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Abstract
This paper is devoted to the development and analysis of a pressure projection stabilized
mixed finite element method, with continuous piecewise linear approximations of velocities
and pressures, for solving a hemivariational inequality of the stationary Stokes equations
with a nonlinear non-monotone slip boundary condition. We present an existence result for
an abstract mixed hemivariational inequality and apply it for a unique solvability analysis of
the numerical method for the Stokes hemivariational inequality. An optimal order error esti-
mate is derived for the numerical solution under appropriate solution regularity assumptions.
Numerical results are presented to illustrate the theoretical prediction of the convergence
order.

Keywords Stokes hemivariational inequality · Stabilized mixed finite element method ·
Error estimates

1 Introduction

Hemivariational inequalities (HVIs) provide a useful framework to both theoretically and
numerically treat many application problems in physical sciences and engineering that
involve non-monotone, non-smooth andmulti-valued constitutive laws among different phys-
ical quantities. Comprehensive references on modeling and mathematical analysis of HVIs
include [10, 30, 31, 33, 36]. Several numerical methods have been applied to solve HVIs.
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An early comprehensive reference on the finite element method for HVIs is [23], where
convergence of the numerical solutions is shown, but no error estimate is derived. Recently,
optimal order error estimates are derived for the linear finite element solutions of a variety
of HVIs, e.g., [16, 18, 20, 21] for elliptic HVIs, [2, 22] for hyperbolic and parabolic HVIs,
[40] for history-dependent HVIs, [13, 17] for Stokes and Navier-Stokes HVIs, cf. [19] for a
summary account. In [14], the lowest order virtual element method is analyzed for an elliptic
hemivariational inequality (HVI) in contact mechanics without constraint, and an optimal
order error estimate is derived. The virtual element method of arbitrary order for elliptic HVIs
in contact mechanics with or without constraint is studied later in [39], where an optimal
order error estimate is shown with the linear virtual element solutions. The nonconforming
virtual element method of an arbitrary order is constructed in [29] for solving a stationary
Stokes HVI with a nonlinear slip boundary condition, and an optimal order error estimate
is derived for the lowest-order element solutions. In [38], the interior penalty discontinuous
Galerkin method is studied for an elliptic HVI arising in semipermeable media, and optimal
convergence order is proved for the linear element solutions.

The key to the success of mixed finite element methods is the validity of the discrete inf-
sup condition of the pair of finite element spaces that ensures the existence and the stability
of the solution. It is not straightforward to construct such pairs of spaces. For example, for
the Stokes equations and the Navier-Stokes equations, the seemingly natural choices of the
P1-P1 element pair with continuous discrete pressures and the P1-P0 element pair with dis-
continuous discrete pressures are not stable. In the literature, several stabilization techniques
have been introduced in order to comply with or circumvent the discrete inf-sup condition.
For instance, local and global stabilized methods [24], which are based on the macroelement
condition for constructing the locally stabilized formulation. Consistent stabilized methods
[4, 8], which use the residual of the momentum equation in the added terms. Projection based
stabilization methods including the local pressure projection stabilized method for the lowest
equal order elements [7, 25–28], and local pressure gradient projection stabilized method for
the quadratic equal order elements [5, 6].

Low order velocity-pressure pairs are attractive for mixed finite element simulations of
incompressible flow problems [35]. This paper is on a pressure projection stabilized mixed
method of the lowest equal order pair to solve a hemivariational inequality of the stationary
Stokes equations with a nonlinear non-monotone slip boundary condition. In general, opti-
mal order error estimate cannot be derived for high-order methods due to the presence of an
approximation error bound term on the slip boundary. In [13], themini element and the P2-P1
element are both analyzed for a stationary Stokes HVI with a nonlinear slip boundary condi-
tion, and an optimal order error estimate is derived for the mini finite element solution. The
nonconforming virtual elementmethod of an arbitrary order for the same problem is analyzed
later in [29], where an optimal order error estimate is derived for the lowest-order element
solution. Compared with the P1-P0 element pair with discontinuous discrete pressure, the
P1-P1 element pair with continuous discrete pressure admits fewer degrees of freedom and
higher numerical convergence order for the pressure. Moreover, P1-P1 element pair is easy
to implement as the velocity and the pressure share the same function spaces. Inspired by [7],
in this paper, we present the local pressure projection stabilized mixed method using con-
tinuous piecewise linear approximations of the velocity and the pressure for the stationary
Stokes HVI. The method is featured by the use of an abstract operator projecting the P1 finite
element space for the pressure to the P0 finite element space. This method is unconditionally
stable and is easy to implement without extensive recoding. Moreover, we present an error
estimate for the velocity and pressure, achieving the optimal order for the lowest equal order
elements.
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The rest of the paper is organized as follows. In Sect. 2, we review the notions of the
generalized directional derivative and the subdifferential in the sense of Clarke, as well as
some of their basic properties.We introduce an abstract mixed hemivariational inequality and
explore its solution existence. In Sect. 3, we analyze the local pressure projection stabilized
mixed finite element method for the Stokes HVI. We show the existence and uniqueness of a
discrete solution and derive a priori error estimate, which is optimal with lowest equal order
element solution. In Sect. 4, we report computer simulation results on numerical examples.

2 An Abstract Mixed HVI

In this section, we present a solution existence result for an abstract mixed hemivariational
inequality.

We first recall the definitions of the generalized directional derivative and generalized
subdifferential in the sense of Clarke for a locally Lipschitz function.

Definition 2.1 Let V be a Banach space and denote by V ∗ its dual. Let ψ : V → R be a
locally Lipschitz functional. The generalized (Clarke) directional derivative of ψ at u ∈ V
in the direction v ∈ V is defined by

ψ0(u; v) = lim sup
w→u, λ↓0

ψ(w + λv) − ψ(w)

λ
.

The generalized gradient (subdifferential) of ψ at u is defined by

∂ψ(u) = {ζ ∈ V ∗ : ψ0(u; v) ≥ 〈ζ, v〉 ∀ v ∈ V }.

The following result provides some basic properties of the generalized directional deriva-
tive and the generalized subdifferential ([12,Propositions 2.1.1, 2.1.2]).

Proposition 2.2 Assume that ψ : V → R is a locally Lipschitz function. Then the following
statements are valid.

(i) For every u ∈ V , the function ψ0(u; ·) : V → R is positively homogeneous, i.e.

ψ0(u; λv) = λψ0(u; v) ∀ λ ≥ 0, v ∈ V , (2.1)

and subadditive, i.e.

ψ0(u; v1 + v2) ≤ ψ0(u; v1) + ψ0(u; v2) ∀ v1, v2 ∈ V . (2.2)

(ii) For any u, v ∈ V , we have

ψ0(u; v) = max{〈ξ, v〉 : ξ ∈ ∂ψ(u)}. (2.3)

(iii) The function ψ0 : V × V → R is upper semi-continuous, i.e., for all u, v ∈ V ,
{un}, {vn} ⊂ V such that un → u and vn → v in V , we have

lim sup
n→∞

ψ0(un; vn) ≤ ψ0(u; v). (2.4)

In the rest of this section, we consider an abstract mixed hemivariational inequality. Let
V and Q be Hilbert spaces.
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Problem 2.3 Find (u, p) ∈ V × Q such that

a(u, v) − d(v, p) + �0(u; v) ≥ 〈 f , v〉 ∀ v ∈ V , (2.5)

d(u, q) + S(p, q) = 0 ∀ q ∈ Q. (2.6)

In the study of Problem 2.3, we impose the following assumptions on the data.

H(a). a : V × V → R is bilinear, bounded and coercive:

|a(u, v)| ≤ ca‖u‖V ‖v‖V and a(v, v) ≥ ma‖v‖2V ∀ u, v ∈ V ,

for some constants ca,ma > 0.
H(d). d : V × Q → R is bilinear and bounded:

|d(v, q)| ≤ cd‖v‖V ‖q‖Q ∀ (v, q) ∈ V × Q,

for a constant cd > 0.
H(S). S : Q × Q → R is bilinear and bounded with S(q, q) ≥ 0 for all q ∈ Q.
H(B). There exists a constant β > 0 such that

sup
(v,q)∈V×Q

B((u, p); (v, q))

‖v‖V + ‖q‖Q ≥ β
(‖u‖V + ‖p‖Q

) ∀ (u, p) ∈ V × Q, (2.7)

where

B((u, p); (v, q)) = a(u, v) − d(v, p) + d(u, q) + S(p, q).

H(�). � : V → R is locally Lipschitz, and there are constants c0, c1,m� ≥ 0 such that

‖∂�(v)‖V ∗ ≤ c0 + c1‖v‖V ∀ v ∈ V , (2.8)

�0(v1; v2 − v1) + �0(v2; v1 − v2) ≤ m�‖v1 − v2‖2V ∀ v1, v2 ∈ V . (2.9)

H(0). f ∈ V ∗ and ma > m� .

Remark 2.4 The hypothesis H(S) implies that function Q � q �→ S(q, q) ∈ R is convex.
Indeed, let p, q ∈ Q and t ∈ (0, 1) be arbitrary and denote qt := t q + (1 − t) p. Then, we
have

S(qt , qt ) = t2S(q, q) + t (1 − t) S(q, p) + (1 − t)2S(p, p) + t (1 − t) S(p, q)

= t S(q, q) − t (1 − t) S(p − q, p − q) + (1 − t) S(p, p)

≤ t S(q, q) + (1 − t) S(p, p).

Hence, Q � q �→ S(q, q) is convex.
The assumption H(B) is known as the inf-sup condition for the bilinear form B. The

inequality in (2.8) stands for

‖η‖V ∗ ≤ c0 + c1‖v‖V ∀ v ∈ V , η ∈ ∂�(v).

By (2.3), (2.8) implies
∣∣�0(u; v)

∣∣ ≤ (c0 + c1‖u‖V )‖v‖V ∀ u, v ∈ V . (2.10)

It is known that (2.9) is equivalent to ([30])

〈η1 − η2, v1 − v2〉 ≥ −m�‖v1 − v2‖2V ∀ vi ∈ V , ηi ∈ ∂�(vi ), i = 1, 2. (2.11)
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For the solution existence of Problem 2.3, we will apply a result called the elemen-
tary Knaster-Kuratowski-Mazurkiewicz principle ([15,p. 66]). Let V be a Hilbert space
and U be a nonempty subset of V . We recall that G : U → 2V is a Knaster-Kuratowski-
Mazurkiewicz map (or simply a KKM-map) if for any {v1, v2, . . . , vn} ⊂ U , its convex hull
co{v1, v2, . . . , vn} is contained in ⋃n

i=1 G(vi ).

Lemma 2.5 Let V be a Hilbert space, U a nonempty subset of V , and G : U → 2V a
KKM-map with closed convex values such that Gv0 is bounded for some v0 ∈ U. Then the
intersection

⋂{Gv | v ∈ U } is not empty.
For M > 0, define subsets VM ⊂ V and QM ⊂ Q by

VM = {v ∈ V : ‖v‖V ≤ M} and QM = {q ∈ Q : ‖q‖Q ≤ M}. (2.12)

Then we introduce an auxiliary problem:

Problem 2.6 Find (u, p) ∈ VM × QM such that for all (v, q) ∈ VM × QM,

a(u, v − u) − d(v − u, p) + �0(u; v − u) + d(u, q − p) + S(p, q − p) ≥ 〈 f , v − u〉.
(2.13)

Theorem 2.7 Assume that H(a), H(d), H(S), H(B), H(�) and H(0) hold. Then Prob-
lem 2.3 has a solution.

Proof Let M ≥ M0 with

M0 = max

{
c0 + ‖ f ‖V ∗

ma − m�

,
c0 + ‖ f ‖V ∗

β

(
ca + cd + c1
ma − m�

+ 1

)}
+ 1. (2.14)

We introduce a multi-valued mapping G : VM × QM → 2VM×QM defined by

G(v, q) = {(u, p) ∈ VM × QM : a(v, v − u) − d(v − u, p) + inf
ξ∈∂�(v)

〈ξ, v − u〉
+ d(u, q − p) + S(p, q − p) ≥ 〈 f , v − u〉} ∀ (v, q) ∈ VM × QM . (2.15)

Since (v, q) ∈ G(v, q),G(v, q) �= ∅ for all (v, q) ∈ VM ×QM .We claim that the setG(v, q)

is closed in V × Q. Let {(un, pn)} ⊂ G(v, q) be a sequence such that (un, pn) → (u, p) in
V × Q as n → ∞, for some (u, p) ∈ VM × QM . Hence, for an arbitrary ξ ∈ ∂�(v), for
each n ∈ N, we have

a(v, v − un) − d(v − un, pn)+〈ξ, v − un〉+d(un, q − pn)+S(pn, q − pn)≥〈 f , v − un〉.
Passing to the upper limit n → ∞ in the above inequality, we have

〈 f , v − u〉 = lim
n→∞〈 f , v − un〉

≤ lim
n→∞

[
a(v, v − un) − d(v, pn) + 〈ξ, v − un〉 + d(un, q) + S(pn, q)

]

− lim inf
n→∞ S(pn, pn)

≤ a(v, v − u) − d(v, p) + 〈ξ, v − u〉 + d(u, q) + S(p, q − p),

where we have used the fact that the function p �→ S(p, p) is continuous. Since ξ ∈ ∂�(v)

is arbitrary, we conclude from the above inequality that

a(v, v − u)−d(v − u, p)+ inf
ξ∈∂�(v)

〈ξ, v−u〉+ d(u, q − p) + S(p, q − p) ≥ 〈 f , v − u〉,
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i.e., (u, p) ∈ G(v, q) and G(v, q) is closed. Moreover, G(v, q) is convex. This is verified
as follows. For (u0, p0), (u1, p1) ∈ G(v, q) and t ∈ [0, 1], we have, with (ut , pt ) :=
t (u1, p1) + (1 − t) (u0, p0),

inf
ξ∈∂�(v)

〈ξ, v − ut 〉 ≥ t inf
ξ∈∂�(v)

〈ξ, v − u1〉 + (1 − t) inf
ξ∈∂�(v)

〈ξ, v − u0〉,
S(pt , q − pt ) ≥ t S(p1, q − p1) + (1 − t) S(p0, q − p0),

where we used the convexity of Q � q �→ S(q, q) ∈ R (see Remark 2.4). Hence, (ut , pt ) ∈
G(v, q), i.e.,G(v, q) is convex. Obviously,G(v, q) ⊂ VM ×QM is bounded for any (v, q) ∈
VM × QM .

Next, we show that G is a KKM mapping. Arguing by contradiction, assume there exist
{(vi , qi )}Ni=1 ⊂ VM × QM such that (v0, q0) /∈ ⋃N

i=1 G(vi , qi ) where v0 = ∑N
i=1 tivi and

q0 = ∑N
i=1 ti qi for some scalars ti ∈ [0, 1] with ∑N

i=1 ti = 1. For each 1 ≤ i ≤ N , since
∂�(vi ) is weakly compact in V ∗, there exists ξi ∈ ∂�(vi ) such that infξ∈∂�(vi )〈ξ, vi −v0〉 =
〈ξi , vi − v0〉. Then

a(vi , vi − v0) − d(vi − v0, q0) + 〈ξi , vi − v0〉 + d(v0, qi − q0)

+S(q0, qi − q0) < 〈 f , vi − v0〉.
By H(a) and (2.11),

a(vi − v0, vi − v0) + 〈ξi − ξ0, vi − v0〉 ≥ (ma − m�) ‖vi − v0‖2V ≥ 0 ∀ ξ0 ∈ ∂�(v0).

Hence,

a(v0, vi − v0) − d(vi − v0, q0) + 〈ξ0, vi − v0〉 + d(v0, qi − q0)

+S(q0, qi − q0) < 〈 f , vi − v0〉.
We multiply both sides of the above inequality by ti and sum over i from 1 to N ,

0 = a(v0, v0 − v0) − d(v0 − v0, q0) + 〈ξ0, v0 − v0〉 + d(v0, q0 − q0) + S(q0, q0 − q0)

< 〈 f , v0 − v0〉 = 0.

This leads to a contradiction. Therefore, we conclude that G is a KKM mapping.
Applying Lemma 2.5, we know that there exists (u, p) ∈ VM × QM such that

a(v, v − u) − d(v − u, p) + inf
ξ∈∂�(v)

〈ξ, v − u〉 + d(u, q − p) + S(p, q − p)

≥ 〈 f , v − u〉 ∀ (v, q) ∈ VM × QM .

By the definition of the generalized subdifferential, we have

a(v, v − u) − d(v − u, p) + �0(v; v − u) + d(u, q − p) + S(p, q − p)

≥ 〈 f , v − u〉 ∀ (v, q) ∈ VM × QM .

Let (w, r) ∈ VM × QM and t ∈ (0, 1) be arbitrary. We take v = vt = t w + (1 − t) u
and q = qt = t r + (1 − t) p in the above inequality and use the positive homogeneity of
u �→ �0(v; u) to get

a(vt , w − u) − d(w − u, p) + �0(vt ;w − u) + d(u, r − p) + S(p, r − p) ≥ 〈 f , w − u〉.
Passing to the upper limit t → 0 in the above inequality, we have

a(u, w − u) − d(w − u, p) + �0(u;w − u) + d(u, r − p) + S(p, r − p) ≥ 〈 f , w − u〉
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for all (w, r) ∈ VM × QM , where we have used the fact that the function �0 is upper
semi-continuous. We conclude that (u, p) ∈ VM × QM is a solution to Problem 2.6.

Let us bound ‖u‖V and ‖p‖Q . We take (v, q) = (0, 0) ∈ VM × QM in (2.13) to obtain

a(u, u) ≤ �0(u;−u) − S(p, p) + 〈 f , u〉. (2.16)

From (2.9) and (2.10),

�0(u;−u) ≤ m�‖u‖2V − �0(0; u) ≤ m�‖u‖2V + c0‖u‖V .

Since S(q, q) ≥ 0 for all q ∈ Q, we derive from (2.16) that

(ma − m�)‖u‖2V ≤ (c0 + ‖ f ‖V ∗)‖u‖V .

Hence,

‖u‖V ≤ c0 + ‖ f ‖V ∗

ma − m�

.

We then bound ‖p‖Q . Let r ∈ Q be arbitrary. Then for t ∈ (0, 1) sufficiently small,
qt = t r + (1 − t) p ∈ QM . Taking q = p and (v, q) = (u, qt ) in turn in (2.13), we obtain

d(v − u, p) ≤ a(u, v − u) + �0(u; v − u) − 〈 f , v − u〉 ∀ v ∈ VM , (2.17)

d(u, q) + S(p, q) = 0 ∀ q ∈ Q. (2.18)

Denote by BV (u, 1) the unit closed ball in V with center u, and by BQ(0, 1) the unit closed
ball in Q with center 0. Note that BV (u, 1) ⊂ VM . Use the inf-sup condition (2.7) with u = 0
to find

β‖p‖Q ≤ sup
(v,q)∈V×Q

B((0, p); (v, q))

‖v‖V + ‖q‖Q = sup
‖v‖V +‖q‖Q≤1

B((0, p); (v, q))

≤ sup
v∈BV (u,1),
q∈BQ (0,1)

B((0, p); (u − v, q)) = sup
v∈BV (u,1),
q∈BQ (0,1)

(
d(v − u, p) + S(p, q)

)
.

From (2.17) and (2.18),

β‖p‖Q ≤ sup
v∈BV (u,1)

(
|a(u, v − u)| + |�0(u; v − u)| + |〈 f , v − u〉|

)
+ sup

q∈BQ(0,1)
|d(u, q)|

≤ (ca + cd + c1)‖u‖V + c0 + ‖ f ‖V ∗ .

In conclusion, we see that for M0 defined in (2.14), a solution (u∗, p∗) to Problem 2.6 with
M ≥ M0 satisfies the inequalities

‖u∗‖V < M0 and ‖p∗‖Q < M0.

We now prove that (u∗, p∗) is also a solution to Problem 2.3. Let (w, r) ∈ V × Q be
arbitrary. For t ∈ (0, 1) sufficiently small, let

(vt , qt ) = (t w + (1 − t) u∗, t r + (1 − t) p∗) ∈ VM0 × QM0 .

Inserting (v, q) = (vt , qt ) into (2.13) with (u, p) = (u∗, p∗) gives

a(u∗, w − u∗) − d(w − u∗, p∗)
+�0(u∗;w − u∗) + d(u∗, r − p∗) + S(p∗, r − p∗) ≥ 〈 f , w − u∗〉.
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Take r = p∗ and w = u∗ in turn in the above inequality, we obtain

a(u∗, w − u∗) − d(w − u∗, p∗) + �0(u∗;w − u∗) ≥ 〈 f , w − u∗〉 ∀ w ∈ V ,

d(u∗, r − p∗) + S(p∗, r − p∗) ≥ 0 ∀ r ∈ Q.

Hence,

a(u∗, v) − d(v, p∗) + �0(u∗; v) ≥ 〈 f , v〉 ∀ v ∈ V ,

d(u∗, q) + S(p∗, q) = 0 ∀ q ∈ Q.

We see that (u∗, p∗) ∈ V × Q is a solution to Problem 2.3. ��

3 A StabilizedMixed FEM for Stokes HVI

We recall the Stokes HVI studied in [13]. Let 
 ⊂ R
d (d ≤ 3 in applications) be an open

bounded connected set with a Lipschitz boundary � = ∂
. The boundary is split into two
parts: � = �D ∪�S with meas(�D) > 0, meas(�S) > 0, and �D ∩�S = ∅. We will impose
a Dirichlet boundary condition on �D and a slip boundary condition of friction type on �S .
Denote by n the unit outward normal to �. For a vector-valued function u on the boundary,
let un = u · n and uτ = u − unn be the normal component and the tangential component,
respectively. With the flow velocity field u and the pressure p, we define the strain tensor
ε(u) = 1

2 (∇u + (∇u)T ) and the stress tensor σ = −p I + 2νε(u), where I is the identity
matrix, ν > 0 is the viscosity coefficient. Let σn = n ·σn and σ τ = σn−σnn be the normal
component and the tangential component of σ .

We consider the Stokes problem

− div(2νε(u)) + ∇ p = f in 
, (3.1)

div u = 0 in 
, (3.2)

with the following boundary conditions

u = 0 on �D, (3.3)

un = 0, −σ τ ∈ ∂ψ(uτ ) on �S . (3.4)

Here, f ∈ L2(
) is a given function, and ψ : �S ×R
d → R is locally Lipschitz continuous

with respect to its second argument. To simplify the notation, we write ψ(uτ ) for ψ(x, uτ ),
and ∂ψ is the subdifferential of ψ in the sense of Clarke with respect to its second argument.
The condition (3.4) is known as a slip boundary condition. The first part un = 0 means that
the fluid can not pass through �S outside the domain. The second part represents a friction
condition, relating the frictional force σ τ with the tangential velocity uτ .

Introduce function spaces

V = {v ∈ H1(
) : v = 0 on �D, vn = 0 on �S},
Q = L2

0(
) =
{
q ∈ L2(
) :

∫




q(x) dx = 0

}

for the velocity and pressure variables. As a consequence of Korn’s inequality ([32,p. 79]),

V � u �→ ‖ε(u)‖0,
 :=
(∫




‖ε(u)‖2 dx
) 1

2
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defines a norm and is equivalent to the standard H1(
)-normonV .We use ‖·‖V = ‖ε(·)‖0,

for the norm on V and use ‖ · ‖0,
 for the norm on Q.

The mixed formulation of the Stokes HVI is as follows.

Problem 3.1 Find (u, p) ∈ V × Q such that

a(u, v) − b(v, p) +
∫

�S

ψ0(uτ ; vτ ) ds ≥ 〈 f , v〉 ∀ v ∈ V , (3.5)

b(u, q) = 0 ∀ q ∈ Q, (3.6)

where

a(u, v) = 2ν
∫




ε(u) : ε(v) dx ∀ u, v ∈ V ,

b(v, q) =
∫




q divv dx ∀ v ∈ V , q ∈ Q,

〈 f , v〉 =
∫




f · v dx ∀ v ∈ V .

We note that the bilinear form a(·, ·) is coercive on V due to

a(v, v) = 2ν‖v‖2V ∀ v ∈ V . (3.7)

Concerning the superpotential ψ , we assume the following properties:
H(ψ). ψ : �S × R

d → R is such that

(i) ψ(·, ξ) is measurable on �S for all ξ ∈ R
d and ψ(·, 0) ∈ L1(�S);

(ii) ψ(x, ·) is locally Lipschitz on Rd for a.e. x ∈ �S ;
(iii) |η| ≤ c0 + c1|ξ | ∀ ξ ∈ R

d , η ∈ ∂ψ(x, ξ) a.e. x ∈ �S with c0, c1 ≥ 0;
(iv) ψ0(x, ξ1; ξ2 − ξ1)+ψ0(x, ξ2; ξ1 − ξ2) ≤ mτ |ξ1 − ξ2|2 ∀ ξ1, ξ2 ∈ R

d a.e. x ∈ �S

with mτ ≥ 0.

By (2.3), H(ψ) (iii) implies
∣∣ψ0(ξ1; ξ2)

∣∣ ≤ (
c0 + c1|ξ1|

) |ξ2| ∀ ξ1, ξ2 ∈ R
d . (3.8)

Define a functional � : L2(�S) → R by

�(v) =
∫

�S

ψ(v) ds ∀ v ∈ L2(�S). (3.9)

From the proof of Theorem 4.20 in [30], we have the following result.

Lemma 3.2 Assume that ψ : �S × R
d → R has the properties H(ψ). Then the functional

� defined by (3.9) satisfies
H(�). (i) �(·) is locally Lipschitz on L2(�S);

(ii) �0(u; v) ≤ ∫
�S

ψ0(u; v) ds ∀ u, v ∈ L2(�S);

(iii) ‖z‖0,�S ≤ √
3|�S | c0 + √

3 c1‖v‖0,�S ∀ v ∈ L2(�S), z ∈ ∂�(v);
(iv) �0(v1; v2 − v1) + �0(v2; v1 − v2) ≤ mτ‖v1 − v2‖20,�S

∀ v1, v2 ∈ L2(�S).

By the Sobolev trace theorem, we have the inequality

‖vτ‖0,�S ≤ λ
−1/2
0 ‖v‖V ∀ v ∈ V , (3.10)
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where λ0 > 0 is the smallest eigenvalue of the eigenvalue problem

u ∈ V ,

∫




ε(u) : ε(v) dx = λ

∫

�S

uτ ·vτ ds ∀ v ∈ V . (3.11)

It is shown in [13] that if f ∈ V ∗, H(ψ) and mτ < 2νλ0 hold, then Problem 3.1 has a
unique solution (u, p) ∈ V × Q.

We now turn to consider a finite element method for solving Problem 3.1. For simplicity,
we assume 
 is a polygonal/polyhedral domain in this section. We express �S as the union
of closed flat components with disjoint interior: �S = ∪lS

l=1�S,l . Let {T h} be a regular
family of triangular partitions of 
 into triangles. For a generic element K ∈ T h , denote by
hK = diam(K ) the diameter of K . Themesh-size ofT h is h = max{hK : K ∈ T h}. Let P1 be
the space of the polynomials of degree ≤ 1, and P1 = (P1)d for the corresponding vector-
valued polynomial space. Corresponding to the partition T h , we introduce finite element
spaces

V h = {vh ∈ V : vh |K ∈ P1(K ) ∀ K ∈ T h}, (3.12)

Qh = {qh ∈ Q ∩ C0(
) : qh |K ∈ P1(K ) ∀ K ∈ T h}. (3.13)

For K ∈ T h , let �K : L2(K ) → P0(K ) be the L2-projection operator defined by

�K q = 1

|K |
∫

K
q dx ∀ q ∈ L2(K ),

with the global operator defined as

�h |K = �K ∀ K ∈ T h .

By [7,Lemma 2.3], it holds

‖qh − �hqh‖0,
 ≥ c h ‖∇qh‖0,
 ∀ qh ∈ Qh . (3.14)

From the standard finite element approximation theory ([9]), we have

‖p − �h p‖0,
 ≤ c h ‖p‖1,
 ∀ p ∈ H1(
). (3.15)

Following [7, 28], we introduce a stabilized mixed finite element method for Problem 3.1.

Problem 3.3 Find (uh, ph) ∈ V h × Qh such that

a(uh, vh) − b(vh, ph) +
∫

�S

ψ0(uhτ ; vhτ ) ds ≥ 〈 f , vh〉 ∀ vh ∈ V h, (3.16)

b(uh, qh) + Sh(ph, qh) = 0 ∀ qh ∈ Qh, (3.17)

where the stabilized term Sh(p, q) is defined by

Sh(p, q) =
∫




(p − �h p)(q − �hq) dx ∀ p, q ∈ Q.

Define a bilinear form

Bh((u, p); (v, q)) = a(u, v) − b(v, p) + b(u, q) + Sh(p, q). (3.18)

Let us show the inf-sup condition for the bilinear form (3.18).
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Lemma 3.4 There exists a positive constant c independent of h such that

sup
(vh ,qh)∈V h×Qh

Bh((uh, ph); (vh, qh))

‖vh‖V + ‖qh‖0,
 ≥ c
(
‖uh‖V + ‖ph‖0,


)
∀ (uh, ph) ∈ V h × Qh .

(3.19)

Proof For any (uh, ph) ∈ V h × Qh , let us construct a pair (vh, qh) ∈ V h × Qh such that

Bh((uh, ph); (vh, qh))

‖vh‖V + ‖qh‖0,
 ≥ c
(
‖uh‖V + ‖ph‖0,


)
(3.20)

for a constant c > 0 independent of h. It is known that the continuous inf-sup condition is
valid ([37]): there exists a positive constant β such that

sup
v∈H1

0(
)

b(v, q)

‖v‖V ≥ β ‖q‖0,
 ∀ q ∈ Q.

Then, for any ph ∈ Qh there exists a function v ∈ H1
0(
) satisfying

b(v, ph)

‖v‖V ≥ β ‖ph‖0,
 and ‖v‖V = ‖ph‖0,
. (3.21)

Let v I be the first order Scott-Zhang interpolant of v ([34,Definition 2.13]). Then v I ∈
V h ∩ H1

0(
) and for some constants C0, c > 0 ([34,Theorem 4.1]),

‖v I ‖V ≤ C0‖v‖V and ‖v − v I ‖0,
 ≤ c h ‖v‖V . (3.22)

Write

b(v I , ph) = b(v, ph) + b(v I − v, ph).

By (3.21),

b(v, ph) ≥ C1‖ph‖20,
,

where C1 = β > 0. Since ph ∈ Qh is continuous, then it holds

b(v I − v, ph) = −(v I − v,∇ ph) ≥ −‖v I − v‖0,
‖∇ ph‖0,
.

By (3.21), (3.22) and (3.14),

b(v I − v, ph) ≥ −C2‖ph − �h ph‖0,
‖ph‖0,

for some constant C2 > 0. Thus,

b(v I , ph) ≥ C1‖ph‖20,
 − C2‖ph − �h ph‖0,
‖ph‖0,
. (3.23)

From (3.21) and (3.22), we have

‖v I ‖V ≤ C0‖ph‖0,
.

Choosing vh = uh − αv I and qh = ph for a positive constant α, we obtain

Bh((uh, ph); (uh − αv I , ph)) = a(uh, uh) − αa(uh, v I ) + αb(v I , ph) + Sh(ph, ph)

≥ 2ν‖uh‖2V − 2ναC0‖uh‖V‖ph‖0,
 + αC1‖ph‖20,

− αC2‖ph − �h ph‖0,
‖ph‖0,
 + ‖ph − �h ph‖20,
.
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Obviously, for α > 0 sufficiently small, we have a positive constant c that depends on α such
that

Bh((uh, ph); (uh − αv I , ph)) ≥ c
(
‖uh‖V + ‖ph‖0,


)2
.

Note that

‖vh‖V + ‖qh‖0,
 = ‖uh − αv I ‖V + ‖ph‖0,
 ≤ c(‖uh‖V + ‖ph‖0,
).

Thus, we finish the proof of (3.19). ��
Remark 3.5 Particularly, when uh = 0, then we have

sup
(vh ,qh)∈Ṽ h×Qh

Bh((0, ph); (vh, qh))

‖vh‖V + ‖qh‖0,
 ≥ c ‖ph‖0,
 ∀ ph ∈ Qh, (3.24)

where Ṽ
h = V h ∩ H1

0(
).

We are ready to present an existence and uniqueness result for Problem 3.3.

Theorem 3.6 Assume f ∈ V ∗, H(ψ) and mτ < 2νλ0. Then Problem 3.3 has a unique
solution.

Proof By Lemma 3.2, under the assumption H(ψ), the functional� defined by (3.9) has the
properties H(�). Then, we can apply Theorem 2.7 to conclude that there exists (uh, ph) ∈
V h × Qh such that

a(uh, vh) − b(vh, ph) + �0(uh; vh) ≥ 〈 f , vh〉 ∀ vh ∈ V h, (3.25)

b(uh, qh) + Sh(ph, qh) = 0 ∀ qh ∈ Qh . (3.26)

Since

�0(uh; vh) ≤
∫

�S

ψ0(uhτ ; vhτ ) ds,

we see that the solution (uh, ph) ∈ V h×Qh of (3.25)–(3.26) is also a solution of Problem3.3.
For solution uniqueness, let (uh1, p

h
1 ), (u

h
2, p

h
2 ) ∈ V h × Qh be two solutions of Prob-

lem 3.3. Then

a(uh1, v
h) − b(vh, ph1 ) +

∫

�S

ψ0(uh1,τ ; vhτ ) ds ≥ 〈 f , vh〉 ∀ vh ∈ V h, (3.27)

b(uh1, q
h) + Sh(ph1 , q

h) = 0 ∀ qh ∈ Qh, (3.28)

and

a(uh2, v
h) − b(vh, ph2 ) +

∫

�S

ψ0(uh2,τ ; vhτ ) ds ≥ 〈 f , vh〉 ∀ vh ∈ V h, (3.29)

b(uh2, q
h) + Sh(ph2 , q

h) = 0 ∀ qh ∈ Qh . (3.30)

We take vh = uh2 − uh1 in (3.27), vh = uh1 − uh2 in (3.29), and add the two inequalities to
obtain

a(uh1 − uh2, u
h
1 − uh2) ≤ b(uh1 − uh2, p

h
1 − ph2 )

+
∫

�S

[
ψ0(uh1,τ ; uh2,τ − uh1,τ ) + ψ0(uh2,τ ; uh1,τ − uh2,τ )

]
ds.

(3.31)
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Then take qh = ph1 − ph2 in (3.28), qh = ph2 − ph1 in (3.30), and add the two equalities to
obtain

b(uh1 − uh2, p
h
1 − ph2 ) = −Sh(ph1 − ph2 , p

h
1 − ph2 ). (3.32)

Thus, from (3.31) and (3.32), we have

a(uh1 − uh2, u
h
1 − uh2) ≤ −Sh(ph1 − ph2 , p

h
1 − ph2 )

+
∫

�S

[
ψ0(uh1,τ ; uh2,τ − uh1,τ ) + ψ0(uh2,τ ; uh1,τ − uh2,τ )

]
ds,

from which, by applying H(ψ) (iv), (3.10) and noting that Sh(ph1 − ph2 , p
h
1 − ph2 ) ≥ 0,

2 ν ‖uh1 − uh2‖2V ≤ mτ λ
−1
0 ‖uh1 − uh2‖2V .

Hence, ‖uh1 − uh2‖V = 0, i.e., uh1 = uh2 , due to the smallness condition mτ < 2νλ0. Back to
(3.32), we then have

Sh(ph1 − ph2 , p
h
1 − ph2 ) = 0.

This equality implies that ph1 − ph2 = �h(ph1 − ph2 ) is a piecewise constant function. Since
ph1 − ph2 ∈ Qh is continuous with a vanishing integral over 
, we conclude that ph1 = ph2 . ��

We turn to an error analysis. As a preparation, we show that the numerical solution is
uniformly bounded independent of h.

Proposition 3.7 Assume f ∈ V ∗, H(ψ) and mτ < 2νλ0. Then the solution component
uh ∈ V h depends Lipschitz continuously on f . In particular, ‖uh‖V is bounded independent
of h.

Proof For i = 1, 2, let f i ∈ V ∗ and (uhi , p
h
i ) ∈ V h × Qh be the unique solution to

Problem 3.3 corresponding to f i . Then,

a(uh1 − uh2, v
h) − b(vh, ph1 − ph2 ) +

∫

�S

[ψ0(uh1,τ ; vhτ ) + ψ0(uh2,τ ;−vhτ )] ds

≥ 〈 f 1 − f 2, v
h〉 ∀ vh ∈ V h,

b(uh1 − uh2, q
h) + Sh(ph1 − ph2 , q

h) = 0 ∀ qh ∈ Qh .

Take vh = uh2 − uh1 in the first inequality and qh = ph1 − ph2 in the second one, we obtain

a(uh1 − uh2, u
h
1 − uh2) ≤

∫

�S

[
ψ0(uh1,τ ; uh2,τ − uh1,τ ) + ψ0(uh2,τ ; uh1,τ − uh2,τ )

]
ds

+ b(uh1 − uh2, p
h
1 − ph2 ) + 〈 f 1 − f 2, u

h
1 − uh2〉, (3.33)

and

b(uh1 − uh2, p
h
1 − ph2 ) = −Sh(ph1 − ph2 , p

h
1 − ph2 ) ≤ 0.

Apply H(ψ) (iv) and (3.10) in (3.33), it yileds

2ν ‖uh1 − uh2‖2V ≤ mτ

∫

�S

|uh1,τ − uh2,τ |2ds + ‖ f 1 − f 2‖V ∗‖uh1 − uh2‖V
≤ mτ λ

−1
0 ‖uh1 − uh2‖2V + ‖ f 1 − f 2‖V ∗‖uh1 − uh2‖V .
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We derive the Lipschitz continuity inequality

‖uh1 − uh2‖V ≤ 1

2ν − mτ λ
−1
0

‖ f 1 − f 2‖V ∗ .

In particular, this inequality implies ‖uh‖V ≤ ‖ f ‖V ∗/(2ν−mτ λ
−1
0 ), i.e., ‖uh‖V is uniformly

bounded independent of h. ��
We now establish a Céa’s inequality for the numerical solution.

Theorem 3.8 Assume f ∈ V ∗, H(ψ) and mτ < 2νλ0. Let (u, p) ∈ V × Q and (uh, ph) ∈
V h × Qh be the solutions of the Problems 3.1 and 3.3, respectively. Then there exists a
positive constant c independent of h such that for all vh ∈ V h and qh ∈ Qh,

‖u − uh‖V + ‖p − ph‖0,

≤ c

(
‖u − vh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,
 + ‖uτ − vhτ ‖1/20,�S

)
. (3.34)

Proof Denote

B((u, p); (v, q)) = a(u, v) − b(v, p) + b(u, q).

Note that Problem 3.1 is equivalent to

(u, p) ∈ V × Q, B((u, p); (v − u, q)) +
∫

�S

ψ0(uτ ; vτ − uτ ) ds ≥ 〈 f , v − u〉
∀ (v, q) ∈ V × Q, (3.35)

whereas Problem 3.3 is equivalent to

(uh, ph)∈V h×Qh,Bh((uh, ph); (vh−uh, qh))+
∫

�S

ψ0(uhτ ; vhτ − uhτ ) ds ≥ 〈 f , vh − uh〉

∀ (vh, qh) ∈ V h × Qh . (3.36)

Let (vh, qh) ∈ V h × Qh be arbitrary. Then, we have

2 ν ‖uh − vh‖2V ≤ Bh((uh − vh, ph − qh); (uh − vh, ph − qh))

= Bh((uh, ph); (uh − vh, ph − qh)) − Sh(qh, ph − qh)

− B((u, p); (uh − vh, ph − qh))

+ B((u − vh, p − qh); (uh − vh, ph − qh)).

From (3.36),

Bh((uh, ph); (uh − vh, ph − qh)) ≤
∫

�S

ψ0(uhτ ; vhτ − uhτ ) ds − 〈 f , vh − uh〉.

From (3.35) with v = uh − vh + u and q = ph − qh ,

−B((u, p); (uh − vh, ph − qh)) ≤
∫

�S

ψ0(uτ ; uhτ − vhτ ) ds − 〈 f , uh − vh〉.

Hence,

2 ν ‖uh − vh‖2V ≤ I1 + I2 + I3, (3.37)
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where

I1 = −Sh(qh, ph − qh),

I2 = B((u − vh, p − qh); (uh − vh, ph − qh)),

I3 =
∫

�S

[ψ0(uhτ ; vhτ − uhτ ) + ψ0(uτ ; uhτ − vhτ )] ds.

By the definition of the stabilized term Sh , we have

I1 = Sh(p − qh, ph − qh) − Sh(p, ph − qh)

≤ ‖p − qh‖0,
‖ph − qh‖0,
 + ‖p − �h p‖0,
‖ph − qh‖0,
. (3.38)

By the modified Cauchy inequality with an arbitrarily small ε > 0, one has

I2 = a(u − vh, uh − vh) − b(uh − vh, p − qh) + b(u − vh, ph − qh)

≤ c
(
‖u − vh‖V‖uh − vh‖V + ‖uh − vh‖V‖p − qh‖0,
 + ‖u − vh‖V‖ph − qh‖0,


)

≤ ε‖uh − vh‖2V + c
(
‖u − vh‖2V + ‖p − qh‖20,
 + ‖u − vh‖V‖ph − qh‖0,


)
.

(3.39)

By the subadditivity of ψ (see (2.2)), we obtain

ψ0(uτ ; uhτ − vhτ ) ≤ ψ0(uτ ; uhτ − uτ ) + ψ0(uτ ; uτ − vhτ ),

ψ0(uhτ ; vhτ − uhτ ) ≤ ψ0(uhτ ; uτ − uhτ ) + ψ0(uhτ ; vhτ − uτ ).

By H(ψ) (iv),

ψ0(uτ ; uhτ − uτ ) + ψ0(uhτ ; uτ − uhτ ) ≤ mτ |uτ − uhτ |2.
By (3.8),

ψ0(uτ ; uτ − vhτ ) ≤ (c0 + c1|uτ |)|uτ − vhτ |,
ψ0(uhτ ; vhτ − uτ ) ≤ (c0 + c1|uhτ |)|uτ − vhτ |.

Note that ‖uh‖0,�S is bounded by a constant independent of h. Thus,

I3 ≤
∫

�S

mτ |uτ − uhτ |2 ds +
∫

�S

(2c0 + c1|uτ | + c1|uhτ |)|uτ − vhτ | ds

≤ mτ λ
−1
0 ‖u − uh‖2V + c ‖uτ − vhτ‖0,�S

≤ (mτ λ
−1
0 + ε)‖uh − vh‖2V + c

(
‖u − vh‖2V + ‖uτ − vhτ‖0,�S

)
. (3.40)

Combine (3.37)–(3.40) to get

(2ν − mτ λ
−1
0 − 2ε)‖uh − vh‖2V

≤ c
(
‖u − vh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


)
‖ph − qh‖0,


+ c
(
‖u − vh‖2V + ‖p − qh‖20,
 + ‖uτ − vhτ‖0,�S

)
.
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Since mτ λ
−1
0 < 2ν, we can choose ε = (2ν − mτ λ

−1
0 )/4 > 0 to get

‖uh − vh‖2V ≤ c
(
‖u − vh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


)
‖ph − qh‖0,


+ c
(
‖u − vh‖2V + ‖p − qh‖20,
 + ‖uτ − vhτ‖0,�S

)
.

By the triangle inequality, we have

‖u − uh‖2V ≤ c
(
‖u − vh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


)
‖ph − qh‖0,


+ c
(
‖u − vh‖2V + ‖p − qh‖20,
 + ‖uτ − vhτ ‖0,�S

)
. (3.41)

We next bound the error for the pressure. From the discrete inf-sup condition (3.24), we
have

c ‖ph − qh‖0,
 ≤ sup
(vh ,rh)∈Ṽ h×Qh

−b(vh, ph − qh) + Sh(ph − qh, rh)

‖vh‖V + ‖rh‖0,
 . (3.42)

Take vh ∈ Ṽ
h
as a test function in (3.5) and (3.16) to obtain

a(u, vh) − b(vh, p) = 〈 f , vh〉 ∀ vh ∈ Ṽ
h
,

a(uh, vh) − b(vh, ph) = 〈 f , vh〉 ∀ vh ∈ Ṽ
h
.

Thus,

b(vh, p − ph) = a(u − uh, vh) ∀ vh ∈ Ṽ
h
.

By (3.6) and (3.17),

Sh(ph, rh) = b(u − uh, rh) ∀ rh ∈ Qh .

Then we obtain

b(vh, qh − ph) + Sh(ph − qh, rh)

= b(vh, p − ph) + b(vh, qh − p) + Sh(ph, rh) − Sh(p, rh) + Sh(p − qh, rh)

= a(u − uh, vh) + b(vh, qh − p) + b(u − uh, rh) − Sh(p, rh) + Sh(p − qh, rh)

≤ c
(
‖u − uh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


) (
‖vh‖V + ‖rh‖0,


)
,

which implies

‖ph − qh‖0,
 ≤ c
(
‖u − uh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


)
. (3.43)

By the triangle inequality,

‖p − ph‖0,
 ≤ c
(
‖u − uh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,


)
. (3.44)

Inserting (3.43) into (3.41) and using the modified Cauchy inequality, we can derive that

‖u − uh‖V ≤ c
(
‖u − vh‖V + ‖p − qh‖0,
 + ‖p − �h p‖0,
 + ‖uτ − vhτ ‖1/20,�S

)
.

(3.45)

Finally, (3.34) follows from (3.45) and (3.44). ��
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As a corollary of Theorem 3.8, we have an optimal order error estimate.

Theorem 3.9 Assume f ∈ V ∗, H(ψ) and mτ < 2νλ0. Let (u, p) ∈ V × Q and (uh, ph) ∈
V h × Qh be the solutions of the Problems 3.1 and 3.3, respectively. Assume u ∈ H2(
),
u|�S,l ∈ H2(�S,l), 1 ≤ l ≤ lS , and p ∈ H1(
). Then

‖u − uh‖V + ‖p − ph‖0,
 ≤ c h. (3.46)

Proof Let uI ∈ V h be the finite element interpolant of u, and let pI be the L2 projection of
p to Qh . Then from the finite element approximation theory ([1, 9, 11]), we have

‖u − uI ‖V ≤ c h‖u‖2,
,

‖u − uI ‖0,�S ≤ c h2

⎛

⎝
lS∑

l=1

‖u‖22,�S,l

⎞

⎠

1
2

,

and

‖p − pI ‖0,
 ≤ c h‖p‖1,
.

Take vh = uI and qh = pI in (3.34), we deduce the optimal order error estimate (3.46).
��

4 Numerical Examples

In this section, we report numerical results obtained using the local pressure projection stabi-
lized mixed method. The main goal of the experiment is to verify the numerical convergence
orders of (3.46) for the lowest equal order elements in two dimensions.

For the numerical examples,we let
 = (0, 1)×(0, 1),�S = (0, 1)×{0} and�D = �\�S ,
and use uniform triangulations. Here, the unit interval [0, 1] is divided into 1/h equal parts,
and we use h as the mesh-size. We choose ν = 1. For positive parameters a > b and α, we
let

μ(t) = (a − b)e−αt + b, ψ(uτ ) =
∫ |uτ |

0
μ(t) dt .

Then the slip boundary condition −σ τ ∈ ∂ψ(uτ ) from (3.4) is equivalent to

|σ τ | ≤ μ(0) if uτ = 0, σ τ = −μ(|uτ |) uτ

|uτ | if uτ �= 0, on �S . (4.1)

It can be verified that for this choice of ψ , H(ψ) (iv) is satisfied with mτ = α(a − b).

Example 1 The source function is chosen as

f (x, y) =
[

4π2 (sin(2πx) + sin(2π y) − 2 sin(2π y) cos(2πx))
−4π2 (sin(2πx) + sin(2π y) − 2 sin(2πx) cos(2π y))

]
.

We take a = 9.01, b = 9.0, and α = 10 for the function ψ in the numerical tests.

Example 2 In this example, let

f (x, y) =
[−20(6x2 − 6x + 1)(2y3 − 3y2 + y) − 60x2(x − 1)2(2y − 1) + 2(2y − 1)

20(2x3 − 3x2 + x)(6y2 − 6y + 1) + 60(2x − 1)y2(y − 1)2 + 2(2x − 1)

]
.

We take a = 0.255, b = 0.25, and α = 10 for the function ψ in the numerical tests.
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Table 1 Numerical errors of the lowest equal order elements for Example 1

h ‖u∗ − uh‖0,
 Order ‖u∗ − uh‖V Order ‖p∗ − ph‖0,
 Order

2−2 4.8714e-01 – 5.2789 – 3.6049 –

2−3 1.4299e-01 1.7684 2.7362 0.9481 1.1434 1.6566

2−4 4.0183e-02 1.8313 1.3899 0.9771 4.3835e-01 1.3832

2−5 1.0407e-02 1.9490 6.8917e-01 1.0121 1.5918e-01 1.4615

Table 2 Numerical errors of the lowest equal order elements for Example 2

h ‖u∗ − uh‖0,
 Order ‖u∗ − uh‖V Order ‖p∗ − ph‖0,
 Order

2−2 1.9256e-02 – 1.8702e-01 – 1.6517e-01 –

2−3 7.0943e-03 1.4406 1.0589e-01 0.8206 8.0673e-02 1.0338

2−4 1.7384e-03 2.0289 5.1189e-02 1.0486 2.4786e-02 1.7026

2−5 4.6116e-04 1.9144 2.5812e-02 0.9878 8.7783e-03 1.4975

The discrete problem 3.3 is solved by an algorithm based on a sequence of convex pro-
gramming problems, cf. [3]. The main idea of the iterative algorithm is to update the value of
the function μ at each iteration with the numerical solution found in the previous iteration.

For initialization, choose a small value ε used in a stopping criterion of the iteration and
choose an initial guess (uh0, p

h
0 ) ∈ V h × Qh . Then for � = 0, 1, . . ., find (uh�+1, p

h
�+1) ∈

V h × Qh as the solution of the following problem

a(uh�+1, v
h) − b(vh, ph�+1) +

∫

�S

λh
�+1 · vhτ ds = 〈 f , vh〉 ∀ vh ∈ V h,

b(uh�+1, q
h) + Sh(ph�+1, q

h) = 0 ∀ qh ∈ Qh,

with

λh
�+1 ∈ μ(|uh�,τ |)∂|uh�+1,τ | on �S

until

‖uh�+1 − uh�‖0,
 ≤ ε‖uh�‖0,
, ‖ph�+1 − ph� ‖0,
 ≤ ε‖ph� ‖0,
, and

‖λh
�+1 − λh

�‖0,�S ≤ ε‖λh
�‖0,�S .

The sequence {λh
� } can be viewed as a sequence approximating a Lagrange multiplier λh .

In the numerical experiment, we let ε = 10−7 and determine the initial guess (uh0, p
h
0 ) ∈

V h × Qh as the solution of the problem

a(uh0, v
h) − b(vh, ph0 ) = 〈 f , vh〉 ∀ vh ∈ V h,

b(uh0, q
h) + Sh(ph0 , q

h) = 0 ∀ qh ∈ Qh .

Since the true solution is unknown, we use the numerical solution with h = 2−8 as the
reference solution (u∗, p∗) to compute the numerical solution errors. In Table 1-2, we report
the errors ‖u∗ − uh‖0,
, ‖u∗ − uh‖V , and ‖p∗ − ph‖0,
 for h = 2−n , 2 ≤ n ≤ 5. We
observe that the numerical convergence orders of the velocity in the V -norm are around 1with
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(a) Plot of velocity (b) Plot of pressure

Fig. 1 Numerical solution (uh , ph) in Example 1
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(a) Plot of velocity (b) Plot of pressure

Fig. 2 Numerical solution (uh , ph) in Example 2

respect to the mesh-size h, which matches the theoretical result in Theorem 3.9. However,
the numerical convergence orders for the pressure in the L2-norm appear to be higher than
the predicted order of one. The numerical solutions (uh, ph) are also shown in Figs. 1, 2.
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