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1. Introduction

Processes of frictional contact between deformable bodies or between a deformable body and a rigid foundation are
commonly seen in the industry and daily life. A considerable effort has been made on modeling and numerical analysis
of the frictional contact problems. In this paper, we consider the numerical solution of a contact problem that describes
the contact between a linearly elastic body and a deformable foundation, with the normal compliance condition and
Coulomb’s law of dry friction on the contact boundary. The contact problem is highly nonlinear, and its weak formulation
is quasi-variational inequality. Solution existence and uniqueness for the quasi-variational inequality can be established
by using the fixed point argument [1,2]. We note that inverse problems for nonlinear quasi-variational inequalities have
been studied in [3,4]; finite element methods have been applied for solving quasi-variational inequalities, and a priori
error estimates can be found in [5-8]. Recently, in [9], several discontinuous Galerkin methods with linear elements are
introduced for solving a frictional contact problem with normal compliance, and a priori error estimates are established
in [10]. Nitsche-type methods can be introduced for solving contact problems in the form of variational inequalities,
eg., [11-13].

It is known that the conforming finite element method cannot handle general polygonal meshes. To overcome this
difficulty, the virtual element method (VEM) is proposed in [14], and its elemental level function space contains both
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polynomials and non-polynomial functions. The method has advantages in handling very general (including non-convex)
polygonal elements, so we can solve problems on complex geometries with ease. Through the introduction of a projection
operator from a virtual element space to a polynomial space, the stiffness matrix can be formed without actually
computing the non-polynomial functions. The method has been applied to solve a variety of scientific and engineering
problems [15-20]. In particular, it has been applied to solve variational inequalities. In [21], the virtual element method
is applied to solve a two-body contact problem, but no error estimate is derived. The VEM is applied to solve the obstacle
problem and simplified friction problem in [22,23], respectively, and a priori error analysis is established. The VEM
is studied for a frictional contact problem in [24]. In [25,26], the VEM is developed and analyzed for solving elliptic
hemivariational inequalities with applications to contact mechanics. In [27], a general framework is established to study
the conforming and nonconforming virtual element methods for solving a Kirchhoff plate contact problem with friction,
and a priori error estimates are derived. The nonconforming VEM is studied to solve a hemivariational inequality for the
stationary Stokes equations with a nonlinear slip boundary condition in [28]. In this paper, we construct and analyze the
virtual element method for a frictional contact problem with normal compliance. Under some reasonable assumptions,
existence and uniqueness results are proved for the VEM scheme. Error estimates are derived for the numerical solution,
and an optimal convergence order is obtained for the lowest-order virtual element. Furthermore, numerical results show
that the VEM scheme works well on general polygonal elements.

The rest of the paper is organized as follows. In Section 2, we introduce the frictional contact problem with normal
compliance, and present its weak formulation as a quasi-variational inequality. In Section 3, we give the virtual element
method scheme for the problem. In Section 4, we derive an a priori error estimate, which is of optimal order for the lowest
order element. In Section 5, computer simulation results are reported to provide numerical evidence of the theoretically
predicted optimal convergence order.

2. A frictional contact problem with normal compliance

In this section, we introduce an elastostatic contact problem, which is modeled with the normal compliance condition
and Coulomb’s law of dry friction. Then we present the weak formulation of the problem.

2.1. Contact problem

Let £2 C R? (d = 2, 3) be an open bounded connected domain with a Lipschitz boundary I" that is divided into three
parts I'p, Ir and I¢ with I'p, I and I relatively open and mutually disjoint such that meas (/p) > 0. The displacement
u: 2 c R? - RYis a vector-valued function. The linearized strain tensor is e(u) = %(Vu + (Vu)'). The symbol S¢
denotes the space of 2nd-order symmetric tensors on R? with the inner product ¢ : T = oy7;. Throughout the paper, we
adopt the summation convention over repeated indices, e.g., 0;;7; stands for Z?J:] ojiTj. Let v be the unit outward normal
to I'. For a vector v defined on the boundary, denote its normal component and tangential component by v, = v - v and
v, = v — v,v on the boundary. Similarly, for a tensor-valued function o : 2 — S¢, we denote its normal component
o, = (ov) - v and tangential part o, = ov — o, v. Then, we have

(ov)-v=(o,w+0o) - (V,w+v)=0,v, + 0 V;.

For a tensor-valued function o, define its divergence by dive = (9jjj)1<i<¢. Then, for any symmetric tensor o and any
vector field v, both are sufficiently smooth, we have the following integration by parts formula

/diva-vdx:/av-vds—/ o : &(v)dx. (2.1)
Q r 2

We consider a static contact problem with a deformable foundation for the deformation of a linearly elastic body
occupying the domain £2. Following [1,2,9], the pointwise formulation of the contact problem is to find a displacement
field u and a stress field o such that

o = Ce(u) in £2, (2.2)

—dive =f, in £, (2.3)

u=20 on Ip, (2.4)

ov=Ff, on I%, (2.5)

—0y = pu(Uy — &a) on It, (2.6)

loz] < po(uy — ga) on It, (2.7)

0, = —p-(uy — &)U /|u.| ifu; #0on Ic, (2.8)
loz| <p-(uy—g) = u, =0 onlg. (2.9)

Here, (2.2) represents the constitutive law of the linearly elastic material, and we assume the bounded, symmetric and
positive definite elasticity tensor C is constant. (2.3) is the equilibrium equation in £2 under volume forces of density
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f1 € [L*($2)]“. Dirichlet boundary condition (2.4) implies that the elastic body is clamped on I'p, and Neumann boundary
condition (2.5) means that surface tractions of density f, € [L?>(J¥)]¢ act on IF. The function g, denotes the initial gap
between the body and the deformable foundation. On contact boundary I, the normal compliance condition (2.6) depicts
that the reactive normal pressure depends on penetration of the elastic body in the foundation. The Coulomb’s law of dry
friction is described by relations (2.7)-(2.9), which states that the magnitude of the shear stress o, cannot exceed the
maximum frictional resistance p.(u, — g;). There is no relative sliding between the body and the foundation when the
magnitude of o is less than the upper bound p.(u, — g;); relative sliding may occur when the magnitude of o, reaches
the critical value p.(u, — g;), and in that case, the direction of o, is opposite to that of u,. For the functions p. (e = v, ),
we assume

(@)pe: I'c xR — Ry;
(b) there exists L, > 0, s.t. [pe(X, 1) — Pe(X, 12)| < Le|r1 — 13|
Vri,r, €R, ae. xe Ig; (2.10)
(c)the mapping X — pe(x, r)is measurable on I¢ for any r € R;
(d)pe(x,7)=0 Vr <0, ae.xe Ig.
The gap function satisfies
g € 1?(I7), gx)>0ae.xelt. (2.11)
In what follows, ¢ denotes a positive constant independent of mesh-size, which may take different values at different
occurrences.

2.2. Weak formulation

The contact problem will be studied through its weak formulation. For this purpose, we define a function space
V={ve[H'(2)": vl =0}

for the displacement field. Since meas(Ip) > 0, Korn’s inequality holds (cf. [29, p. 79]): for some constant ¢ > 0 depending
only on £ and Ip such that

ooy < ¢ /Qe(v) ce(v)dx YveV. (2.12)
Consequently, V is a Hilbert space with the norm defined by the relation
||v||‘2, = / e(v):e(v)dx YveV,
o)

and the norm | - ||y is equivalent to the standard norm || - ||y« Over V. By a standard approach, the following weak
formulation can be derived for the contact problem (2.2)-(2.9) [2]:

Problem (P). Find a displacement field u € V such that
a(u,v—u)+j(u, v) —jlw,u)>(f,v—u) Vv eV, (2.13)
where

a(u, v) = / Ce(u):e(v)dx Vu,veV,
2

(f,v):/f]-vdx—i-/fz-vds YveV, (2.14)
Q2 Iy
and
ju,v) =j,(u,v)+j(u,v) Yu,veV. (2.15)
Here,

Jo(, v) = f Pty — gaJu, ds,
Ic

Jr(u,v) = / pe(uy — ga)lve| ds.
I'c
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Fig. 1. Local degrees of freedom of V¥ for k = 1 (left) and k = 2 (right).

Note that the functional j depends on u,, so the problem is highly nonlinear. By the assumption (2.10), we can get the
following inequality (Theorem 5.38 in [2])

J(ua, v2) — j(uy, v1) +j(uz, v1) — j(uz, v2)
< Ly +L)llw — wall 2y llvr — vallpgr,y Y, uz, v1,v2 € V. (2.16)

Because the elasticity tensor is bounded and positive definite, we see that there exist two constants, m > 0 and M > 0,
depending on some parameters raised in C, such that

m{vlly < a(v, v) < M|jv]f}. (2.17)
By the trace theorem, there exists a positive constant c3, depending only on £2, such that
Ivllzrye < callvllnepe Yo € [P (2.18)
Combining (2.12) and (2.18), there exists a constant Cp > 0, such that
Ivll 2y < Gollvlly VveV. (2.19)

Under the assumptions (2.10)~(2.11) and the smallness condition C3(L,+L,) < m, forany f, € [[*(£2)]" and f, € [L*(TF)]¢,
the quasi-variational inequality (2.13) has a unique solution [1,2].

3. Virtual element method

In this section, we introduce a virtual element method to solve PRoBLEM (P). For simplicity, we only consider the case
where §2 is a two-dimensional polygonal domain. o

We begin with a family of decompositions {7;}, of §2 into polygonal elements denoted by K. Let hy = diam(K) and
h = max{hg : K € T}. All the subdivisions are compatible with the boundary splitting: I" = I'; U I'r U I'¢. Furthermore,
we assume that I¢ is split as It = Uj<i< I with each I'¢; a closed line segment. Let 6,? denotes all the edges of 7,
excluding the edges on I, and 73,? denotes all the vertices of 7;, excluding the vertices on I'. Following [30], we make
assumption on the decompositions {7}, as follows:

A1. There exist constants y; > 0 and ), > 0 such that for each h and for every K € Ty,

e K is star-shaped with respect to a disk of radius p > y1hg;

e the distance between any two vertices of K is no less than y,hg.

3.1. Construction of V,

Corresponding to a decomposition 75, we construct a finite dimensional space V, C V. Similar to the virtual element
method for the elasticity problem [21,31], for every element K € 7, and integer k > 1, we define the local space
VE = {v e [H'(K)]* : div(Ce(v)) € [Pr_a(K)I?, v]sx € CO(3K), vl € [Pr(e)]* Ve C 3K},

where P,(K) denotes the space of polynomials on K of degree no more than k. Here, P_1(K) = {0}. Any v € Vf.f is
determined by the following degrees of freedom (See Fig. 1.):

o the value of vy, at the vertices of K;;
e the moments fe q - v, ds for q € [Pr_»(e)]? on each edge e C 3K for k > 2;

e the moments |, q - vy, dx for q € [P_5(K)]* for k > 2.
Then we define the global virtual element space as
Vi={veV:vgeV) VKeT) (3.1)

and the global degrees of freedom for v € Vy:
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e the value of v, at the vertices € Py;
e the moments |, q - vy ds for q € [Pr_y(e)]*Ve € & for k > 2;
o the moments /[, q - vj dx for q € [Py_»(K)I*VK € Tj for k > 2.

For every smooth enough function v, there exists a unique interpolation v; € V}, such that
dofi(v;) = dofi(v) i=1,..., N

where dofj(v;) denotes the value of the ith degree of freedom of v; € Vj. In addition, let v, be a piecewise polynomial
approximation of v, i.e., for each element K, (v;|x € [Px(K)]?) is an approximation of v on K. According to the
Scott-Dupont theory [32,33], we have the following approximation results.

Proposition 3.1. If Assumption A1 is satisfied, for any v € [H'(£2)]%, 2 <1 < k + 1, there exist v; € V}, and v, € [Px(K)]?
such that

-1
lv—vllv <ch [Vl (ni2y2s (3.2)
-1
lv—vzllvk < chg [vlgigye,

where |||} = [, &(v) : &(v)dx. Moreover, if v|r.; € H'(Ic;), 1 < i < I,we have

I 1/2
o = villi2gr < chf (Z lvlf.rc,.-) : (34)
i=1

In analysis of the virtual element method, we will use a broken norm | - |y, defined by
2 2
olg, = 1ol «-
KeTh

3.2. Construction of ay,

The bilinear form a(-, -) can be decomposed as

au,v) =Y d@v) Yuvev, (3.5)
KeTp

where
a“(u, v) = /Ce(u) : e(v)dx.
K
Correspondingly, we will first construct suitable local bilinear form a',f (u, v) and then put them together as

K
an(up, vy) = Z ay, (up, vy).

KeTp

According to the general framework of virtual element method [14], the local bilinear form a',f (u, v) should satisfy the
following properties:
e Polynomial consistency:

ay(vn, q) = d“(va, @) Von €V}, Vqe [P(K) (3.6)
e Stability: there exist two positive constants «, and «*, independent of h and K, s.t.
a.d (v, vp) < af (vh, vn) < " a“(vp, va) Yoy € V. (3.7)

Because shape functions are not available for fo, we cannot calculate the value of a®(u, v) for u, v € V;. Due to the
computability requirement, we define a projection operator I7X : Vi — [Py(K)]? by

a“(IT{ vy — v, @) =0 Vq € [P(K)]. (3.8)

This equation determines H,fvh only up to a rigid motion. In order to ensure the uniqueness, we adopt the idea in [21]
to add the following conditions

1 nk nk
K
X } I, vp(X;) = X E vp(X;),
n
V=1 V=1
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1
— Zx,— X I'[,< v (X;) Zx, X vp(X;),
ny 4

i=1 Vz]

where {x;} are the coordinates of vertices of the element K and n denotes the number of the vertices. Then, we define
the local bilinear form

af (un, vp) = d“(IT<uy, o) + S(up — T up, vy — I<vp) Yup, vy € V§ (3.9)
where the stabilization term S¥(uy, vy) should be chosen to satisfy
4@ (vy, vp) < S¥(vp, vn) < csa(vn, v4) Yo € V§ with 1w, = 0, (3.10)

for two positive constants ¢4 and cs. Note that (3.8)-(3.10) ensures the properties (3.6) and (3.7). In this paper, we choose

Ndof

S (un, v) ZX: up) xi(vn),

where x;(u;) denotes the ith degree of freedom for u, and N,‘é‘)f is their number.
Define

ap(up, vp) = Z ay(up, vp)  Vap, vy € V.
KeTp
By the symmetry of ay, stability (2.17) and (3.7), we have, for two positive constants C; and C,,
an(v,v) = Ci||lv|lZ Yv eV, (3.11)
an(u, v) < Gllulvllvily Yu, v € Vy. (3.12)

3.3. Construction of f,

Because the term f of1-vdx is not computable for v € Vj, we introduce its approximation. Let P,f be the L? projection
from V& to [Py(K)]% For k = 1, we define

(f 1> vn) Z/P1<f1 vpdx Vv, eVy.

KeTh

For k > 2, define

(f]hvvh Z/Pk 2f1 Uhdx Yo, € V.

KeTp
To approximate the right-hand side term (f, v), we choose
Frovn) = Fip,vn) + | fo-vnds Vo, € Vy
TF

Then we have the following approximation property [31]

F,on) — (F, vn)
If = Fully, = sup ———"== < ch(f . (3.13)
vpeVy ”vh”V
Also,
(F. o) = o on) < IF —Fullvy lvnlly - VYon € Vi (3.14)

2 et K
Furthermore, by the property of the L° projection operator P, we have

Fr.on) <clloplly Yop € Vy (3.15)

where the constant ¢ depends only on f, and f,.
3.4. The discrete problem
We introduce the discrete scheme for solving the PROBLEM (P).

Problem (Py). Find a displacement field u, € Vy, such that
an(un, vn — up) + j(h, vp) — j(un, up) > (Fpo vp —up) Vo € Vi, (3.16)

6
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Let us prove the existence and uniqueness of the numerical solution of the discrete problem (3.16).

Theorem 3.2. Assume f, € [[2(2)]%, f, € [L*>(IF)]?, the gap function g, € [>(I¢), and p. (e = v, T) satisfies the conditions
(2.10). Moreover, we assume the smallness condition C; > Cg(Lv + L;). Then, PROBLEM (Py,) has a unique solution.
Proof. First, we define the operator A : V;, — V}, by

(Aup, vy)y, = an(up, vp). (3.17)

By the continuity (3.12) of a, we see that A is a Lipschitz continuous operator on V. Furthermore, from (3.11), the
coerciveness of a;, we get

2
(Auy, — Avp, uy — vp)y, = ap(Up — vh, Wy — vp) > Colluy — vplly.

So A is strongly monotone. From the definition of j in (2.15) and the assumption (2.10), we see that for all v € V}, the
functional j(v, -) : V;, = R is continuous. For any u4, u;, v1, v, € Vp, using (2.16) and (2.19), we obtain

Jur, v2) = j(ug, v1) + j(uz, v1) — j(uz, v2) < (Lo + Lo)llun — w2l 2 llor — v2ll2grn,
< Gy + Lo)lluy — wpfly flvg — w2y

From (3.15), we see that f, € V}. Thus, applying [2, Theorem 2.19], under the stated assumptions, we conclude that
PrROBLEM (P;) has a unique solution. W

4. Error estimates

In this section, we derive error estimates for the VEM solutions of PROBLEM (P). First, we provide a uniform boundedness
result on the numerical solution u,.

Lemma 4.1. Under the assumptions stated in Theorem 3.2, the numerical solution u, € Vj of PROBLEM (Py) is uniformly
bounded independent of h.
Proof. Let vy = 0in (3.16),
an(un, —up) + j(un, 0) — j(un, wp) > (Fy, —wn),
o)
an(up, up) < j(un, 0) — j(un, up) + (Fp, p). (4.1)

By the definition of j(u, v), it is easy to see that j(0, v) = 0 for any v € V. And from (2.16) and trace inequality (2.19), we
get

JQun, 0) — j(up, up) < (L + L)l g < Co(Ly + Lo)llunly- (42)
Use (3.15), (3.11) and (4.2) in (4.1) to obtain
(C1 = G(Ly + L)) lunll§ < cllull.
Since C; > C3(L, +L;),
Cc

which completes the proof. ®

luplly <

Now we are ready to give an error estimate for the VEM solution of PROBLEM (P).

Theorem 4.2. Let u and uy, be the solutions of PROBLEM (P) and PROBLEM (Py,), respectively. Then

1/2
= wnlly < (= el + = wllv s+ 1F = Fally, + Ju—wl ). (43)

where u; and u,, are approximations of u defined in Section 3.1.

Proof. First, we split the error e = u — u;, into two parts
e=e + e,
where

e =u—u, e,=1u —u,
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and u; € V}, is the interpolation of u. Setting vy, = e, € Vj, in (3.11), we get
Cillenlly < an(en, en) = an(uy, ey) — ap(up, ). (4.4)
By (3.6), we have

an(uy, en) = Y (a5 () — Uy, €y) + i (i, €))

KeTy

— Kion K

=) (af(u — ty, €) + a(uy., @)
KeTp

=) (a(u — uy, e) + a*(u; —u, ) + alu, e). (45)
KeTj

From the discrete virtual element scheme (3.16),

— ap(up, uy —uy) < —(Fp, w — up) — j(up, up) + j(up, wp). (4.6)
Combining (4.4)-(4.6), we have
Cillenlly < Ry + R +Rs, (4.7)
where
Ri= ) (af(u —uy, en) + a“(uy —u,ep)),
KeTh

RZ :(.f7 eh) - <fh7 eh)v
Rz =a(u, ep) — (f, en) — j(uy, up) + j(up, wp).

Let us bound each of the terms on the right side of (4.7). From the continuity of each a¥ and Cauchy-Schwarz inequality,

1/2 1/2
Rezel (Xt —udlin) + (X m—uslie) | lenlv. (48)

KeTh KeTh

From (3.15),
Ry < cllf —fullv, llexllv- (4.9)

Taking v = uy or v = 2u — u; in (2.13), we get

a(u, u —uy) < (f, u—uy) +j(u, uy) — j(u, u), (4.10)
and

au,uy —u) < (f,u; —u) — j(u, u) + j(u, 2u — u;). (4.11)
Therefore,

Ry = a(u, uy —u) + a(u, u —uy) — (F, ey) — j(up, wn) + j(un, w)

< (j(u, 2u — w) — j(u, w) + ((up, w;) — j(un, w))
+ (i, up) — jlu, u) + j(up, u) — j(up, uy)). (4.12)

From (2.16),

JCu, uy) — o, ) + jCun, w) = jun, up) < (Lo + Lol — p 3 . (4.13)

By the definition of j(u, v), it is easy to see that j(0, v) = 0 for any v € V. So

Ju, 2u —wy) — j(u, u) =j(u, 2u —u;) — j(u, u) +j(0, 2u — u;) — j(0, u)

<(Ly + Lollull 2y 1 — il 2y (4.14)

Similarly, we get

JQup, w) — j(un, w) < (Ly + Lollunll 2y lue — will 2 (4.15)
Using (4.13)-(4.15) in (4.12) and Lemma 4.1, as well as the trace inequality (2.19), we obtain

Ry < Go(Ly + Lo)llu — wnlly + c(Ly + Lo)llu — wyll 2 (4.16)

8



B. Wu, F. Wang and W. Han Communications in Nonlinear Science and Numerical Simulation 107 (2022) 106125

Combine (4.8), (4.9), (4.16) and triangle inequality with (4.7),
Cilleslly < ¢ (Ilu — Uy + lu—wlly + I —fhllv;l) llenllv
+ C(Ly + Lo)llu — uply + c(Ly + Lo)llu — w2, (4.17)
Applying the fact that
a,b,x>0andx* <ax+b =— x<a+b"?
we arrive at

lenlly < ¢ (I = wellvn + = wlly + If = Fulv;)

Ci(L, + L) 172

_ 1/2 1201y —
+ o, M-l +c (Lo + L)l —wll 5
By the triangle inequality
lu—unlly < llu—wllv+ llenllv, (4.18)

and noting that C; > C&(Lv + L;), we obtain the inequality (4.3). ®

Generally, variational inequalities have low regularities, so it makes sense to only use lowest-order numerical schemes.
For the lowest-order VEM, i.e., k = 1, if u € (H?(£2))? and Ul € H%(It;), 1 <i <1, from the approximation properties
(3.2)-(3.4), we have

lu—uy;lyn < chlul, o,

lu—wlly < chlul, o,

and

N 1/2
lu — w2y < ch® (Z |u|§m> :

i=1
Therefore, we obtain
lu—ully <ch,

which is an optimal order error estimate.

For high order VEM, due to the inequality form of the problem, it is not possible to have an optimal order error
estimate, even if the solution is smooth. For example, when k = 2, even under higher solution regularities u € (H3(£2))?
and u|r; € H3(I'c;), 1 <i <1, we can only get suboptimal convergence order

lu—wplly < ch®?

due to the contact boundary error approximation result (3.4) for | = 3. One way to improve convergence order is to refine
the elements along contact boundary Ic to reduce the error ||u—u||;2(y,.). Such a mesh refinement can be easily obtained
for the virtual element method because it treats the hanging nodes as vertices of the new element. It is an advantage of
VEM to solve contact problems.

5. Numerical simulations

In this section, we report some numerical simulation results.
In the numerical experiment, we consider functions p,, p, in the form

pu(t) = k()1 pe(t) = ko (£)F, (5.1)

where k,, m,, k;, m; > 0, and (t), = max{t, 0}. We can verify that the function p, and p, satisfy the condition (2.10). For
simplicity, we consider a reduced normal compliance law, i.e. m; = 0 in (5.1); then the functional j(u, v) can be written
as

J(u, v) = ji(u, v) 4 j(v),

where

Jv(u, v)=/ ko(uy — o) vy ds,
I'c
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Table 1

Errors and numerical convergence orders of the lowest order VEM.

h 272 273 274 25 276

Error 1.9114e—1 1.0309e—1 5.4352e—-2 2.80070e—2 1.3828e—2
Convergence order - 0.89067 0.92354 0.95656 1.0182

Jw) = f ke v, |ds.
Ic

In order to implement the virtual element method (3.16), we use the Uzawa iteration by introducing a Lagrange multiplier
An [34]. Then the discrete problem (3.16) is equivalent to the system

an(uy, vy) + jo (g, vy) +[ keApr - vpeds = (Fp, vp) Yop € Vi, (5.2)
Ic
[Anel <1, Ape - Upe = |up| a.e.on It. (5.3)

Since the spatial domain of the problem is two-dimensional, A, and v, can be equivalently viewed as scalars, e.g., we
use vp; = vy, - T to replace vy,. Then, the Uzawa iteration algorithm is as follows.

Step 1 Choose )\Elot) =0and u%o) =0.

Step2 Forn=1,2,..., find uEl”) € Vy such that

an(u"”, vp) = (Fy, o) — G (@™, vp) —[ ke A\ Vo ds Yoy € Vi (5.4)
I'c
Then, update the Lagrangian multiplier
Py P(Aﬁjj” + pk,uﬁl’?), (5.5)
where p is a positive constant and P is a projection operator defined by
P(u) = sup(—1,inf(1, u)) Vu € L(I%). (5.6)

Step 3 If [u™ — u™ V|| < ¢ or [\ — A""V| < &, for two given error tolerances ¢; > 0 and ¢, > 0, stop; otherwise,
g0 to Step2.

For numerical simulations, let £2 = (0, 1) x (0, 1) C R? with I'p) = {1} x (0, 1), I+ = ({0} x (0, 1)) U ((0, 1) x {1}),
and I'c = (0, 1) x {0}. The domain £2 represents the cross-section of a three-dimensional deformable body. The physical
setting is shown in Fig. 2. The elasticity tensor C is given by

Ex E ..
(Ce)j = m(é‘n + &) + m&'j, 1<1i,j<2,

where E is the Young's modulus, « is the Poisson ratio of the material and §; denotes the Kronecker symbol. We use the
following data (the unit daN/mm? stands for “decaNewtons per square millimeter”):

E =2000daN/mm?, « =0.4, f,=(0,0)daN/mm?
(0, 0)daN/mm on[0, 1] x {1},
Faxa.x) =1 500(5 — x,), —200)daN/mm  on {0} x [0, 1],
k., =450, k,=10, m,=1, g,=0.1mm.

First, we solve the problem on square meshes for computing the numerical errors. We use a uniform partition of the
interval [0, 1] and denote by 1/h the number of sub-intervals of [0, 1]. In Table 1, we report the H' error of the numerical
solutions and the corresponding convergence orders. Since the true solution u is not available, we use the numerical
solution on a fine mesh as the “reference” solution . Specifically, we use the numerical solution with h = 278 as the
“reference” solution. Because the virtual element solution u; is not computable, instead, we compute the relative error
Hﬂl(uh - uref)Hm / H I HHl' where the restriction of the projection 7, on K is defined by (3.8). We observe that the
numerical convergence orders are close to one, which matches well the theoretical prediction.

Furthermore, we solve the same contact problem on two other meshes. In Fig. 4, we show the numerical solution
u = (uq, uy)" on unstructured triangular mesh with 1024 triangles. The numerical solution on a polygonal mesh with
1024 polygons is shown in Fig. 5. Comparing with the numerical solution on square mesh in Fig. 3, the displacements
u; and u, on these meshes are almost the same, which shows that the virtual element method works well on general
meshes.

10
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Deformable foundation

Fig. 2. Physical configuration.
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Fig. 3. Numerical solution on square mesh (1024 squares)

Fig. 6 shows the deformed mesh with a magnification of the displacement with h = 1/16. We observe that the
penetration occurs at the contact interface, the value of u, exceed g = 0.1 in certain interval. The gray color represents
the value of the elastic shear energy density |deve|?/(4u) [35], where

2

1% 1
|deve|* = (m + 5) (011 + 02)* + 2(0f, — 01102).
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Approximate Solution
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Fig. 4. Numerical solution on unstructured triangle mesh (1024 triangles)
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