential component on the boundary
052.
We recall that in an incompressible non-Newtonian fluid, the stress is expressed as [39]

o =—nl+ S(e(u)), (5.1)

where u is the velocity field, 7 is the pressure, I is the identity matrix of order d, and S(e(u)) is the extra stress tensor,
§:s?Y — s% In our study below, the constitutive function can be allowed to depend on the spatial location x: § = S(x, &(u)).
However, for simplicity in writing, we focus on the case where S = S(e(u)) is independent of x.

The classical formulation of the fluid problem we consider is the following [28].

Problem 5.1. Find a velocity u: 2 — RP and a pressure 7 : £2 — R such that

—DivS +Vr =f in £, (5.2)
divu=0 in 2, (5.3)

u=0 on/y, (5.4)

u, =0, —o.(u) € 0y, (u;) on I. (5.5)

In the conservation law (5.2) for the stationary flow, f represents an external body force density function. The
incompressibility of the fluid is described by (5.3). The boundary condition (5.4) means that the fluid adheres to part of
the boundary, I'y. The boundary condition (5.5) on I, consists of the impermeability along the normal direction: u, = 0,
and a nonlinear slip relation of the friction type along the tangential direction: —o.(u) € 9y, (u.). When

1 2 d
Vel@) = S alzly VzeR

is a quadratic function, ¢, > 0 being a constant or a positive-valued function on I3, the slip condition reduces to the
classical Navier condition [18]

—o. (1) = couy,.
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The slip condition with
Ve(2) = colzlge Yz € RY

is used in the study of variational inequalities for the Stokes and Navier-Stokes equations (e.g. [19]); note that the
above function is non-smooth and convex. When we allow the function i, to be non-smooth and non-convex, the
weak formulation of Problem 5.1 will be a hemivariational inequality (in a reduced form where the pressure variable
is eliminated) or a mixed hemivariational inequality in which both the velocity and pressure variables are present.

Let us introduce assumptions on the data. In the following, p > 2 is a given number, and p’ € (1, co) is the conjugate

exponent of p, defined by the relation 1/p + 1/p’ = 1. We assume S can be generated from a potential functional
U:s? - R:
aUu aUu
se)= Y€ e sie=298) 1 ij<a (5.6)
de dejj

In addition, we assume

Sl <c(1+1ely") Vees, (5.7)

[S(e(u1)) — S(e(U2))llp .00y < bllUllv, u2llv) ln —u2lly Y, up €V, (5.8)

where the function b(-, -) is bounded over bounded ranges of its arguments, and either

(S(e1) = S(&2)) : (61 — &2) = msler — &2fy Ve, & €8 (5.9)
or

(S(e1) — S(&2)) : (&1 — &2) > msley — €2|§d Ve, e es (5.10)

On ¥, :RY — R, we assume

V¥, is locally Lipschitz continuous on R?, (5.11)

0v(®lee < (14 180,") vEer”, (5.12)
and either

YlE & — E)+YUEn & — &) S MylE — &, VE. &R (5.13)
or

Y& E — &)+ U6 & — &) < MylE — §2|]12§d VE . & eRY (5.14)
On the source function, we assume

fevh (5.15)

In the study of weak formulations of Problem 5.1, we need to introduce some function spaces. Let

V={veW"(2;RY) |v=00nT}, v,=00n 3}, (5.16)

V={veV|divy =0in 2}, (5.17)

Q= {qeL”'(Q) (g, 1)e ZO}, (5.18)
where (q, 1), stands for the integral of q over £2. We will also use the following subspace of the space V:

Vi={veH'(2;R")|v=0o0nT}, v,=00nI%}. (5.19)

There exists a constant ¢ > 0, depending on 2 only, such that
Ivilv, =clvily YveV.

Following a standard procedure, we can derive the next weak formulation of Problem 5.1.
Problem 5.2. Find a velocity u € V and a pressure 7 € Q such that

/ S(e(u)) : e(v)dx — / wdivvdx + wf(u,; v.)da > {f,v)ysxy Vv eV, (5.20)
2 2 I

/ gdivudx=0 VqeQ. (5.21)
2

We can eliminate the constraint (5.21) to get a reduced weak formulation.

10
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Problem 5.3. Find a velocity u € V such that
f S(e(u)) : e(v)dx + wf(uf; vo)da > {f,v)ysxy VYV E V. (5.22)
2 r
We denote by c, > 0 (the best) constant of the inequality

v.|24da < cp/ le(w)%dx Vv eV. (5.23)
e 2

Theorem 5.4. Assume (5.6), (5.7), (5.8), (5.11), (5.12), and (5.15). Also assume either (5.9) and (5.13), or (5.10) and (5.14).

Then under the smallness condition c,My < ms, Problem 5.3 has a unique solution u € V, which is also the unique minimizer
of the energy functional

E(v) = / Uew)dx+ [ ¥(ve)da — (F. Vivery (5.24)
2

I

over V.

Proof. We apply Theorem 3.4 or Theorem 4.1 with the operator A:V — V* defined by

(AU, V)y oy = / S(e(w)) : e(v)dx, (5.25)
2
the functionals
®=0, V)= v (v;)da,
I

and f € V* defined by (f, v)y+.y. Then A is well defined thanks to the assumption (5.7), and is locally Lipschitz continuous
thanks to the assumption (5.8). The assumption (5.9) implies

(Avi — AV, Vi — Va)ysuy > ms|lvy — W}, Vv, v eV
whereas (5.10) implies
(Avy — Avy, Vi — Va)ysgy > Ms|vy —V2||€1 Vv, vy € V.
So H(A) or H(A); is satisfied with my = ms. Since @ = 0, H(®) is trivial. From a slight variant of [40, Theorem 4.20], by
assumptions (5.11) and (5.12), the functional ¥ is well-defined, is locally Lipschitz continuous on V, and moreover,
wO>u; v) 5/ vou,;v,)da Yu,veV. (5.26)
I
Then, for any v, v, € V, by (5.26),
VOV vp —vp) + W05 vy —wp) < / [WS(Vl,ﬂ Voo — Vi) + Y2(Var Vi — Vz,z)] da.
I
So it follows from (5.13) that

0 0
OV vy — V) (v v — V) S My [[vyr — Vo0 ||ip( < Myclvi — v,

Fz;]Rd)
or from (5.14),
WO(vi; vy — i) + WO(va; Vi — v3) < My Vi — Vas ”fZ(FZ;]Rd) < Mycallvi — valff, .

Thus, H(¥) or H(¥); holds true with my = My c,. Then by Theorem 3.4 or Theorem 4.1, there is a unique element u € 1%
satisfying

/ S(e(w)) : e(v)dx + ¥Ou; v) > (f, V)ysxy VYV EV.
2

Because of (5.26), u is also a solution of Problem 5.3.
The uniqueness of a solution of Problem 5.3 can be proved similarly as that of Problem 3.1 in the proof of Theorem 3.4,
with w0 replaced by the integral of ¥° over I';; we omit the detailed argument here. ®

To recover the pressure variable from Problem 5.3, we recall two results below, the first being a special case of [41,
Lemma 2.2.2, Chapter II], whereas the second being a part of [41, Lemma 2.1.1, Chapter II].

11
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Lemma 5.5. Let 2 C RY be a bounded Lipschitz domain, d > 2, let p € (1, oo) and let p’ be its conjugate. If £ € WP ()
satisfies

(€, V)yiy =0 Vv eCP(R), divy =0in £,
then there exists a unique w € Q such that

£ = Vr in the sense of distributions.
Moreover, for two positive constants ci, ¢,, depending only on $2 and p,

cilllllvs < liwllq < callllv+.
Lemma 5.6. Let 2 C R be a bounded Lipschitz domain, d > 2, let p € (1, c0) and let p’ be its conjugate. Then for each
g € Q, there exists at least one element v € W, P(2)¢ such that

divv=gin 2, [Vlyisep < cligllo,
where ¢ > 0 is a constant depending only on §2 and p.

Now we are ready to prove a unique solvability result for Problem 5.2.

Theorem 5.7. Under the assumptions stated in Theorem 5.4, Problem 5.2 has a unique solution (u, =) € V x Q; in addition,
u € V and it is the unique minimizer of the energy functional E(-) defined in (5.24) over V.

Proof. By Theorem 5.4, Problem 5.3 has a unique solution u € V, which is also the unique minimizer of the energy
functional of E(-) over V. From (5.22), we deduce that

/ S(e(u)) : e(v)dx = (f,v)y+xy VYV e CS"(.Q)d, divv =0in £2. (5.27)
2
Applying Lemma 5.5, we know that there is a unique element 7 € Q such that

/S(s(u)):s(v)dx—/ mdivvdx = (f, )y YV e CR(2)%
2

2
By a density argument, we have
/ S(e(u)) : e(v)dx —/ adivvdx = (f,v)y«xy VVE WJ“’(.Q)d. (5.28)
2 2
Now for any v € V,

fdivvdx:/ v-nda=0.
2 2

Thus, divv € Q. Applying Lemma 5.6, we have the existence of an element v; € Wol‘p(.Q)d such that
divvy =divv in £2.
Then, (v —v;) € V. Use (v — vq) as the test function in (5.22) to obtain
[ stetwn: et —viyax+ [ pStuivodaz v v (529)
2 I
By (5.28),
/ S(e(u)) : e(vy)dx —/ wdivvydx = (f, vi)vexy.
2

7}
Hence, from (5.29),

/ S(e(u)) : e(v)dx —/ m divvydx + wf(u,; v.)da > £, V)yrxy.
2 2 I

Since divv,; = divv in £2, we recover (5.20) from the above inequality. So (u, 7) € V x Q is a solution of Problem 5.2.

It is easy to see that if (u, w) € V xQ is a solution of Problem 5.2, then u solves Problem 5.3 which has a unique solution.
From the first paragraph of the proof, we know that 7 € Q is uniquely determined from u. In conclusion, (u, 7) € V x Q
is the unique solution of Problem 5.2. W

In the rest of the section, we comment on the assumptions made on S and ..

12
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Let U:SY — R be a potential of the operator S, cf. (5.6), and let us introduce conditions on U that imply the assumptions
on S. Assume, for some p > 2 and constants ¢y, ¢; > 0,

=0, 1=<ij=d,

) p—2 2 d
——in > c1 (14 |e Ve, neS",
Tegien "1 (14 lelsa)™ " mlZg n

3%U(e)

-2 d P
<6 (1+el)” ™ Vees! 1<ijkl<d.
ag,jaek, - 2( | |Sd) =hJ

Then, it is shown in [39] that there exist constants c3, ¢4, ¢s > 0 such that

IS(e)lse < 5 (1+ lelsa) (5.:30)
(S(e1) — S(&2)) : (61 — £2) = max {caler — €212, Csle1 — €218, V1,62 € 8% (5.31)
In other words, (5.7), (5.9) and (5.10) are satisfied. In addition, from
92U
dgijoey

Si(e1) — Sif(e2) = fol (€2 +s(e1 —&2))e1 — &x)uds, 1<i,j=<d,
we find
1S(e1) = S(e2)lox < € (1+ lenlga + lealsa)’” ler — ealca.
Hence, (5.8) holds:
[S(e(u1)) — S(e(U)ll (.50 < € (14 [lurllv + luzllv)P~2 llug — wly.
If
S(e)=2v(lel2)e. ees, (5.32)

the non-Newtonian fluid is called a generalized Newtonian fluid. In the special case where the viscosity coefficient v > 0
is a constant, we recover from (5.32) the Stokes’ law:

S(e)=2ve, eecs (5.33)

For the generalized Newtonian fluid (5.32), we can define a potential function

le|2
U(e) :/ . v(s)ds, & €S, (5.34)
0

Next, we consider three concrete examples of (5.32) found in the literature. The following two inequalities will be
useful:

(1+sP2> % (1457%) Vs>0,p=>2, (5.35)

(lerlP~%e1 — e2lP262) 1 (61 — £2) = 22 Pp ey — &2y Ver, 6268 p=2. (5.36)
The first inequality can be found, e.g., in [39]. The second inequality follows, e.g., from [42] or [43, Lemma 3].
Lemma 5.8. For eq, &, € S, define

Apler,e) = ((1+ lerlse) &1 = (14 leaksa) " &2) : (61 — &), (537)
Then, for p > 2,

Ap(er,€2) = 27 er — exl% + minf27 (p — 1)71, 8712772} er — &), (5.38)

Proof. Write

ds

-3
- 2)/1 (1+ le2 +5(e1 — &)l)
0 le2 +s(e1 — &2)lga

1
d _
Ap(sl,62)=/ - [(1+|€2 +5(e1 — &2)lsa)” % (&2 + s (e —62))] ds: (e1 —€2)
0

| (&2 +5(e1 — &2)) : (61 — &2)[°ds

13
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1
-2
+/ (1+ &2 +5s(e1 — &)lge)’ ds|ey — &3]
0

Then,

1
-2
Ap(er, £2) > / (1+1e2+5s(e1 — €2)lga)”  dsler — & 2
0

It is easy to see that
Ap(er, e2) > &1 — €2|§d-

Further, we use (5.39) to derive a second lower bound for A,(&1, &,). According to (5.35),

2 1 _
(1+le; +s(e1 — &)lee)” > 5 (1 + l&s +s(e1 — ez)|gd2) .

Thus,

2

To proceed further, we distinguish two cases.
If |e2]ga > |1 — €2]sa, then

1 1 (! -
Ap(er. &2) 2 o €1 = €212 + */ |62 + (€1 — &2)[75 ds &1 — &3]
0

le2 +s(&1 — &€2)lsa = |€2]gd — S|e1 — €2]ga = (1 —5) |1 — €2]ga.

Hence,

1 1

-2 -2 -2 -2

/ &2 +5(6‘1—€2)|gd dSZ/ (1—sy d5|€1—€2|gd = |€1_€2|§d .
0 0

1
p—1
If |ea2]ga < &1 — €2]ga, Write

1 _ Ule, +s(e1 — &)°
/ le; +s(eq — €2)|gd2ds = f id ds.
0 0 le2+s(er— &)l

For the denominator of the integrand,
2 2 2
le2 +s(e1 — &2)l5e =< (le2lse + |61 — €2]5a)” < 4l€1 — €2]5-

For the numerator of the integrand, from

1 1 2/p
/ le2 +s (&1 — €2)|§dd5 = (/ le2 +s(e1 — €2)|gdd5> ,
0 0

we have

1 1 p/2
/ &2 + 5 (81 — &2)l54ds > (f le2 + s (&1 — €2)|§ud5)
0 0

1 p/2
= <|€2|§d +e:(e1—8&)+ 3 ler — €2|§u>

_ p/2
=372 (le1lZ + &1 : &2 + |€2l2)

_ p/2
> 6P (|€1|§d + |€2|;d)

Since |e1 — €12, < 2 (le112 + le2l%).

1
/ ez +5(e1 — &2)I4ds = 1277 |e1 — e2]7,.
0

Thus,

12717/2'31 — €2|gd

1
f lea +s(e1 — €2)|gd_2d5 > =412, — €2|gd_2~
0

4le; — €2|§d
Summarizing the two cases, we have (5.38). ®

Similarly, we can prove the next result.

14
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Lemma 5.9. For eq, &, € S, define

~ 2-1 2-1

Zpler o) = ((1+1e112)" o1 = (14 le2f2)" " &2) 2 (61 — &)
Then, for p > 2,

Ap(er, &) = 27 &1 — €213 + minf27 (p — 1)1, 8712772} jey — &, F,.

Example 5.10. In the first example,

S(e) =2v,0e+2 vo|s|g;2€, ees’
Assume v, Vg > 0. We have

V(S) = Voo + vps?/?7!, s >0,

2
U(e) = vaolel2s + 70 lelfy, ees”.

It is straightforward to verify (5.7) and (5.8). Consider

(S(en) = S(e2) : (61— £2) = 2 vcler — eally + 210 (|11l 61 = [eallye2) (1 — €2).

Apply the inequality (5.36) to obtain
(S(e1) — S(€2)) : (&1 — €2) = 2vooler — €212 +2° PP wgler — &2l
Hence, (5.9) holds with ms = 23 Pp~lug; (5.10) also holds with ms = 2 vs. O
Example 5.11. In the second example,
S(e) =2vee+ 21 (14 |e|§‘1)’772 e, ees’
Assume v, Vo > 0. We have
V(s) = voo + vo(1+s"2P7%, s>0,

l€lga
U(e)sz|e|§d+2w/ (1 +sp2ds, ees.
0

For &1, &, € SY, by the definition (5.44),
(S(e1) — S(£2)) : (81 — £2) = 2 vo|&1 — £330 + 2104 p(e1. £2),

where Ap(e1, &2) is bounded below by Lemma 5.8.

(5.41)

(5.42)

(5.43)

(5.44)

We conclude that (5.9) holds with ms = vo min{2~'(p — 1)1, 87 11277/2}, and (5.10) holds with ms = 2 v, + vo. O

Example 5.12. In the third example,

)p/zfl

S(&) =2vue + 21 (1 + el e, ecs

Assume v, vg > 0. We have

V($) = Voo + vo(1+sP/>71, s>0,

le|2
S

d
U(e) = vaclelZ, + vo f (1+sP2ds, eest,
0

(5.45)

Analysis of this example is similar to that of Example 5.11, and we apply Lemma 5.9 instead of Lemma 5.8. Detail is

omitted. O

Finally, we examine one example of ., written as ¢ for simplicity.

Example 5.13. Following [27], for a constant a € [0, 1), consider

Y(z)=(@—1e " falz|pa, zeRL

Then, (5.11) is obvious. Denote by B(0, 1) C R¢ the unit closed ball centered at the origin. Since

B(0, 1)if z =0,
I(z) = { (1—a)e "=t +a)z/|z|a ifz #0,
15
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it is easy to see that (5.12) is valid; indeed, dv/(z) is bounded. Now we provide a detailed derivation of (5.14) for the
reader’s convenience. Note that (5.14) is equivalent to

(51— &) @1 —2) > —Mylz1 — 22y Vz1,20 € RY, & € 0y(z1), &, € 0¥ (22). (5.47)
We distinguish two cases.

Case 1: z; #0, z; # 0. Then,
Td
(& —-&) @—2z2)= / £¢(12 +5(z1 —22))ds (21 — 22)
0

1
=(z; —Zz)T/ Gz +5(21 — 22))ds (z1 — 22) ,
0

where G is the Hessian matrix of . Through elementary calculations, we find that

Gz) = ((1—a)e "=t +a) |z JT + ((a — 1)e et |z| 7 — (1 —a)e ¥l +a) |21 7) z2".
It can be shown that G(z) has two distinct eigenvalues

(@a— e "=, (1—a)e ¥ +a) fz| .
The first eigenvalue is simple and the second eigenvalue has multiplicity (d — 1). Hence,

21— 2)" Gz +5(21 — 1)) (21 — 22) = —(1 —a)e Plad |z — 2,2,
Therefore,

(8- &) @1 —2) > —(1—a)lz1 — 2|},

Case 2:z1 # 0,2, = 0. Let &, € dy/(z2) = B(0, 1) be arbitrary. Then,
6 -&) @—-2)=((0- a)e Filed 4 a)z1/121|pa — &) 21

= ((1—a)e "=t 4 a) |z1]pa — & - 21

> (1 —a)e™™led 4 a) |z;]ga — |21]pa
= —(1—a)lzy|ga (1 - ef‘zllmd)
> —(1-a)lz%.

Summarizing, we see that (5.47) holds with My, = 1 — a. We comment that for a non-convex non-smooth function
Y., the natural choice of the exponent p in the condition (5.13)isp=2. O
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