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Abstract

This paper presents a general convergence theory of penalty based numerical methods
for elliptic constrained inequality problems, including variational inequalities, hemi-
variational inequalities, and variational-hemivariational inequalities. The constraint
is relaxed by a penalty formulation and is re-stored as the penalty parameter tends
to zero. The main theoretical result of the paper is the convergence of the penalty
based numerical solutions to the solution of the constrained inequality problem as
the mesh-size and the penalty parameter approach zero independently. The conver-
gence of the penalty based numerical methods is first established for a general elliptic
variational-hemivariational inequality with constraints, and then for hemivariational
inequalities and variational inequalities as special cases. Applications to problems in
contact mechanics are described.

Mathematics Subject Classification 65N30 - 65N15 - 74M10 - 74M15

1 Introduction

Penalty methods are an effective approach in the numerical solution of problems with
constraints. In a penalty method, the constraint of the original problem is allowed to
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be violated but the violation is penalized. The constraint is restored in the limit when a
small penalty parameter goes to zero. Penalty methods have been applied to a variety
of constrained problems of importance, e.g., penalty methods for the incompressibility
constraint in incompressible fluid flow problems (e.g., [8]), in contact problems (e.g.,
[2,4,6,19,21]), or in the context of general variational inequalities (e.g., [10]). In most
related references, convergence of the penalty based numerical method is carried out
either at the continuous level or for an arbitrary but fixed finite dimensional approxi-
mation of the original constrained problem. More precisely, denote by € > 0 the small
penalty parameter, by & > 0 the mesh-size for the finite dimensional approximation;
and let u, u., uh, and uil be the solution of the original constrained problem, the solu-
tion of the penalized problem at the continuous level, the numerical solution of the
original constrained problem, and the numerical solution of the penalized problem,
respectively. Then a typical convergence result found in the literature for the penalty
methods is of the type uc — u as € — 0, or for & fixed, ui’ — ulase - 0.1In
this paper, we will establish the convergence result ui’ — u as h,e — 0 and we
will achieve this for families of constrained inequality problems, including variational
inequalities and hemivariational inequalities.

Hemivariational inequalities were introduced in early 1980s by Panagiotopoulos
in the context of applications in engineering problems involving non-monotone and
possibly multi-valued constitutive or interface laws for deformable bodies. Studies of
hemivariational inequalities can be found in several comprehensive references, e.g.,
[24,25], and more recently, [22]. The book [18] is devoted to the finite element approxi-
mation of hemivariational inequalities, where convergence of the numerical methods is
discussed. In the recent years, there have been efforts to derive error estimates. In the lit-
erature, the paper [13] provides the first optimal order error estimate for the linear finite
element method in solving hemivariational or variational-hemivariational inequalities.
The idea of the derivation technique in [13] was adopted in several papers by various
authors for deriving optimal order error estimates for the linear finite element method
of a few individual hemivariational or variational-hemivariational inequalities. More
recently, we have developed general frameworks of convergence theory and error
estimation for hemivariational or variational-hemivariational inequalities: for internal
numerical approximations of general hemivariational and variational-hemivariational
inequalities in [16,17], and for both internal and external numerical approximations of
general hemivariational and variational-hemivariational inequalities in [12]. In these
recent papers, convergence is shown for numerical solutions by internal or exter-
nal approximation schemes under minimal solution regularity condition, Céa type
inequalities are derived that serve as the starting point for error estimation, for hemi-
variational and variational-hemivariational inequalities arising in contact mechanics,
optimal order error estimates for the linear finite element solutions are derived.

In [23], well-posedness of a family of variational-hemivariational inequalities
was established. In addition, a penalty formulation for the constrained variational—
hemivariational inequalities was introduced and convergence of the penalty solutions
is shown when the penalty parameter tends to zero. The penalty method has also
been used in the study of history-dependent variational or variational-hemivariational
inequalities, in [27,28], respectively, where convergence of the penalty method is
shown as the penalty parameter goes to zero. In [14], a penalty based numerical
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method is introduced and studied for sample hemivariational inequalities in uni-
lateral contact mechanics. In this paper, we substantially extend the result in [14]
to cover penalty based numerical methods for solving general constrained inequal-
ity problems, including variational inequalities, hemivariational inequalities and
variational-hemivariational inequalities, prove convergence of the numerical solu-
tions as both the meshsize and the penalty parameter tend to zero.

The rest of the paper is organized as follows. In Sect. 2 we review some basic notions
needed in the study of variational-hemivariational inequalities. In Sect. 3, we intro-
duce a general variational-hemivariational inequality. In Sect. 4 we describe numerical
methods based on penalty formulation for solving the constrained variational—
hemivariational inequalities, and show convergence of the penalty based numerical
methods in Sect. 5. Results on variational-hemivariational inequalities automati-
cally reduce to corresponding ones on purely hemivariational inequalities and purely
variational inequalities, respectively, with simplified conditions. We include some
comments in Sect. 6 on the convergence of the penalty based numerical methods for
such inequalities. In Sect. 7 we illustrate the application of the results from previous
sections in the study of the penalty based numerical methods for two mathematical
models describing unilateral contact of an elastic body with an obstacle. We end this
paper with some concluding statements and remarks.

2 Preliminaries

We introduce some basic notions and results in this section. All the spaces used in this
paper are real. For a normed space X, we denote by | - ||x its norm, by X* its dual
space, and by (-, -) x*x x the duality pairing of X* and X. When no confusion may
arise, we simply write (-, -) instead of (-, -) x+x x. Weak convergence is indicated by
the symbol —. The space of all linear continuous operators from one normed space
X to another normed space Y is denoted by L(X, Y).

An operator A: X — X™ is said to be pseudomonotone if it is bounded and u, —u
in X together with lim sup,,_, o (Auy,, u, — u)x+xx < 0imply

(Au,u — v)x*xx < liminf (Au,, u, —v)xxxx Vv e X.
n—oo

The operator A is said to be demicontinuous if u, — u in X implies Au,,— Au in
X*. A function ¢ : X — R is said to be lower semicontinuous (l.s.c.) if x, — x in X
implies ¢(x) < liminf,_, o ¢(x,). For a convex function ¢, the set

dep(x) = {x* € X* | p(v) — p(x) = (", v = X)xeux Vv € X}

is known as the subdifferential (in the sense of convex analysis) of p at x € X.Elements
in d¢(x) are called subgradients of ¢ at x. Properties of convex functions can be found
in [7]. A continuity result on convex functions is as follows (cf. [7, p. 13]).

Lemma 2.1 A Ls.c. convex function ¢ : X — R on a Banach space X is continuous.
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Another result on convex functions that we will use is a lower bound of a convex
function by a continuous affine functional (cf. [1, Lemma 11.3.5], [5, Prop. 5.2.25]).

Lemma 2.2 Let Z be a normed space, Z* its dual, and let ¢ : Z — R be convex and
L.s.c. Then there exist a continuous linear functional £, € Z* and a constant ¢ € R
such that

9(2) = €y(z) +¢ Yz e Z.
Consequently, there exist two constants ¢ and ¢ such that
pz) zc+clzllz Yz e Z 2.1

Assume ¢ : X — R is locally Lipschitz continuous. The generalized (Clarke)
directional derivative of ¥ at x € X in the direction v € X is defined by

¥O(x; v) := lim sup v tev) - W()’)'
y—x,€l0 €

The generalized subdifferential of ¥ at x is a subset of the dual space X* given by
Y (x) :=1{ € X* | ¥2x;v) = (£, V) yeux YV € X).

Details on properties of the subdifferential in the Clarke sense can be found in the
books [3,5,22,24].

On several occasions, we will apply the modified Cauchy inequality: for any § > 0,
there exists a constant ¢ depending only on § such that

ab<8§a’*+cb®> Va,beR. (2.2)

In fact, we may simply take ¢ = 1/(46) in (2.2).

3 A general constrained variational-hemivariational inequality

The constrained variational-hemivariational inequality problem was studied in [23].
Here, we follow the presentation in [12] to describe the problem. Let X, X,,, X ; be
normed spaces and K C X. Let there be given operators A: X — X*, v, : X — X,
yj + X — Xj, and functionals ¢: X, x X, — R, j: X; — R, j being locally
Lipschitz. The variational-hemivariational inequality we will consider is stated as
follows.

Problem (P) Find an element u € K such that

(Au, v —u) + @(yput, Ypv) — @(Ypit, Yput)
+ j%yju; yjv —yju) = (f,v—u) VveKk. (3.1)

We will make use of the following conditions.
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(A1) X is areflexive Banach space, K C X is non-empty, closed and convex.
(A2) X, is a Banach space and y, € £(X, X,) with a continuity constant ¢, > 0:

Ivpvlx, < collvlix VveX. (3:2)
(A3) X is a Banach space and y; € £(X, X ;) with a continuity constant c¢; > 0:
lyjulix, <cjllvlx YveX. (3.3)

(Ag) A: X — X* is pseudomonotone and strongly monotone with a constant
my > 0:

(Avi — Avg, v1 — v2) = mallvr —wal% Yvi, v € X. (3.4)

(As) ¢: Xy x Xy — Ris such that ¢(z,): Xy, — R is convex and l.s.c. for all
z € Xy, and for a constant o, > 0,

©(z1,24) — 9(z21, 23) + ¢(22, 23) — @(22, 24)
< opllzr — 22llx, lz3 — z4llx, Vz1,22,23, 24 € Xo. (3.5)

(Ag) j: Xj — Ris locally Lipschitz, and for some constants cg, ¢, & > 0,

10j@)lxs = co+erllzllx; VzeXj, (3.6)

FPera-m+ P a -2 <glla -2l YaneX;. G0

(A7)

2 < ma. 3.8)

2 .
a(pc(p—i—a]cj

(Ag)
f e X (3.9

The inequality (3.1) represents a variational-hemivariational inequality since the
function ¢(z, -) is assumed to be convex for any z € X, and the function j is assumed
locally Lipschitz and generally nonconvex. Note that we assume K is a proper subset
of X, and so the corresponding inequality (3.1) is termed a constrained variational—
hemivariational inequality. The spaces X, and X ; were introduced to facilitate error
analysis of numerical solutions of Problem (P). This is useful also for the convergence
analysis of the penalty based numerical method in this paper. For applications in
contact mechanics, the functionals ¢(-, -) and j(-) are integrals over the potential
contact surface, denoted below by '3, which is assumed to be a measurable part of the
boundary of a regular domain in R4 (d =2, 3). In such a situation, X, and X ; can be
chosen to be L2(I'3)4 and/or L%(I'3). Moreover, Vo: X = Xypand yj: X — X are
linear, continuous and compact operators.
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As was noted in [12], by slightly modifying the proof in [23] (see also [26,
Remark 13]), the following existence and uniqueness result can be proved.

Theorem 3.1 Under assumptions (A1)—(Ag), Problem (P) has a unique solution u €
K.

We keep assumptions (A1)—(Ag) throughout the paper so that a unique solution
u € K is guaranteed for Problem (P).

4 Numerical approximations

We now introduce a penalty based numerical method of Problem (P). We say that
P : X — X*is a penalty operator for the set K if P is bounded, demicontinuous,
monotone, and Ker(P) = K. Note that a penalty operator thus defined is pseudomono-
tone, following [29, Prop. 27.6]. We denote by € > 0 the penalty parameter. The
penalty formulation of Problem (P) is as follows.
Problem (P.) Find an element u. € X such that

1
(Aue’v_ue>+g
+j0()(/ue; Yiv —yjue) = (f,v—ue) YveX.

(Pue,v —ue) + @(thue, V(pv) - ‘P(V(p“m V(pue)

For the particular case where ¢ does not depend on its first argument, it is shown in
[23] that Problem (P,) has a unique solution u#, € X and that uc — u in X ase — 0.
In this paper, we consider numerical methods for solving Problem (P) based on the
penalty formulation.

Let X" X be a finite dimensional subspace with 4 > 0 being a spatial discretiza-
tion parameter. In practice, X” is usually constructed as a finite element space. We
need an assumption on the approximability of elements of K by elements in X”.

(Ag) For any v € X, there exists v € X" such that

lim [[v" — v||x = 0.
h—0
For any v € K, there exists v" € X" N K such that
lim [v" — v]lx = 0. 4.1
lim [[v" — vllx (@.1)

Then the numerical method for solving Problem (P) based on penalty formulation
is the following.
Problem (P) Find an element u” € X" such that

1
(Aug, v — )+ —(Pug, v — ) + @(rpud, vpv") = 9 (rpug, youe)

+ 0l yjo" —pjuly = (f 0" —uly vl e xM. (4.2)
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We can apply the arguments of the proof of Theorem 3.1 in the setting of the finite
dimensional space X” to conclude that under assumptions (A)—(Ag), Problem (Pé’)
has a unique solution ué’ € X". The main goal of the paper is to show convergence of
ui’ to the solution u € K of Problem (P) as /& and € simultaneously and independently
approach zero. As a preparation for the convergence analysis of the numerical method
in Sect. 5, we first prove a uniform boundedness property for the numerical solutions
{M?}h,e>0~ Since K is non-empty, we choose and fix an element uo from K. By
assumption (Ag), there exists ug € X" N K such that

Jim flug — uollx = 0. 4.3)
We will need the following uniform boundedness property of the numerical solu-
tions.
Proposition 4.1 There exists a constant M > 0 such that ||u£‘ lx <MVh,e > 0.
Proof By the strong monotonicity of A, we have

h

h hy2 h h h h h
mallul — % < (Aul,u? = ull)y — (Aufy,ul = ul).

Applying (4.2) with v = u{'), we further have

1
mallu® —udl% < ;(Pu’;, up — uly + o(yu, youl) — o(youl', youl)

+ 70 uls yiul — yiuly — (f ul — ul'y — (Auf, u" — ug).

4.4)

Let us bound various terms on the right side of (4.4). First, since ug eK,P ug =0,
and by the monotonicity of P, we have

1 1

—(Pul ul —ul'y = —=(Pul — Pult, ul —ulty <o0. (4.5)
€ €

In (3.5) we take z; = z3 = ywu?, 22 = Ypup and z4 = ywug to get

Pypul, youl) — o(rpul, youly < oy lly, u —uo)lix, vy — u)lx,

+ 9 (Vpu0, Youp) — 9(Yputo, vpul).  (4.6)
Now,
Iyl = o)l v uf = wllx, < (e = w1 + Nl — woll e = ufl1x)

By the modified Cauchy inequality, for any § > 0, there is a constant ¢ depending on
8 such that

20 h h_ o h h_ 2 h 2
agcyllug —uollxllue —uglix <8 llue —ugly + ¢ llug —uollx-
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By (As), (ypuo, -): X — Ris convex and L.s.c. So from (2.1), for some constants ¢
and ¢,

@(vpuo,2) = c+clizllx, Vz€ Xy,
and then
—p(puo, vput) < —¢ =& lypullx,.
By the continuity from Lemma 2.1,
@Yo, Vpity) = 9(Vylo, Vo)

and so {¢(y,uo, y(pug)} n>0 is uniformly bounded with respect to 4. Summarizing the
above relations with standard manipulations, we have

Dol voul) —p (rpul, voul < (erped+8) Il — uf i+ (1+ lul —uflx)
4.7
Write
JOuls viul = vy = [ 1°uls viul = viul) + 1yl viul = viup) |
—j0ul: yiul = yiul).
Use the condition (3.7),
FO il yiul — yiuly + j0(vjutss viul — yiug) < ajcilul —uf%.
Use the condition (3.6),
=P rjul yiul = viul) < (co+erejlulix) el = ublx.
Thus,
JOuls vl = viul) < @Rl =l + e (14 Il = uflx).  @8)
Easily,
— (foug —ul) < fllxeu? = uglx. (4.9)

By the assumption, A : X — X* is pseumonotone; hence it is bounded. Then,
since uﬁ—\uo, it follows that {||Aug |l x*}n=0 is uniformly bounded with respect to 4.
Thus,

— (Aul, ul — ully < cllul —ul)x. (4.10)
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Using (4.5)-(4.10) in (4.4), we find that
(mA —a(pcé —ozjc% — 8) ||ui' — ug”%( <c (1 + ||ui' — ug||x) .

Therefore, choosing § > 0 sufficiently small, we find that {||uil — ug|| X }h,e=0, and
then also {||ui’ | x }n.e>0, is uniformly bounded with respect to 4 and €. O

We list an additional condition to be used later on:

(A10) Yp: X — Xy and y;: X — X are compact operators.

We comment that in applications to contact mechanics (cf. Sect. 7), y,, and y; are
trace operators from an H'!($2)-based space to L?(I'3)-based spaces and, therefore,
the assumption (A1g) is automatically valid.

5 Convergence of the numerical method

We now prove the convergence of the numerical solution of Problem (Pﬁ’) to that of
Problem (P) as the penalty parameter € and the meshsize 4 tend to zero.

Theorem 5.1 Assume (A1)—(Ayg). Then,
ul > u inXash,e—0. (5.1

Proof By Proposition 4.1, {ué‘}h76>o is bounded in X. Since X is a reflexive Banach
space, and the operators y,: X — X, and y;: X — X are compact, we can find a
sequence of {ui‘}h,€>0, still denoted by {ué’}, and an element w € X such that

ui’Aw in X, y(pué’ — Yow in X, yjui’ — yjwin X;. 5.2)

Let us show that w € K. By (4.2), for any v e XN,
1
;(Pui’, ul =" < (Aul V" —uly + o(poul, vo") — o (rpul, youl)
+ 0l " = yiul) = (f 0" —ul).
Similar to (4.6), we have

hoo oh ho, o h 20 hyp2
PWplte, Vpv') — 9(Yplte, Yptte) < pcyllue —v7 |,

+o 1", you™) — oy, youl).

Also, by (2.1), we have two constants ¢ and ¢, dependent on v but independent of uﬁ
such that

h h - ~ .0
_¢(V¢U ) y(ﬂue) E —Cc—cC ||ug”X
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Hence, for any fixed v € X" there is a constant c(vh), dependent on v but indepen-
dent of €, such that

1
—(Puﬁ’, ui’ — vh) < c(vh).
€

Then, we deduce that

lim sup(Pul’, ul —v")y <0 Vol € x". (5.3)

e—0

By assumption (Ag), for any v € X, there exists v” € X" such that v — v in X.
Since {|| Pui’ |l x*}n.e>0 is uniformly bounded, we derive from (5.3) that

limsup(PuZ, ui‘ —v) <0 VYvelX.
h,e—0

Now that P is pseudomonotone and ué‘—\w, implying

(Pw,w—v) < 1}ilrr€1ln0f<Pu’g, ul —v) YoveX.

Combine the last two inequalities to get
(Pw,w—v) <0 VvelX.
From this relation, we conclude that
(Pw,v) =0 YveX,
and hence,
w € Ker(P) =K.

Let us then prove that the weak limit w is the solution of Problem (P). Let wh e
K N X" be such that

|lw" —wlx > 0 ash — 0.
In (4.2), we take v = wh to get
1
(Aul',ul —why < E<Pu'§, w' —ul) + @ (ypul, yow") — o(ypul, youl)
+ 0 (juls vy — yjul) — (f, w" —ul).
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Since Pw" = 0 and P is monotone,

1 1
—(Pul, w" —u"y = —=(Pw" — Pu", w" —uly <o0.
€ €

Hence,

(Aul ul —w"y < p(youl, you™) — o(ypul, youl
+ j0puls yiwh — yuly — (f, w" —uly. (5.4)

Similar to (4.6),

Ppul, vow™) — o(youl youl) < ayllye ! —w)lix, Iy, —wh i,

+ o(Yow, wah) — 9(Ypw, mui’)-

For the terms on the right side of the above inequality, ||y, (ui’ —w)llx, = 0,11y (ui’ —
wh)|| x, — 0 following the inequality

h h h h
V(e —whHlx, < lyvpue —w)lx, + Ivp(w —wH)lx,,
and since ¢ is continuous with respect to its second argument,
hy h 0
(p(Vgowv YoW ) @(V(pwa quue) — U.

Thus,

lim sup [w(mui’, Yow™) — g(yul, V(p“il)] <0.

h,e—=0
Write
JOuls viw = yiuly = [Pl yiw® =yl + 0" yul =yt
— J0Cwh; yjul — v,
Then,
Pl —yiud) < ajlly@l —whlg,

+ (co +erllvpw”llx, ) sl = whlx,,
and since ||y; (u! — w")|x; — 0, we have

lim sup j° (y;ul'; yjw" — y;uly <o0.
h,e—0
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Hence, from (5.4), we derive

lim sup(Au”, u" — w") < 0.
h,e—0

This implies

h

c—w) <0.

lim sup(Aui’, u
h,e—0

By the pseudomonotonicity of A,

h

(Aw, w — v) < liminf(Au’, u —

v X. 5.5
h,e—0 v Yve (>:3)

Now fix an arbitrary element V" e X" N K. We take the upper limit as 7 — 0 and
€ — 0 along a subsequence of the spaces X" > X" in (4.2) to obtain

lim sup{Aul, u” — ") < @(yew, y,0") — @(yow, yow)
h,e—0

+ % w " —yjw) = (F " —w). (5.6)

In the derivation of (5.6), we used the inequality

Ppul, yu") — p(pul, voul) < apllypl — w)lix, vy " —ul)lx,

+ 9w, ypu") — (ypw, youl),

the convergence |y, (ui’ — w)llx, — 0, the boundedness of ||y¢(vh, — uf)”xw, the
continuity of ¢(y,w, -) on X, and the upper continuity of j 0(.; ) with respect to its
two arguments. Combine (5.5) and (5.6),

My < g(rpw, ypu") — p(vew, yow)

+i%(jw; 0" = yyw) — (f, 0" —w).

(Aw,w —v

Since v" € X" N K is arbitrary, we use the density of {Xh/ N K}, in K to obtain

(Aw, w —v) < P(Ypw, Ypv) — @(Ypw, Ypw)
+j0(ij; yiv—yjw) —(f,v—w) VYveKk. 5.7
There, w = u is the unique solution of Problem (P).

Since the limit w = u is unique, we have the weak convergence of the entire family,
ie.,

u'~u inXash,e— 0. (5.8)
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Finally, let us prove the strong convergence. We take " = w" in (5.6),
lim sup(Aul, uf —w") < @(ryw, yw") — p(rpw, y,w)
h,e—0

+ 0w v = yiw) = (f, 0" —w).
Then let A’ — 0 and recall that w = u to get

lim sup(Au”, u" —u) < 0. (5.9)

€
h,e—0
Apply (3.4),

h 2 b h h
mallug —ully < (Au;,u; —u) — (Au, u; — u).

By (5.9) and (5.8), we conclude from the above inequality that

mallu —ul% — 0 ash,e— 0,

h

¢ —~uinXash,e - 0. O

i.e., we have the strong convergence u

6 Two relevant particular cases

In this section we consider two relevant particular cases of our results presented in the
previous sections. They concern the case of a constrained hemivariational inequality
(obtained when ¢ = 0) as well as the case of a constrained variational inequality
(obtained when j = 0).

When ¢ = 0 in Problem (P), we have a pure hemivariational inequality from (3.1):

Problem (P)’ Find an element # € K such that
(Au, v —u) + jOyju; yjv — yju) = (f,v—u) YveK. (6.1)

We need to modify (A7) and (A1p) for this particular case.
(A7)
ajcf < my. (6.2)
(A10) yj: X — X is compact.
Under the assumptions (A1), (A3), (A4), (Ag), (A7) and (Ag), Problem (P)’ has a
unique solution.

With the finite dimensional space X" and subset K" C X" as at the beginning of
Sect. 4, we can introduce a penalty based numerical method for Problem (P)’.
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Problem (P”)’ Find an element u/ € X" such that

(f, o —uly vol e xh. (6.3)

This problem has a unique solution under the assumptions (A1), (A3), (As), (As),
(A7)" and (As).

By Theorem 5.1, we have the following convergence result for the penalty based
numerical method.

Corollary 6.1 Assume (A1), (A3), (A4), (Ag), (A7), (As), (Ag) and (Ayg)'. Then,
uf—>u in X ash,e — 0. (6.4)

When j = 0 in Problem (P), we have a variational inequality from (3.1):

Problem (P)” Find an element u € K such that
(Au, v —u) + o(Ypu, Ypv) — @(Ypu, vou) = (f,v—u) Yve K. (6.5)

We modify (A7) and (Ajg) for this particular case as follows.
(A7)"

a(pcé < my. (6.6)
(A10)" yp: X — X, is compact.
Under the assumptions (A1), (Az), (A4), (As), (A7) and (Ag), Problem (P)” has

a unique solution.

With the finite dimensional space X" and subset K" c X" as at the beginning of

Sect. 4, we can introduce a penalty based numerical method for Problem (P)”.
Problem (P")” Find an element u” € X" such that

1
(Aul' 0" —uly + E(Puﬁ, o —uly + o(yul, ot

€

—p(pul, youly = (f 0" —uly vl e x". (6.7)

This problem has a unique solution under the assumptions (A1), (A2), (As), (As),
(A7)" and (As).

By Theorem 5.1, we have the following convergence result for the penalty based
numerical method.

Corollary 6.2 Assume (A1), (A2), (A4), (As), (A7)", (As), (A9) and (A10)". Then,

ul - u inXash,e— 0. (6.8)
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7 Applications in sample contact problems

In this section, we illustrate applications of the convergence results established in
the previous sections in the numerical solution of two static contact problems with
constraints. The physical setting of a static contact problem, described with details
in [15,22,26] is as follows: the reference configuration of an elastic body is an open,
bounded, connected set 2 C R¥ (d = 2 or 3 in applications) with a Lipschitz boundary
I' = 9Q partitioned into disjoint, measurable parts I'1, I'> and I's. The body is in
equilibrium under the action of a volume force of density f in Q and a surface
traction of density f, on I'p;itis fixed on I'; and is in contact on I'3 with one or two
obstacles. We assume meas (I";) > 0.

For the description of the contact problems, we use the symbol S¢ to denote the
space of second order symmetric tensors on R?, and “-” and “|| - ||”” will represent
the canonical inner product and norm on the spaces R? and S?. We use u: Q@ — R?
for the displacement field and o: Q2 — S? for the stress field. Moreover, e(u) =
(Vu + (Vu)T) /2 will represent the linearized strain tensor. Let v be the unit outward
normal vector, which is defined a.e. on I'. For a vector field v, v, := v - v and
v; := v — v, v are the normal and tangential components of v on I'. For the stress
field o, 0, := (ov)-v and 6, := ov — 0,,v are its normal and tangential components
on the boundary.

The two contact problems we consider in this section have the following equations
and boundary conditions in common:

o =Fe(u) inQ, (7.1)
Dive + fo, =0 in Q, (7.2)
u=0 only, (7.3)
ov=f, onTl;. (7.4)

Equation (7.1) is the elastic constitutive law where F is the elasticity operator, Eq. (7.2)
represents the equilibrium equation, Eq. (7.3) is the displacement boundary condition,
and (7.4) describes the traction boundary condition.

We use the space

V= [v: () € H'(:RY) [v =0 ae. onl"l}

or its subset for the displacement. Since meas (I'1) > 0, by Korn’s inequality, V is a
Hilbert space with the inner product

(u,v)y ::/ e(m)-e(w)dx, u,veV.
Q

We denote the trace of a function v € H'(Q2; R?) on I' by the same symbol v. We
use the space Q = L?($2; S%) for the stress and strain fields and we recall that Q is a
Hilbert space with the canonical inner product
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(U,T)Q ::/Sza,'j(x)tij(x)dx, 0,T € Q

We assume that the elasticity operator 7 :  x S¢ — S? has the following proper-
ties.

(a) there exists Lz > 0 such that for all 1, & € S9, ae.x € Q,
[F(x,e1) — F(x,e)ll < Lrler —ez;
(b) there exists mr > 0 such that for all €1, &> € S9, ae.x € Q,

7.5
(Fx, e1) — F(x, 62) - (61 — €2) = mp &1 — &% 7)
(c) F(-, &) is measurable on 2 for all € € S§9;
(d) F(x,0) =0forae.x € Q.
On the densities of the body force and the surface traction, we assume
foe LA RY), f,e L2 (I RY). (7.6)
This regularity allows us to define the element f € V* by equality
(f.v)vexv = (fo, v)LZ(Q;Rd) + (f2, U)Lz(rz;Rd), veV. (7.7

We now complete the model (7.1)—(7.4) with specific contact conditions and friction
laws.

A unilateral frictional contact problem In the first contact problem, we consider
the case where the contact boundary I'3 consists of two disjoint measurable pieces,
I'3,1 and I'3 . On I'3; the body is in contact with a perfectly rigid obstacle and we
assume that the friction forces are negligible. Therefore, we model the contact with
the frictionless Signorini unilateral contact condition, i.e.,

u, <0, o0,<0, opu,=0, ;=0 onTl3;. (7.8)

On I';3 1 the body is in persistent contact with a piston or a device, in such a way that the
magnitude of the normal stress is limited by a given bound, denoted F'. Moreover, when
normal displacements occur, the reaction of the device is opposite to the displacement.
In addition, the contact is frictional and is modeled with a nonmonotone subdifferential
boundary condition. These assumptions lead to the following boundary condition:

Uy

[l |

loy| < F, —o,=F ifu, #0, —o,€dj(u;) onlzpo. (7.9)

Here 9j; is the Clarke subdifferential of a locally Lipschitz continuous potential
functional j;. We comment that the friction condition — o, € 9j;(u;) in (7.9)
contains as particular cases various friction laws used in the literature. For instance,
taking j. (&) = Fp||&|, & € RY, with F}, > 0, we obtain the the Coulomb’s law of dry
friction in which F}, represents the friction bound.
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We assume that the bound F' and the potential function j;: I'3 2 X R4 — R have
the following properties.

FeL?>(I'33), F(x)>0 ae.x el3,. (7.10)
jr:T32 x RY — Ris such that

(a) jr (-, &) is measurable on I'3  for all & € RY,

(b) jr(x,-) is locally Lipschitz on R for a.e. x € '3,

© 110 (x, &)l < cor +cic &l forall§ e RY, ae.x €T3n  (7.11)

with cg¢, ¢1¢ > 0,

() jx, &3 6 — &) + ) (x, 625 8 — &) <, 1§ — &7

forae. x e '3, alléy, &, € R4 with aj, > 0.

An example of the function j;: I'32 x RY — Ris

je. &) = Fy (a0 = 1) ¥ +aco) Jg1). & € RS, ac.x T,
(7.12)

where a € L*°(I'32), 0 < a(x) < 1fora.e. x € I's and Fj, > 0. Its generalized
subdifferential is given by the formula

B(0, Fp) ifé§ =0,

((1 —a(x)) e &l +a(x)) ”z—” ifE#£0

0jr(x,§) =

forall & € RY ae. x € I'3,2, where
B, Fy) = (& eRY | €] < Fp )

denotes a closed ball in R?. The function j, (x, -) is nonconvex and || j; (x, &) < F},
forall £ € RY, ae. x € '3 ». It satisfies hypotheses (7.11) with constants co; = Fp,
cir = 0 and aj, = Fp. In the particular case a = 1, j;(§) = Fp||£]| is a function
associated with the Coulomb’s law of dry friction. For more examples and comments
on the friction condition in (7.9), see [22,26].

Then, the set of admissible displacement functions for the contact problem (7.1)—
(7.4), (7.8), (1.9) is

Up:={veV]|v,<0onT3,}, (7.13)

and the weak formulation of the problem is the following.
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Problem (P) Find a displacement field u € Uy such that

/f(e(u))-e(v—u)dx+/ F (Juy] — luy) ds
Q 32

+/ Jowrive —ug)ds = (f, v —u)ysxy Yo e Up. (7.14)
I'32

Let X =V, K = Uy, Xy, = L2(F3,2) with y,, the trace operator from V to X,,
X;= LZ(Fg,z)d with yjv = v, for v € V. Define

j(V/”)Z/ Jr(ve)ds, veV.
32

Then, oy = 0 and o; = o, . The smallness condition (3.8) takes the form

aj.c; <mg, (7.15)

where c¢; represents the norm of the trace operator y;. Applying Theorem 3.1, we
know that under the stated assumptions and (7.15), there is a unique element # € Uy
satisfying

/ F(em)) -e(v —u)dx +/ F (lvy] = |uyl) ds
Q I'32

+ j%vjus yjv — yju) = (f,v —uw)yexy VYo e Up. (7.16)

Since [22, Theorem 3.47]

Pl viv — yu) 5/ POue: ve — ur)ds,
'3

u € Uy is also a solution of Problem (P;). The uniqueness of a solution of Problem (P;)
can be verified directly by a standard approach. Thus, under the stated assumptions
and (7.15), Problem (P;) has a unique solution u € Uy .

Introduce an operator P by

(Pu,v) = (uy)+vyds, u,veV. (7.17)
I3

Here and below, 7 denotes the positive part of r. It is easy to verify that P: V — V*
is a penalty operator for the set Uy. Therefore, the penalized formulation of Problem
(Pp) is to find u. € V such that
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(e v)+(vy _ue,v)d5+/ F(|Uv|_|ue,v|) ds

I'32

/f(s(ue))-E(v—ue)dx+lf
Q e Jr

32

+/ j?(ue,r;vr_ue,r)ds >(f,v—uc)y:xy YveV. (7.18)
I'32

Let us use the finite element method for the numerical solution of Problem (Py).
For brevity, assume 2 is a polygonal/polyhedral domain and express each part of
the boundary, where a different type of boundary condition is specified, as unions
of closed flat components (i.e., unions of line segments if d = 2 and unions of
polygons if d = 3) with disjoint interior. Let {7} be a regular family of partitions
of Q into triangles/tetrahedrons such that if the intersection of one side/face of an
element with one closed flat component has a relative positive measure, then the
side/face lies entirely in that closed flat component. Construct the linear element space
corresponding to 7"

vh = {vh cCc@? | vy eP(TY, T €T", v" =0on rl}.

Then the penalty based numerical method for Problem (Py) is as follows.

Problem (Pﬁl, ) Find a displacement field ué‘ € V" such that

1
/ Fle@") - e@" — uydx + —/ Wl ) —ul' ) ds +/ F (|v’;| - \ugvl) ds
Q € '3

32

+/ ot ot~ yds = (F 0" — Yy Vol e VE (7.19)
32

The argument used in proving Theorem 5.1 is valid with jO(-;-) replaced by
f j9(:; ) ds. Thus, for the numerical solution " of Problem (P" ), we ascertain
32 /7 € 1,e
the convergence:

ui‘ —u inV,ash,e - 0. (7.20)

Indeed, it is routine to verify the conditions (A1)—(Ag) and (Ajp) of Theorem 5.1
for Problem (P;) and Problem (Pﬁ’_ o) Therefore, we restrict ourselves to examine the
condition (Ag). For this, we note from [20] and the explanations in [15, Section 7.1]
that C*°(Q)? N Uy is dense in Up. Thus, for any v € Up, we can first find a function
¥ € C®(Q)? N U that is sufficiently close to v in the norm of V'; then by the finite
element interpolation theory, we can approximate v sufficiently closely by a finite
element function v" € V" N Up when the mesh-size & is small enough. Therefore,
any function in Uy can be approximated by a sequence of finite element functions that
belong to Uy.

We note that in the special case where I'3 2, = ¢ or j; vanishes, Problem (P;) is
simplified to a variational inequality. The penalty based numerical method Problem
(P}f! .) is similarly simplified and we have the convergence result (7.20) with simplified
conditions, e.g., the condition (7.15) is no longer needed. Actually, in this case we are
in a position to apply Corollary 6.2.
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A unilateral normal compliance frictional contact problem In the second contact prob-
lem, the boundary conditions on the contact surface are (cf. [23])

uy < g, oy +4&, <0, (uy—g)(oy+46,)=0, § €9dj,(u,) onlj, (7.21)

"t ifu, £0 onT;. (1.22)
llee. |l

lozll < Fp(uy), —0: = Fp(uy)

In condition (7.21), inequality u, < g restricts the allowed penetration and j, is a
given potential function. The contact condition (7.21) represents a combination of the
Signorini contact condition for contact with a rigid foundation and the normal com-
pliance condition for contact with a deformable foundation. It models the contact with
an obstacle made of a rigid body covered with a soft layer of deformable material of
thickness g. Details and various mechanical interpretations can be found, e.g., in [26].
Here we merely mention that this kind of conditions is relevant from physical point of
view, since in practice there are no perfectly rigid bodies. Thus, small penetration could
occur, due to the interpenetration of the body’s and foundation’s asperities. The tan-
gential contact condition (7.22) represents a version of Coulomb’s law of dry friction.
Here F} denotes the friction bound, assumed to depend on the normal displacement
u,. We now consider the following hypothesis on the thickness g : I's — R, the
potential function j,: I'3 x R — R and the friction bound Fp: I'3 x R — R,.

g€ LZ(F3), g(x) >0 ae.onl}3. (7.23)

(a) ju(-, r) is measurable on I'; for all » € R and there
exists ¢ € L?(I'3) such that j, (-, 2(-)) € L' (I'3);
(b) ju(x,-) is locally Lipschitz on R for a.e. x € I'3;

(©) |0ju(x,7)] <co+rcy|r|forae.x € '3 Vr € Rwithcg, ¢ > 0; (7.24)
() j0Ge, risra —r) + j0Ce, rasr — 1) < ajylri — r2)?

fora.e.x € I's, all 71, € Rwitherj, > 0.
(a) There exists L, > 0 such that

[Fp(x,r1) — Fp(x,r2)| < LE,Iri —r2| Vri,r2 €R, ae x €'z (7.25)

(b) Fp(-, r)is measurable on I'3, forall r € R;
(¢) Fp(x,r) =0forr <0, Fp(x,r) >0forr >0, a.e.x € I'z.

Then, the set of admissible displacement functions for the contact problem (7.1)—(7.4),
(7.21), (7.22) is

U:={veV]v, <gonlj}.

The weak formulation of this problem is the following.

Problem (P») Find a displacement field u € U such that

/Qf(e<u>>~e<v—u>dx+/ Fy(uy) (el = lucll) ds

I'3

+/ j\(;)(uv;vv_uu)dsz(f,v—u>v*><v YveU. (7.26)
I3
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LetX =V, K=U, X, = Lz(l"3)d with y,, the trace operator from V to X,
X; = L*(I'3) with yjv = v, forv € V. Then, a, = Lp, and @; = «;,. Similar to
the analysis of Problem (P), we can apply Theorem 3.1 and know that Problem (P>)
has a unique solution # € U under the stated assumptions, and (3.8) takes the form

LpAly + ey, <mz, (7.27)

where A1y > 0 is the smallest eigenvalue of the eigenvalue problem
ueVv, / e(u)-e(v)dx = k/ u-vds YveV,
Q I'3
and A1, v > 0 1is the smallest eigenvalue of the eigenvalue problem
ueVv, / e(u)-e(v)dx = A/ uyvyds YveV.
Q I's
Introduce an operator P by

(P(u), v) = (uy — g)yvvds, u,veV. (7.28)
I'3

It is easy to verify that P: V — V™ is a penalty operator for the set U. Therefore, the
penalized formulation of Problem (P>) consists to find u. € V such that

/ F(e(uy))-e(v —ue)dx
Q
1
+- (ue,v —8)+(y —uey)ds +/;‘ Fb(ue,v) (”vr” - ”ue,r”)ds
3

E[‘3

+/ jl?(ue,v; Uy — ue,v)ds > (f.v—uc)yrxy YveV. (7.29)
I3

We use the finite element setting already used in Problem (Pﬁ” ) Then, the penalty
based numerical method for Problem (P5) is as follows.

Problem (Pg! ) Find a displacement field ué‘ € V" such that

fﬂ-‘(s(uf)).e(vh—u’g)dx

Q
1 o ho_ ok h Ry ik

+ (ue, —8)+(vy, —uc )ds + Fp(uy) ( vzl — llug -1l ) ds
€ Jr; I3

+/ Gl sl —ul yds = (fov" —ulyyey Vol e VI (7.30)
]
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Similar to the convergence discussion of the numerical method Problem (P’l’ )
again we need to examine the condition (Ag):

VvoeU, 3v" e VINU st. lim o —v|y = 0. (7.31)
h—0

As is noted in [14], if C*®° ()¢ N U is dense in U and the function g is concave (in
many applications, g is constant), then (7.31) is valid. We assume this is the case.
Then we have the convergence of the numerical method defined by Problem (Pg, 5

u! > u inV,ash,e— 0. (7.32)

In the special case where j, is monotone, we have the convergence result for the
penalty based numerical method of a constrained variational inequality.

8 Conclusion

The goal of this paper is to provide a general convergence analysis of penalty based
numerical methods for solving constrained variational or hemivariational inequalities.
The main theoretical result is the convergence of the penalty based numerical solu-
tions to the solution of the constrained inequality problem as the mesh-size and the
penalty parameter approach zero independently, under the minimal solution regularity
available from the solution existence result. The convergence result is first presented
for a general variational-hemivariational inequality, and is then stated for a general
hemivariational inequality and for a general variational inequality.

This paper does not discuss about a proper choice of the penalty parameter, nor the
convergence order of the penalty based finite element solutions. Such a discussion can
be made when the penalty parameter is related to the finite element mesh-size, under
some solution regularity assumption that is usually not available from the literature.
A few references exist that explore the convergence order of penalty based numerical
methods when the penalty parameter is related to the discretization mesh-size. E.g.,
penalty based finite element methods were studied in [4] for variational inequalities
from unilateral contact problems, and it was found that best results on the convergence
order would be possible when the penalty parameter is proportional to the finite element
mesh-size, again under certain solution regularity assumptions. In implementation of
the penalty based numerical methods, care must be exerted on a proper choice of the
penalty parameter since the discrete problems become ever more ill-conditioned as
the penalty parameter gets smaller (cf. [9]). Numerical examples on the performance
of the penalty based finite element methods for constrained variational inequalities
from contact mechanics can be found in [21].

In this paper, the background discretization method is the Galerkin method, or more
specifically, the finite element method. It is possible to apply other numerical methods
for the discretization of the inequality problems, combined with the penalty approach.
E.g., penalty based boundary element methods have been developed to solve con-
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strained variational inequalities and hemivariational inequalities, cf. a comprehensive
reference [11].
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