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Abstract. This paper is devoted to the numerical analysis of a general elliptic variational-hemivariational
inequality. After a review of a solution existence and uniqueness result, we introduce a family of Galerkin
methods to solve the problem. We prove the convergence of the numerical method under the minimal
solution regularity condition available from the existence result and derive a Céa’s inequality for er-
ror estimation of the numerical solutions. Then, we apply the results for the numerical analysis of a
variational-hemivariational inequality in the study of a static problem which models the contact of an
elastic body with a reactive foundation. In particular, under appropriate solution regularity conditions,
we derive an optimal order error estimate for the linear finite element solution.

Keywords. Contact problem; Error estimation; Galerkin method; Variational-hemivariational inequal-
ity.

1. INTRODUCTION

In the recent years, there has been extensive research on the studies of hemivariational and
variational-hemivariational inequalities. Such inequalities are proper mathematical formula-
tions of physical and engineering problems where non-smooth, non-monotone, and/or set-
valued relations are used among different physical quantities. While variational inequalities
are featured by the presence of non-smooth convex functions in their formulations, variational-
hemivariational inequalities include both nonsmooth convex functions and locally Lipschitz
functions that are allowed to be nonconvex. The notion of the hemivariational inequality was
first introduced by Panagiotopoulous in early 1980s [1]. Comprehensive references in this area
include the books [2, 3] and, more recently, [4, 5]. The variational-hemivariational inequality
we study in this paper is of the following form or its variant.

Problem 1.1. Find an element u € K such that

(Au,v — u) + D (u,v) — P(u,u) + VO (u,u;v —u) > (f,v—u), YveKk, (1.1)
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where K is a subset of a normed space V, A is an operator mapping V to its dual V*, &: V x
VR, ¥:V xV — Ris alocally Lipschitz continuous function with respect to the second
argument, and f € V*.

In (1.1) and below, WO denotes the generalized directional derivative of ¥ with respect to
its second argument. Properties of ¥ and the closely related generalized gradient 9 can be
found in various references; see, e.g., [4, 6].

The well-posedness of Problem 1.1 was studied in [7] under the assumptions on the data
which will be specified in Section 2. In this paper, we focus on the numerical analysis of
Problem 1.1. Numerical analysis of elliptic hemivariational inequalities has been the subject
of several papers in the recent years; see, e.g., [8, 9, 10, 11]. Nevertheless, we underline that
Problem 1.1 is more general than the hemivariational inequalities studied in these references.
We note in passing that numerical analysis of other types of hemivariational inequalities can be
found in numerous papers, for instance, [12, 13, 14] for evolutionary hemivariational inequali-
ties, [15, 16] for history-dependent hemivariational inequalities, and [17, 18] for hemivariational
inequalities arising in fluid mechanics. In addition to the finite element method, other numeri-
cal methods were also developed to solve hemivariational inequalities; see, e.g., [19, 20, 21] on
virtual element methods. We also mention the survey paper [22], which provides a summary
account of numerical analysis of hemivariational inequalities.

To approximate Problem 1.1, we use a family of Galerkin methods. We prove the conver-
gence of the numerical solutions under the minimal solution regularity available through the
well-posedness result and derive a Céa’s inequality that is the starting point for error estima-
tion. Then we illustrate the applications of the results in the study of the finite element method
for solving a contact problem. Processes of contact between deformable bodies or between
a deformable body and a rigid foundation are commonly seen in industry and everyday life.
Their modeling, analysis, and numerical simulation are the topics of a large number of refer-
ences that continues to grow steadily. An early comprehensive reference in the area is [23].
More recent references include [4, 5, 24]. In these references, various contact problems were
studied for different types of materials, such as elastic, viscoelastic and viscoplastic materials,
associated with different contact and friction boundary conditions. The problems are formu-
lated as variational, hemivariational and variational-hemivariational inequalities, which allow
well-posedness analysis with techniques from functional analysis and nonsmooth analysis.

The rest of the paper is organized as follows. In Section 2, we review an existence and
uniqueness result from [7] on Problem 1.1 and introduce a family of Galerkin methods. In Sec-
tion 3, we prove the convergence of the Galerkin method under the minimal solution regularity
condition available from the existence result. In Section 4, we derive a Céa’s inequality that is
the starting point for error estimation of the numerical solutions. In Section 5, we introduce a
contact problem. In Section 6, we apply the theoretical results from Sections 3 and 4 on the
numerical analysis of the contact problem.

2. PRELIMINARIES

For the analysis of Problem 1.1, we consider the following hypotheses on the data.
H(K) V isareal Hilbert space, and K is a non-empty, closed, and convex set in V.

H(A) A:V — V*is Lipschitz continuous and strongly monotone.
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H(®), ®:VxV =R, foranyuecV,dP(u,-): V—Risconvex and bounded above on a
non-empty open set, and there exists a constant 0ty > 0 such that
D(uy,v2) — Plur,vi) + Puz,vi) — P, v2) < Qollur —uzllv[[vi —v2llv,
Yup,up,vi,vay €V. (2.1)

H(¥), Y:V xV — Rislocally Lipschitz continuous with respect to its second argument,
and the following inequalities hold, for some constants oy 1, 00p > > 0, ¢ > 0:

PO (wy,v13vp —v1) + PO (wa,va3v1 —v2) < onp g [|lwi —wallv|[vi —vallv + o a|lvi — a3,
VWl,Wz,vl,Vz ev, (2.2)
“Po(w,u;v)‘ <c(l+|wly +lullv) vV, YwuyveV. (2.3)
H(f) feV*™
We denote by m4 > 0 the constant in the strong monotonicity inequality of A, i.e.,
(Avi —Avy, vy —vp) > my||vi —vz||‘2/, Vvi,vp e V. (2.4)
Moreover, we denote by L4 > 0 the Lipschitz constant constant of A, that is,
|Avy — Ava ||y < La|lvi —vallv, Vv, €V. (2.5)

The subscript 2 in H(®); reminds the reader that this is a condition for the case where & has
two independent variables. Similarly, the subscript 2 in H(¥), reminds the reader that this is a
condition for the case where W has two independent variables. It is known that, for a real-valued
convex function on a normed space, it is locally Lipschitz continuous on the space if and only if
it is bounded above on a non-empty open set in the space (see, e.g., [25, Corollary 2.4, p. 12]).
Therefore, H(®P), ensures that, for any u € V, ®(u,-) is locally Lipschitz continuous on V.

The following well-posedness result was proved in [7].
Theorem 2.1. Assume H(K), H(A), H(®)2, H(W)2, H(f), and the smallness condition
Op + Oy | + Oy o < my. (2.6)

Then, Problem 1.1 has a unique solution u € K. Moreover, the operator f +— u = u(f), which
maps the element f € V* to the solution u € K of Problem 1.1 is Lipschitz continuous.

Turning to numerical approximation, we let V* C V be a finite dimensional subspace char-
acterized by a discretization parameter 7 > 0 with the expectation of convergence when /& — 0.
We use the notation “ —” and “ —” for the strong and weak convergence in various spaces
that will be specified later. Let K" be a non-empty, closed, and convex subset of Vh. Then, a
Galerkin approximation of Problem 1.1 is the following.

Problem 2.1. Find an element u" € K" such that
(Al VP — "y 4 Dl VY — D i) PO — ) > (F =), W e KM (2.7)

Under the assumptions stated in Theorem 2.1, Problem 2.1 has a unique solution u”. We will
assume that {K"}, approximates K in the following sense of Mosco (see [26]):

Ve K" and V' —vinV imply v € K; (2.8)

Vvek, v € K" such that v — vin V as h — 0. (2.9)
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In the following sections, we use the modified Cauchy—Schwarz inequality on various occa-
sions:

ab<ea*+ch?, Va,beR, >0, c=1/(4¢). (2.10)
The parameter € > 0 will be chosen suitably small. Throughout the paper, we use ¢ to denote
a generic positive constant that is independent of quantities of concern, for instant, in error
analysis of numerical solutions, the constant c is independent of the discretization parameter /4.

3. CONVERGENCE

As an intermediate result, which is needed in convergence analysis, we first demonstrate that
the numerical solutions defined by Problem 2.1 are bounded with respect to the parameter /.

Lemma 3.1. Keep the assumptions in Theorem 2.1 and assume that (2.9) holds. Then there
exists a constant M > 0 such that ||u"||y < M for all h > 0.

Proof. Since K is non-empty, there exists an element ug € K. By (2.9), we can find ug e K"
such that ug —uginV ash— 0. By (2.4),

malju — ul || < (Au" — Aul,u — ull) = (Au" u" — ul) — (Aul,ul — ul).
Take V! = ”0 in (2.7) to obtain
(Al i —uly < D" ul) — Dl u) + PO (Ul il — )+ (f " — ul).
Thus
mAHuh—ugH‘z, gq)(uh ug) CID(uh,uh)+‘PO(uh " ug ) (f — Auo,u —u8> (3.1)
By (2.1),
D(u",up) — @(u",u") < D(ug, ut) — P(ug, u") + atw |u" —uolly |u" —ufly.
Since [[u” —up||v < ||u" —ul|lv + ||ul — uo||v, we have
(ul, ) — (" u") < (g, ) — Do, ") + et " — | + s — wolly  ~ v ).
We now apply inequality (2.10) on the term ot ||ut — uo||v ||u" — ul||v to get
(", up) — P(u",u") < Pu, uf) — P(uo,u”) + (0t + &) |[u” —ug|[ + ¢ Jug — ol

Moreover, since ®(ug,-) is convex and continuous, it is bounded below by a continuous affine
functional on V (see, e.g., [27, p. 433]). Thus there exist two constants ¢ and c;, depending on
® and u( and not being necessarily non-negative, such that

D(ug,v) > c1+ |y, Vvev.
Then, —®(ug,u") < —c1 — c2||u||v. By (2.2),
‘I’O(u u ug —u ) < —‘Po(ug,ug;uh — ug) + (Oﬁy,l —1—06\1172) Huh —ugﬂ‘z/
and, by (2.3),
h h. h h h h h h h 2 hy 2
~¥0 s — ) < (1 v ) " =l < €l =l 4+ (1+ i)
Moreover,

/
(f — Auf,u" — up)y < || f — Au|ly-|lu" — u||lv < e|lu® —uf|[§ +c || f — Aug|l7-.
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Hence, from (3.1), we derive the following inequality
(ma — 0o — Q| — Ay, — 4€) " —uj||3
< D(ug, )+ (141} + 1 — ol + 11 — Aut - ).
Take € = (my — Olp — Ohp, ] — Oy 2) /8 in (3.2) to find that for a constant ¢ > 0,
" = < (1 D(uto, ) + N1} + ud— ol + 1l —Autlp ). 32)
Note that, as &7 — O,
@ (ug, ul) — d(ug, up),
a5 = lluol I
gy — wol [ — 0,
1f = Aug [+ — [|f —Auol|--

Therefore, we conclude from (3.2) the boundedness of {||u" —uf}||}, and then the boundedness
of {||u"||v}, with respect to A. O

We now state and prove the following convergence result.

Theorem 3.1. Keep the assumptions in Theorem 2.1. Assume further that (2.8)—(2.9) hold and
the function (w,v) — WO(w,w;v) is upper semi-continuous, i.e.,

w, —wand v, =vinV =— lI’O(w,w;v) > limsup‘PO(wn,wn;vn). (3.3)
n—oo

h

Then, we have the convergence of the numerical method, i.e., u" —uinV as h — Q.

Proof. We know from Lemma 3.1 that {u"} is bounded in V. Since V is reflexive, there exist a
subsequence {1} C {u"} and an element w € V such that

W —~win V. (3.4)

Note that the weak limit w belongs to K thanks to the assumption (2.8). Let us strengthen the
weak convergence in (3.4) to strong convergence

W —win V. (3.5)
By (2.9), we have a sequence {w" } C V with w" € K" such that
W' = w in V. (3.6)
By the strong monotonicity of A, my||w — u” 12 < (Aw — Ad" ) w — u), which is rewritten as
mal||w — u"” 12 < (Aw,w — uh,) — <Auh/,wh/ — uh,) — <Auh/,w — wh/>. (3.7)
We take V"' = w"’ in (2.7) with i = I’ to obtain
- (Auh/,wh/ —uy < CID(uh/,wh/) - CID(uh/,uh/) —|—‘P0(uh/,uh,;wh/ - uh/) —(f, wh' — uh/>. (3.8)
Apply (2.1) with u; =v; = u”, uy = w and v, = w" to find that
D W) — D W) < D(w, W) — D(w,u") + || —wly | =W |v.  (3.9)
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Write [|u” —w" ||y < [|u" —wl||y + |[w —w" ||y and apply the inequality (2.10) to the term
oo ||u” — w|y||w—w"||v. Then, for the last term of (3.9) and a constant ¢ depending on &,
we have
ol —wlly[[u" —w" |l < (0@ +e) [lw—u" |} +cllw—w"|. (3.10)
By the sub-additivity property of the generalized directional derivative ([6, Section 2.3]),
WOH W — iy <P W —w) O — ).
So
‘Po(uh/,uh/;wh/ ) < ‘Po(u W w—u )+‘PO(W wiu" —w)
WO W —w) =0 (w, wi ! — w). (3.11)
By (2.2), one has
WO w— i)+ 0 (w,wi i —w) < (o1 + 0w 2) ||w—uh,||‘2/. (3.12)
Use (3.8)—(3.12) in (3.7) to obtain

/

(mA—(Xq)—OClp,l—OC\p’z— )||w u” ||V (Aw,w — uh> (Au w—w ) (f Wl —u)
+@(w, ) — d(w,u) + ¢ [lw—w"|[}
+‘P0(uh/,uh/;wh —w)—‘PO(w,w;ul —w).
Taking & = (my — Olp — Qop | — Ohp 2)/2, one has
1 /
2(mA—OCq> (X\pl—alpz)HW u" HV (Aw,w — uh> (Au w—w ) <f, h>
+CI>(w,wh/)—CI>(wu )+cllw— wh 12
WO W —w) — O (w,wiu —w). (3.13)
Consider now the limit of each term on the right side of (3.13) as i’ — 0. From the boundedness
of A and the weak convergence (3.4), (Aw,w —u )—)O From (2.5) with v; —u" and vy =0,
we obtain
1A v+ < |A O[]y + Lal|" [|v.
Thus
A =] < Al < lw =y < (14Ol + Lalla® I ) lhw = w1y

From the boundedness of {u”'} and the strong convergence (3.6), we find that (Au”’ ,w —wh') —
0. Moreover, from (3.6) and (3.4), we know that w" —u" — 0in V, and so (f, wh' — uh,> — 0.
Finally, the continuity of @& with respect to its second argument and (3.6) yield ®(w, wh/) —
®(w,w). As a consequence of the well-known Mazur Lemma, the convexity and continuity of
@ with respect to its second argument imply that ® is weakly sequentially lower semicontinuous
with respect to its second argument (cf. [27, p. 136]). Hence, by (3.4),
limsup |:—(I)(W, uh,)} = —liminf |:CI)(W, uh,)] < —D(w,w).
W —0 n—0
By (2.3),
WO W W —w) < ¢ (1 + Huh,HV) ||wh, —wlly.



NUMERICAL ANALYSIS OF A VARTATIONAL-HEMIVARIATIONAL INEQUALITY 523
Since {u"'} is bounded in V, from the convergence (3.6),
lim sup‘PO(uhl7 uhl;wh/ —w) <0.
=0
By [6, Proposition 2.1.2], ¥O(w,w;v) = max {(&,v) | & € d¥(w,w)}. Hence, for any &, €
d¥(w,w), we have

— WO wi ' —w) < —(Ep,u —w) =0 ash — 0.

Thus

limsup | —¥0(w,w;u" —w)| <0.
=0

With the above preparations, we take the upper limit of both sides of (3.13) as 4’ — 0 to conclude
that

limsup ||w — uh/H‘z, <0,
h—0

i.e., the strong convergence (3.5) holds.

Finally, let us show that the strong limit w is the unique solution of Problem 1.1. By (2.9),
for any v € K, we have a sequence {vh,} C V with v* € K" such that v/ — v in V. Using this
V' in (2.7) with h = I, we have

(A =iy + @ ) — o ) PO i) > (=) (34)

/ / . . . . .
" —vandu” — winV,and A: V — V* is Lipschitz continuous, we have

Since v
(Au v —uh/> — (Aw,v —w), <f,vh/ —uh/) — {(f,v—w) ash' —0. (3.15)

An analogue of (3.9) is
D@ V)= ") < D(w, V") — D(w, ) + ot — wly||u? =V |y (3.16)

Since ||u" —wl|ly — 0 and ||lu” —V"||y is bounded,

[ —wlly|ju =" ||y — 0. (3.17)
By the assumption (3.3),
O (w, w;v —w) > lim sup‘PO(uh/, W — uh/). (3.18)
n—0

We now take the upper limit as /' — 0 in (3.14) and make use of the relations (3.15)—(3.18) to
obtain

(Aw,v —w) + D(w,v) — ®(w,w) + ¥ (w,w;v —w) > (f,v—u),
which holds for any v € K. Thus w is a solution of Problem 1.1. Since a solution of Problem

1.1 is unique, we have w = u. Moreover, since the limit # does not depend on the subsequence,
the entire family of the numerical solutions converge, that is, ||u — u"||y — 0 as & — 0. O
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4. ERROR ESTIMATION

To accommodate a more precise error estimation, we need information for a finer structure
on the functional . For this purpose and with the applications of hemivariational inequalities
in mind, we will replace the term ¥°(w,u;v) by

0 .
IA(W (ylwv You; ’}/2‘/))7

where I, stands for the integration operator over a measurable set A with A C Q or A C dQ, and
Q is the spatial domain of the problem under consideration. For i = 1,2, let m; be a positive
integer, and let 3; € L(V,L*(A;R™)). We modify the condition H (), to H(y)h:

H(y), m and my are positive integers, y: A x R x R™2,
for any y € R™ and any z € R™2, y(+,y,z) is measurable on A,
for any y € L?(A;R™) and any z € L*(A; R™), w(-,y(+),z()) € L'(A),
for any x € A and any y € R™, y(x,y,z) is locally Lipschitz continuous
with respect to z € R"2,
for two constants ¢, 1, ¢, » > 0,
YOOz —21) + W0(,22:21 —22) < Oy [y — yalem |21 — 22lmm + 0y 5|21 — 22l
Vyi,y2 € R™, Vz1,20 € R™, 4.1)
and for a constant ¢ > 0,
WO zis2)| < e (L4 [ylrm + |zi|rm) |22|rm,  Vy €R™, Vzi,z €R™. (4.2)
The smallness condition (2.6) is modified to
oo+ oty 1| 11172l + ety 2| < (4.3)

where ||%|| stands for the operator norm of y; € L(V,L*(A;R™)), i = 1,2.

Then, the form of Problem 1.1 and that of its approximations, Problem 2.1, are modified to
the following.

Problem 4.1. Find an element u € K such that
(Au,v —u) +D(u,v) — P, u) + (W0 (yiu, pus v — pu)) > (fiv—u), VveK. (4.4)
Problem 4.2. Find an element u"" € K" such that
(A" VP — i)+ @(u" V) — (" i) + A (YO (ni, o V! — o))
> (fl—uly, e k" 4.5)

Similar to [28, Theorem 4.10], we can prove the following analogue of Theorem 2.1 for
Problem 4.1 based on the result stated in Theorem 2.1.

Theorem 4.1. Assume H(K), H(A), H(®)2, H(y)5, H(f), and the smallness condition (4.3).
Then, Problem 4.1 has a unique solution u € K. Moreover, the operator f +— u = u(f) which
maps the element f € V* to the solution u € K of Problem 4.1 is Lipschitz continuous.

Counterparts of Lemma 3.1 and Theorem 3.1 for the numerical solutions defined by Problem
4.2 are as follows.
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Lemma 4.1. Keep the assumptions in Theorem 4.1. Assume further that (2.9) holds. Then there
exists a constant M > 0 such that ||u"||y < M for all h > 0.

Theorem 4.2. Keep the assumptions in Theorem 4.1. Assume further that (2.8)—(2.9) hold and

w,—wand v, >vinV =— l//o(}/lw, Hw; Yav) > limsup l//O(}/lwn,]/zwn;}/zvn) a.e.on A.

i (4.6)

h

Then, we have the convergence of the numerical method, i.e., u" — uinV as h — 0.

Let us derive a Cea’s type inequality that is the basis to bound the error u — u”. Let v € K and
v € K" be arbitrary. From (2.4), ma||u — u"||3 < (Au— Au",u—u"), which is rewritten as

myllu—u" || < (Au—Au,u— ") + (Au V" —u) + (Au,v — u)
+ (Au,u—v) + (Aul u =", (4.7)
From the defining inequality (4.4) for the solution u,
(Auu—v) < D(u,v) — ®(u,u) + Iy (V0 (Nu, pu; pv — pu)) — (f,v —u).
From the defining inequality (4.5) for the numerical solution u,
(Al i =y < D@ VY — Dl i) + I (WO (nu, s V" — i) — (F =i,
Using these upper bounds in (4.7), after some rearrangement of the terms, we have
mallu—u" ([ < (Au—Au,u—v") + R, (V" u) + Ry (v,u") + I (" V) + 1, (v, V"), (4.8)
where
Ry(v,w) := (Au,v —w) + P (u,v) — D(u,w)
+Ia (Y (nu, o 1oy — 1ow)) — (f v —w), 4.9)
Io(u" V") := ®(u,u") + O V) — D (u V") — D, u"),
Ty(v") i = I (W (Vi Yous yov — oue) + 0 (i, youd's " — )
=0 (nu, ous v — pou) — WP (i, Yo yov — ).
Let us bound the first and the last two terms on the right hand side of (4.8). First, by (2.5),
(Au—Au" u—V"y < Ly |lu—u||y ||lu—v"y.
Apply (2.10) to see, for an arbitrary € > 0 and a constant ¢ depending on &,
(Au—Aul" u—v" < ellu—u"||} +cllu—V"3. (4.10)
By (2.1), we have
Io(u" V") < ogl|u—u" v [lu" ="y
< ot (Jlu— "I+l — v ="y ).
Then, apply the inequality (2.10) on the term otp||u — u”||y ||u — v"||y to obtain
T (" V) < (0t + ) lu—u |} +lu— v} (4.11)
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for another constant ¢ depending on € > 0. By the subadditivity of the generalized directional
derivative, we have

v (nu, s yav — You) < W0 (v, Yous ov — You) + w0 (viw, Yous youd" — o),
v (nd s — i) < w0 (i, i v — ) + w0 (nad o ou — o).
Thus
Ly (v, V") < (WO (nad o oV — o)) — I (W0 (niu, ous 12V — our))
+IA(W0 (i, yous you” — you) + WO (il ol you — ") ).
By (4.1),
v0 (N, s you” — you) + w0 (i, yous you — o) < oty 191 (e — ) [ [ 12 (1 — ") | e
+ 0ty o |1 (1 — ) [,
Then,
IA(W° (nu, Yaus youd" — o) + 90 (il youds you — ™))
< ) 71— ) | 2y 2 — ) 2 s + By

By (4.2),

Vo (u— ”h) HZZ(A;RM)'

W s = )| < e (14 [ e + e ) 60 = ) e

<c(1+ |nulgm + | pulrm) |0 —u)|gm.

‘WO(%M, ;v — pu)

Then,
(Wl s o — )|
<c (1 + ||Y1Mh||L2(A;Rm1) + ||72uh||L2(A;R'"2)) In(/ - )|l 2 (airm)
< (11l ) D0 = ) 2gaigemy-
Similarly,

(W s, 1o 5 — )| < € (1 ) I 0 = )2
Combining the above four inequalities and using the fact that ||u"||y is bounded, we find that
Iy ") < (e a7l + @ alll?) = I+ lp(u =)l zagemy — 12)
for some constant ¢ > 0 independent of 4. Using (4.10), (4.11), and (4.12) in (4.8), we have
(1 — o = oyl ] — ol el — 22—
<cllu=v"I5 +cllvau— vl 2 amm) + Ra(" 1) + Ra(v,u").
Recall the smallness condition (4.3), we can take

£ = (ma—ae — o Il Il = e ) /4> 0
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and obtain the inequality
h|2 . h|2 h h . h
Ju—u'l[y <c inf |fJu ="y + (=) 2amm) + Ru(v ,u)] +cinf R,(v,u"). (4.13)
vhe Kh ? vekK
We summarize the result in the form of a theorem.

Theorem 4.3. Assume H(K), H(A), H(®)2, H(y)5, H(f), and (4.3). Then for the solution u
of Problem 4.1 and the solution u"* of Problem 4.2, we have the Céa-type inequality (4.13).

To proceed further, we need to bound the residual term (4.9) and this depends on the problem
to be solved. We illustrate this point in Sections 6 in the context of a contact problem.

5. A CONTACT PROBLEM

The contact problem we consider in this section describes the deformation of an elastic body
that is fixed on a part of its boundary, is acted upon by body forces and surface tractions and is
or may arrive in contact with a foundation.

Denote by Q C RY (d = 2,3) the reference configuration of the body. We assume that Q is a
bounded domain with a Lipschitz continuous boundary d€ that is split as follows:

0Q=TpUlyUIyg,

where I'p, I'y, and T'¢ are mutually disjoint relatively open subsets. We assume meas (I'p) > 0
and meas (I'c) > 0, yet allow 'y to be empty. We use v for the unit outward normal vector on
dQ. The displacement variable is an R¢-valued function u: Q — R? with the components u;,
1 <i<d. We adopt the summation convention over a repeated index. Over R9, we use the
canonical inner product
u-v=uyv;, uveR?

The stress tensor & is a S?-valued function in Q, where S? represents the space of second order
symmetric tensors on R?. The canonical inner product over S¢ is

0:7T=0jTj, 0=(0;),7=(7j)¢€ s,

The linearized strain tensor associated to a differentiable (in the classical sense or the weak
sense) displacement field u is the S?-valued function given by &(u) = (Vu+(Vu)”) /2. Here and
below, to simplify the notation, we usually do not indicate explicitly the dependence of various
functions on the spatial variable x € QU dQ. For a vector field v, its normal and tangential
components on the boundary dQ are defined as v, = v-v and v = v—v, V. For a tensor field o,
its normal and tangential components on dQ are defined by 6y, = (oVv)-v and 6; =06V — Gy V.

The pointwise formulation of the contact problem we consider is the following

Problem 5.1. Find a displacement field u : Q — R? and a stress field 6 : Q — S? such that

c =.7¢(u) in  Q, 5.1)
Divo+f,=0 in Q, (5.2)
u=>0 on I'p, (5.3)

ovV=fy on IV, 5.4)

—0y = py(uy — 8o) on I, (5.5)

—01 € pr(uy —go)dwr(ur) on Ic. (5.6)
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Let us briefly comment on the equations and boundary conditions in Problem 5.1. Equation
(5.1) represents the constitutive law of an elastic material, in which .% : Q x S4 — $4 is the
elasticity operator, assumed to satisfy the condition

( (a) there exists a constant Lz > 0 such that
|7 (x,81) = F (v, €2)|| < Lz|[€1 - &2
forall €1,6, €S%, ae. x € Q;
(b) there exists a constant m & > 0 such that
(7 (x,81) = F(x,€2)) : (61— €2) 2 mz[ler — &
forall £1,€, €S?, ae. x€Q;
(c) Z (-, €) is measurable on Q for all £ € S%;

[ (d) #(x,0)=0 fora.e.xe Q.

(5.7)

Equation (5.2) is the equation of equilibrium in which f, represents a given density of the
external body force, while conditions (5.3) and (5.4) represent the displacement and the traction
boundary conditions, respectively. Condition (5.3) reflects the fact that the body is clamped on
I'p, and condition (5.4) describes the force boundary condition on I'y, f being a given density
of the surface traction.

On the contact boundary I'c, along the normal direction, the contact condition is (5.5), in
which py is a given normal compliance function, and go denotes the initial gap between the
body and a foundation. Such contact conditions were introduced in [29] and then used in a
large number of papers, including [30, 31]. Along the tangential direction, the friction law is
(5.6), in which p; and y; are given functions and d y; represents the generalized gradient (or the
Clarke subdifferential) of the function y;. Conditions (5.5) and (5.6) are of general forms, and
they include many particular contact conditions and friction laws as special cases, as explained
in [4, Section 6.3]. Note that the functions py and p; in these conditions are supposed to vanish
for a negative argument. This restriction is imposed from physical reasons since it reflects the
fact that when there is separation between the body and the foundation then the reaction of the
foundation vanishes.

For the normal compliance function py: I'c X R — R, we assume that

( (a) there exists a constant L,, > 0 such that

\pv(x,r1) = pyv(x,r2)| < Ly, |r1 — 12
forall ri,m € R, a.e.xeI; (5.8)

(b) py(+,r) is measurable on I'¢ for all r € R;
(c) pv(x,r)=0 forae.x €I¢, all r <O0.

Moreover, for the functions y;: I'c x R? — R and p;: I'c x R — R, we assume that

( (a) y;(-,&) is measurable on I'¢ for all £ € R? and there
exists &; € L>(T'¢c)? such that y(-,e.(-)) € L1 (T¢);

(b) w(x,-) is locally Lipschitz on R for a.e. x € I'¢;

(c) [dw(x,&)| < 501 fora.e. x € I'¢, forfj € R? with é; > 0;

(d) w(x,E 58, — &) +yP(x, 80581 — &) < oy [|€) — &5

L fora.e.xEFC, all§1,§2€R with ogy,, > 0;

(5.9)
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( (a) there exists a constant ¢, > 0 such that

|pe(x,r1) — pe(x,12)| < ¢, |r1 — 12
forallri,m € R, a.e.xeI;

\ (b) p¢(+,r) is measurable on I'¢ for all r € R; (5.10)
(c) 0 < pe(x,r) <p,forallr e R ae. x € I'c with p, > 0;

[ (d) pe(x,r) =0 forae.x€l¢, all r <O0.

We note that (5.9) (b) and (c) are equivalent to the property that y;(x,-) is Lipschitz continu-
ous on RY for a.e. x € I'c with a Lipschitz constant ¢yz.
Finally, we assume that the rest of the data are such that

fo € LH(QuRY),  fyelX(Tw:RY), (5.11)
go € L*(T¢), go(x) >0 ae.xelg. (5.12)

In the variational analysis of Problem 5.1, we use the function space

V:{VGHI(Q;]Rde:OonFD},

which is a Hilbert space with the inner product

(u,v)y = /Qe(u) c€(v)dx.

Assume that (u,0) are sufficiently regular functions which satisfy (5.1)—(5.6), and let v €
V. Then, using standard arguments based on integration by parts and the definition of the
generalized gradient, it follows that u € V and

7€) e)dx [ [pvlay —g0) vy + pelus = 20) Wilusive)) da

Z/fo-vd)H—/ fy-vda.
Q I'n

Define the operator A: V — V*, the function ® : V x V — R and the element f € V* as follows:

<Au,v>:/9ys(u)-e(v)dx, Vu,v v, (5.13)
CI)(u,v):/F pyv(uy —go)vyda, Yu,veV, (5.14)
(f,v>:/gf0-vdx+/erN-vda, Vvev. (5.15)

Then, using notation (5.13)—(5.15), we deduce the following variational formulation of the con-
tact problem (5.1)—(5.6).

Problem 5.2. Find a displacement field u € V such that
(Au,v) +D(u,v) +/F pr(uy — go) IV’?(MT;VT> da>(f,v), YveV.
C

For the part of error estimation in numerical analysis later, we let m; = 1, my = d, and let
7:V = L2(T¢) and 35: V — L*(T'c; RY) be the normal component and tangential component
trace operators on V, that is,

Ny =vy, pv=ve, VvevV.
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We have ||y1]| = A, 2 and Il =Ar "2 whete Ay > 0 is the smallest eigenvalue of the eigen-
value problem

uev, / e(u):e(v)dx=2A | uyvyda, Yvev,
Q Tc

and A; > 0 is the smallest eigenvalue of the eigenvalue problem

uev, / e(u):e(v)dx=A | ur-veda, YveV.
Q T'c
6. ANALYSIS AND APPROXIMATION

In this section we apply the abstract results proved in Sections 3 and 4 in the study of in-
equality 5.2. We start with the following well-posedness result.

Theorem 6.1. Assume (5.7)—(5.12) and
Ly, Ay 4 Dem AT+ epoey, (M) V2 < mg. (6.1)

Then, Problem 5.2 has a unique solution u € V. Moreover, the operator (fo,fn) — u =
u(fo, fy) which maps any element (fy, fy) € L*(Q,RY) x L*(Ty,RY) to the solution u € V
of Problem 5.2 is Lipschitz continuous.

Proof. We apply Theorem 4.1. To this end, let K =V, A =TI'¢, and define the function

v(,2) = pe(y—go) ¥e(z), yER,z€RY

It is easy to see that H(K), H(A), and H(f) hold, and the strong monotonicity constant of the
operator A is my = mg. The rest of the conditions can be verified by using arguments similar
to those used in [7]. However, for completeness, since the notation is different, we provide the
details in proof.

Let us check the validity of the condition H(®),. It is easy to see that ®(u,-) : V — Risa
convex continuous function. For uy,u;, vi,vy € V, we have

pv(uiy —80)(vay —viv) +pv(uay —80)(Viyv —vav) <Ly, lury —uzyv||viy —va v

a.e.on I'c. Thus

/1“ [Pv(ul,v _80) (VZ,V - Vl,v) +pv(V2,v - gO)("l,v - V2,v)] da
o

-1 2
< Lpy llury —wa vz Iviv =vavllze) < Loy Ay llun — 2y
Hence, the function ® satisfies condition H(®P), with
op =Ly, Ay (6.2)

Then we turn to condition H(y)}. Obviously, y is locally Lipschitz continuous with respect to
its second argument and

vo(yz1522) = pe(y —80) Wo(z1522), Vy€ER, z1,20 € R
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Regarding the condition (4.1), for y;,y» € R and z1,2 € R?, we write
pe(y1 —20) Ve (21322 — 21) + pe(y2 — 80) Wi (22321 — 22)
= [pe(y2—80) — Pz(y1 — 80)] ‘V?(Zz;zl —22)
+pe(y1 — o) [Wi(z1322 — 21) + W (22521 — 22)] -

By assumption (5.10),

0 < pe(x,r) <Py,

[pr(y1 — 80) = Pe(y2— 80)| < cp. ly1 —y2l -
By the Lipschitz continuity of v,

\‘l’g(zz;m —Z2)| < cy, |21 — 22|
Thus
pe(y1 —80) Wi (21322 — 21) + pr(y2 — 80) Wo (22:21 — 22)
< CpeCy V1 =2l |21 — 22| + Pz |z — )%
Hence, (4.1) holds:

lllo(yl,a;zz —z1)+ lllo(yz,Z2;Z1 —22) < OC{,,,] 1 =2l lz1 — z2|ge + O‘{,/,2|Z1 _Z2|12[gd'

where

0‘1/,/,1 = Cp.Cy,, (X{I,’z =P M. (6.3)
We combine (6.2), (6.3), and (6.1) to see that condition (4.3) is satisfied. Theorem 6.1 is now a
direct consequence of Theorem 4.1. (]

We now consider the numerical solution of Problem 5.2 by the finite element method. For
simplicity, we assume that Q is a polygonal/tetrahedral domain. Let {.7"} be a regular family of
partitions of Q into triangles/tetrahedrons that are compatible with the partition of the boundary
dQ into I'p, 'y, and I'c, in the sense that if the intersection of one side/face of an element with
one of the three sets has a positive surface measure, then the side/face lies entirely in that set.
We now construct linear element spaces corresponding to .77

vi={Vec@! |V e PI(T) for T € 7" V" =0onTy |, 6.4)

where P;(T') stands for the space of polynomials of a degree less than or equal to 1 on 7. Then,
the finite element method for Problem 5.2 is as follows.

Problem 6.1. Find a displacement ﬁeld u" € V" such that
(Aul' VY 4 @ (u” +/ pe(u —go) WOV da > (F V1), W evh (6.5)

By a discrete analogue of Theorem 6.1, under the conditions stated in that theorem, Problem
6.1 has a unique solutions.

The properties (2.8)—(2.9) are obvious for the choice of V* and K" = V". By [6, Proposition
2.1.2] and the fact that a convergent sequence in V has a subsequence that converges pointwise
on I'c, (4.6) is valid. Thus we can apply Theorem 4.2 to conclude the convergence of the
numerical solutions

W 5 uin V as h—0.
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For error estimation, we note from (4.13) that, since inf,cx R, (v,u") = 0,

Ju— < inf, a5+ e =2y + R 0)|. (6.6)
where
R,V u) = (Au V" — u) + D (u, V" — u) +/1" pe(y —g0) Vo (ur V! — ur) da
c
—(f V" —u). 6.7)
Assume the solution regularity conditions
ue H*(QRY), o= F(e(u)) € H*(Q:;S9). (6.8)

We comment that in case .% depends smoothly on x, the first condition in (6.8) implies the
second condition in (6.8). Moreover, the second condition in (6.8) implies that

ov e L*(dQ;RY).
Under the regularity conditions (6.8), arguments similar to those used in [22, Section 7] indicate
that
Divo+fy=0 a.e.inQ,
ov=fy ae.only,

and then, for any v e vh,
(Au " —u) +Du V" —u) = (fV'—uw)+ [ 00 (V—ur)da.
I'c
Hence, we have
Ru(vh, u) = / pr(uy — go) wg(uf;vﬁ —ug)da+ Gr(v}fl —u¢)da.
FC l—‘C
By the assumptions

|Pr(”v - go)| <Dz

0 ) - h
‘V[f(uf’vf_uf) < Cor Ve —Ug

Y

since 0; € Lz(FC;Rd), we have

Ru(vh, u)

h
<clvz— ”THLZ(FC;R”’)’
with a constant ¢ depending on || 0¢[| 2 (r..re)- Therefore, (6.6) implies that

1/2

2(TeRY) | - (6.9)

lu—u|ly <c inf [||u—vh||v+||uf—VQ||
thVh

We remark that in the literature on error analysis of numerical solutions of variational in-
equalities, it is standard that the Céa-type inequalities involve square root of approximation
error of the solution in certain norms due to the inequality form of the problems. A reference in
the field is [32], for instance.

Express the contact boundary I as unions of closed flat components with disjoint interiors:

F_C - Ui'czer,i-
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In addition to the solution regularity conditions (6.8), we assume further that
ulre, € H*(CesRY), 1 <i<ic. (6.10)

Then, we can apply the standard finite element interpolation error estimates ([33, 34]) to derive
from (6.9) the following optimal order error bound:

lu—ut||y < ch. (6.11)
We summarize the above derivation in the form of a theorem.

Theorem 6.2. Assume (5.7)—(5.12) and (6.1). Let V" be the linear finite element space defined
by (6.4) corresponding to T" from a regular family of partitions of Q into triangles/tetrahedrons
that are compatible with the partition of the boundary d< into I'p, Ty, and T'c. Then, under
the solution regularity conditions (6.8) and (6.10), for the finite element solution u" € V" of
Problem 6.1, we have the optimal order error estimate (6.11).
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