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1. INTRODUCTION

In this paper we show that every non-trivial graph manifold M has a finite cover
that contains a foliation which is very close to a fibration over the circle — the
foliation restricted to each vertex manifold of M is a fibration over the circle. On
the other hand, we show that this foliation can not always be made to be a fibration
over the circle, by exhibiting a large class of graph manifolds that have no finite
cover that fibers over the circle. These computations are done using a “relative
Euler number” for framed Seifert fibered spaces that are assigned to the vertex
manifolds of M. This relative Euler number behaves naturally under finite covers.
Using the relative Euler number we define a torsion for each vertex manifold of
M, and show that if the torsions are all positive then M is not a surface bundle
over S'. Using the naturality of Euler number with respect to covers, we show that
under the same conditions in fact no finite cover of M will fiber over the circle. This
situation is analogous to that of Seifert fibered spaces. It follows from [EHN] that
every Seifert fibered space with base orbifold of negative characteristic is covered
by a manifold admitting a horizontal foliation. On the other hand a Seifert fibered
space is covered by a surface bundle over S! if and only if its Euler number or its
orbifold characteristic is zero.

We also use this relative Euler number to define a covering invariant o(M) (in
the sense of [WW] and [K]). In particular it follows that if o(M) is non-zero then M
will have the property that homeomorphic covers of M will have the same covering
degree. It seems rare that o(M) is zero. For example, we show that if M is a knot
complement in the 3-sphere then o (M) is non-zero.

We refer the reader to [J,H,Sc] for definitions and basic facts about Seifert fibered
spaces, and to [Sc] for the theory of 2-dimensional orbifolds, especially their Euler
characteristic. If N is a Seifert fibered space, we use O(N) to denote its orbifold,
and use x(O(N)) to denote the Euler characteristic of its orbifold, called the orbifold
characteristic of N.

After Waldhausen [W, page 87], an orientable, connected, compact 3-manifold
is a graph manifold if and only if there is a collection of tori 7 = Th U ... U T}
in the interior of M such that the each component of M — IntN(7) is a circle
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bundle. Here N(7") denotes a regular neighborhood of 7. Waldhausen then defines
a simple graph manifold and shows that any graph manifold is a connected sum
of simple graph manifolds, lens spaces, and S' x S?’s. A simple graph manifold
is characterized by the fact that there is a collection of tori 7 such that each
component of M —IntN(7) is a Seifert fibered space with incompressible boundary.
When k is minimal, 7 is called a canonical splitting surface, and each component
of M — IntN(T) is called a vertex manifold. We call a simple graph manifold M
trivial if either 7 is empty or it consists of a single torus cutting M into two twisted
I-bundles over a Klein bottle. In the first case M is a Seifert fibered space; in the
second case M is covered by a torus bundle over S, so it admits either Nil or Sol
geometry [Sc].

Suppose M is a nontrivial graph manifold. It is easy to show that M has a
double cover M which has the property that each vertex manifold of M has negative
orbifold characteristic. Since we only discuss properties concerning finite covers, we
make the following

Convention. All graph manifolds are assumed simple and nontrivial, and have
the property that all of their vertex manifolds have negative orbifold characteristic.
We also assume 7 is a canonical splitting surface.

Given a graph manifold M, define an associated graph I' = T'(M) as follows.
Each vertex manifold M, of M determines a vertex v of I'; and each component T
of T determines an edge e of T', so that if N(T.) has one boundary component in
each of M, and M, then e has endpoints on v and v’. Denote by My the union
of the vertex manifolds. The product structure of N(7") determines an involution
¢ on OMy, and M is homeomorphic to My /¢.

The paper is organized as follows. In section 2 we define and explore the relative
Euler number of a Seifert fibered space. In section 3 we define the torsion of a
vertex manifold and use it to give examples of graph manifolds that have no finite
cover that fibers over the circle. In section 4, we construct covers of graph manifolds
that are needed in sections 3 and 5. In section 5 we show that a graph manifold
has a finite cover containing a horizontal foliation. Finally in section 6 we define
the covering invariant, (M), and apply it to the question of when homeomorphic
covers of M must have the same covering degree.

2. RELATIVE EULER NUMBER OF A FRAMED SEIFERT FIBERED SPACE

In this section we will define a relative Euler number for Seifert fibered spaces
with a specified set of curves, called a framing, on their boundary. Proposition 2.1
gives a relation between relative Euler numbers corresponding to different framings.
Proposition 2.3 shows that the relative Euler number has a natural property under
finite covers, which is similar to the naturality of the Euler number of a closed
Seifert fibered space.

If a, 8 are oriented curves on an oriented surface T', we use « - 3 to denote the
algebraic intersection number of o with 8. Note that a- 8= -3 - .

We recall the definition of the Euler number of a Seifert fibered space.

Suppose M is a closed Seifert fibered space. Let Vi,...,V, be a nonempty set
of disjoint fibered solid tori in M such that X = M —|JIntV; has no singular fibers.
Then there is a surface F' in X intersecting each fiber exactly once. Let T; be the
torus 9V, let m; be the curve FNT;, and [; a fiber of M on T;. Orient my;,[; so that
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l; - m; = 1 with respect to the orientation of T; induced from that of X. Now let
a; be a meridian curve of V;. Then «; represents some p;m; + ¢;l; in Hy(T;). The
Euler number of M is defined by e(M) = > ¢;/p;- This definition is equivalent to
the standard one [NR,Sc|. It turns out that e(M) is independent of the choice of
V; and F, so it is an invariant of the Seifert fibration of M.

A covering p : M — M of Seifert fibered spaces is called a (u,v) covering if each
regular fiber of M is covered by u regular fibers of M , and the restriction of p on
each regular fiber has degree v. Thus the covering degree of p : M — M is uv. One
of the important properties of e(M) is the naturality: If p : M — M is a (u,v)
covering, then e(M) = e(M)u/v.

Now consider a Seifert fibered space M with nonempty boundary oM = T U

.UT,. A framing of M is a set of curves « = a3 U...Uay,, such that a; = aNT;
is not isotopic to a fiber of M. Denote by M («) the manifold obtained from M by
Dehn filling along «, that is, M(«) is obtained from M by gluing a solid torus V;
to each T; so that «; bounds a disk in V;. The Seifert fibration of M has a unique
extension over M («).

Definition. The relative Euler number of the framed Seifert fibered space (M, «)
is defined to be e(M, o) = e(M(a)).

Suppose a, b, ¢ are curves on an oriented torus 7" so that neither of a, b is isotopic
to c. Write

a-b
CREIC)

Note that we need to choose an orientation for the curves to define §(a, b, ), but
since each curve appears twice in the formula, §(a,b,c) is independent of such
choice.

If @ and 3 are framings of a Seifert fibered space M, we define

= 25(%,51',1)

6(a,b,c) =

where «; and 3; are the curves of o and 3 on the torus T;, and [ is a fiber of M.

Proposition 2.1. If a and (8 are framings of a Seifert fibered space M, then
e(M,a) =e(M,f) + Ao, B).

Proof. Suppose o = a1 U...Uay,. Let Vj,41,...,V,, be fibered solid tori in M such
that X = M —|JIntV; has no singular fibers. For j = n+1,...,m, let a; be a curve
on T; = dV; which bounds a meridian disk in V;. Write o/ = aU apq1 U ... Uy,
and ' = fUap4+1U. . . Ua,,. By definition we have e(M, o) = e(M(a)) = e(X (a)).
Similarly e(M, 3) = e(X(8")).

Let F' be a surface in X intersecting each fiber of X once. Suppose a; = p;m; +
q;l;, with I; a fiber of X and m; a component of 0F. Choose orientations for m;, [;
so that [; - m; = 1 with respect to the orientation of T; induced from that of X.
Suppose §; = r;m; + s;1;. Since the framings of o’ and 3 are the same on 9V}, we

have
n n
Z Si Z ;T — PiSi
Ti i

i=1 =1

(X (@) - e(x(#) =3

'U|»Q
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Since I; -m; = —m; - l; = 1, we have

a; -l = (pim; + qil;) -
Bi - li = (rimi + sil;) -
o - Bi = (pimi + qils)(rimi + sili) = qiri — pis;

li=—
!

P =

Therefore,

a; - B

oG~ (M A)+Alf). O

e(M,a) =e(M,f3) +Z

A surface F properly embedded in M is called a transverse surface if it is trans-
verse to the fibers of M. A framing « is called a boundary framing (with respect
to F) if there is a transverse surface F' so that on each torus T; of M the curve
«; is a component of F NT;. It is well known that a closed Seifert fibered space N
has e(N) = 0 if and only if there is a closed transverse surface. It follows that [ is
a boundary framing if and only if e(M, 8) = 0. This fact and Proposition 2.1 can
be used to compute e(M, a)) without deleting the singular fibers:

Corollary 2.2. Suppose 3 is a boundary framing. Then e(M,a) = A(a, 8). O

Remark 1. There is another definition of e(M) for closed Seifert fibered space which
makes it clearer that e(M) is the obstruction to a cross section of the Seifert fi-
bration: Let V be a regular neighborhood of a regular fiber. Let (a,l) be the
meridian—fiber pair of T' = dV. Choose a proper surface in X = M — IntV trans-
verse to the fibers and let 8 be the corresponding boundary framing. If 5 = pa+ql,
then e(M) = e(X,a) = e(X,8) + A(a, 8) = —q/p. In other words, M has Euler
number —g/p if the boundary framing of X is a (p,q) curve with respect to the
meridian—fiber pair of 7. From the point of view of Dehn surgery, M has Eu-
ler number —¢/p if and only if a p/q surgery (with respect to the meridian-fiber
coordinate) on a regular fiber produces a manifold with zero Euler number.

Remark 2. Proposition 2.1 and Corollary 2.2 can be thought of as describing a Dehn
surgery formula for Euler number. For example, to compute the Euler number for
the (r, s) surgery on a (p, q) torus knot, one notices that the longitude [ is a boundary
framing, and the fiber « of the Seifert fibration of the knot complement is a (pg, 1)
curve with respect to the meridian-longitude pair, so one can use Corollary 2.2
to show that the Euler number of the Seifert fibered space after (r,s) surgery is
r/pq(r — pgs) up to convention of orientations.

A framed Seifert fibered space (M, @) is called a cover of (M, q) if there is a
covering ¢ : M — M so that each a; is a component of ¢ 1( ). It is a (u,v) cover
if o : M — M is such. If ¢ can be extended to a cover of M( ) over M («), then
by the naturality of Euler number we have e(M a) = e(M,a)u/v. In general there
is no such extension of ¢, but the naturality still holds.

Proposition 2.3. (Naturality of relative Euler number.) Suppose (1\7, Q) is a
(u,v) cover of (M,a). Then e(M,a) = e(M, a)u/v.

Proof. Let 3 be a boundary framing of M with respect to a transverse surface F,
let ﬁ be the boundary framing in M corresponding to the lifting Fof F. Suppose
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ij is a component of @M covering a torus T; on M. Let u; be the number of
fibers on T} that cover a fiber of T;. Let ¢.,][d] = nala], @« 8] = ng[B]. Then
by counting the total number of intersections of one component of the preimage
of 3 with all preimages of [ we have ([ - a)uj; = (I - a)ng. Similarly, (I 5)% =
(I-B)ng. Since the preimage of a has u;v/n, components, for the same reason we

get (a- B)(ujv/na) = (o - B)ng. Therefore
= 57— @-8)  _  (a-B)(nans/um)
N0l = E R T T T anana/id)
__(@f) uy g g U
T Iy

Summing over all Tj that cover T;, we have Y u; = u. Hence
Z{é(&j,gj,fj) | ij covers T;} = 6(ay, Bi, Li)u/v.

Summing both sides of the above formula over i, we get A(a, 8) = A(a, f)u/v.
The result now follows from Corollary 2.2. O

We apply the relative Euler number of framed Seifert fibered spaces to graph
manifolds via their vertex manifolds. Let M be a graph manifold and M; a vertex
manifold of M. If T} is a torus on M;, let o} be a curve on T such that ¢(a?)
is a fiber of My , where ¢ : OMy — OMy is the involution defined in section 1. In
other words, if T} is a torus between M; and M}, then af\ is a fiber of M; on T).
Since the canonical splitting surface is minimal, none of the o is a fiber of M;.
When M; does not contain boundary components of M, o' = J} is a framing on
OM;, called the natural framing of M;. Define the relative Euler number of M; as
E(M;) = e(M;,a"). When M; contains some components of M, M;(a’) has zero
Euler number, so it is natural to define E(M;) = 0.

3. AN OBSTRUCTION TO FIBRATION

The Euler number of Seifert fibered spaces is the obstruction to the space ad-
mitting a horizontal surface, hence usually the obstruction to its fibering over the
circle. In fact a Seifert fiber space has a finite cover that fibers over the circle if and
only if either its Euler number or its orbifold characteristic is zero [G]. The relative
Euler number can be used to define a torsion for each vertex manifold of a graph
manifold. Proposition 3.1 shows that if all vertex manifolds of M have positive
torsion, then M is not a surface bundle over S'. The main result is Theorem 3.2,
which says that under the same assumption, M is not even covered by any surface
bundle over S'. Some examples will be given at the end of the section.

Definition. Given a framed Seifert fibered space (M, ) with OM =Ty U...UT,,
and [; a fiber of M on T}, define the torsion of (M, a) to be

1

loj - 1

t(M, o) = |e(M,a)| — Z

If M is a graph manifold, and M; is a vertex manifold of M, let o be the natural
framing on OM; defined in section 2. Define the torsion of M; to be the torsion
with respect to the natural framing, i.e. t(M;) = t(M;, o).
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Proposition 3.1. If t(M;) > 0 for each vertex manifold M; of M, then M is not
a surface bundle over St.

Proof. Assuming the contrary, write M = F x I/h, where h: FF x 0 — F x 1 is the
monodromy map. By Thurston’s classification theorem of surface homeomorphisms
[T2] we may choose h and a set of curves C = C1 U...UCy, with h(C) = C, so that
h™ restricted to each component of Fyy = F'—IntN(C) is either periodic or pseudo-
Anosov, and maps each component of Fy to itself. Since M is a graph manifold, no
component of Fy x I/h is hyperbolic, so h"™|p, has no pseudo-Anosov component
[T1]. Hence h™|p, is periodic, and the I bundle structure of Fy, x I gives rise to a
Seifert fibration of Fy x I/h. When C is minimal, C x I/h is the canonical splitting
surface of M, so My = Fy x I/h. In particular, F is transverse to all fibers of My, .

Let M; be a component of M. Let k; be the number of times a regular fiber of
M; intersects F. Choose 7 so that k; > k; for all j. For each T on OM;, let 3 be a
component of T N F. The union of these G forms a framing 3 of M;. Since 3 are
boundaries of F' N M;, (3 is a boundary framing, so e(M;,3) = 0. By Proposition
2.1,

e(Mi,a') = e(M;, B) + Al B) = S 8(ah, ) = > %—@

T\ COM; T CoM, (o - 1) (Br - 1n)

where [y is a fiber of M; on Ty, and o' is the natural framing on OM;. The sum is
taken over all A such that T is on dM;. Let ry = |F NTy|. Then k; = |[F NI\ =
|FNTa||8x NIx| = ra|Bx - Ixn]- Suppose the involution ¢ : OMy — OMy maps Ty
to a torus on OM;. Then similarly we have k; = ry | - 35|. Hence,

=Y o S
N SN N |y - 1Al

This contradicts the assumption that ¢(M;,a?) > 0. O

04>\ B

Ml,a
A)(Bx - 1n)

Definition. An s2-fold covering f : T — T of tori s called a characteristic covering
if there is a basis (@, b) for m1(T), and a basis (a, b) for 71 (T), such that f.(@) = sa
and f,(b) = sb.

A covering p : M — M of Seifert fibered spaces is called characteristic or s-
characteristic if the restriction of p to each boundary component is an s?-fold
characteristic covering. If M and M are graph manifolds, then p is a characteristic
covering if its restriction to each piece of M is characteristic.

In the next section we will prove the following result.

Proposition 4. 4 Let p : M — M be a covermg of graph manifolds. Then there
18 a covering p : M — M so that pop: M — M is a characteristic covering.

Theorem 3.2. If t(M;) > 0 for each vertex manifold M; of M, then M is not
covered by a surface bundle over S*.

Proof. If p : M — M is a cover such that M is a surface bundle over S L Dby the
above proposition we can find a further cover p : M — M so that p = pop :
M — M is an s-characteristic cover for some s. Suppose M is a vertex manifold
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that covers a vertex manifold M; of M, and suppose a component T C IM; is
covered by k components of 8]\/43-. Then p is a (ks, s) cover, so by Proposition 2.3,
E(]\Z) = E(M;)k. Also, since p is a characteristic cover, if f# C 3]\//73- covers T
then @, lAH = a - ), where @, is the natural framing of J\/Zj, and ZAM a fiber. Since
each torus in OM; is covered by k tori in 8]\/43-, we have

2 =k >

7, con, |au lu| T\ COM;

|OZA I

Therefore t(]\/Z ) = t(M;)k. Tt follows that if all vertex manifolds of M have p081tlve
torsions, then the vertex mamfolds of M have positive torsions also. Since M is

a cover of the surface bundle M , it is also a surface bundle, which contradicts
Proposition 3.1. O

Examples. (1). Let M;, My be the product F' x S!, where F is an orientable
surface with a single boundary component. On each component of 0M;, define
m; = OF x 1, and I; = {point} x S1. Define a map ¢ : 9M; — OMs so that

(11, m1) = (la, m2) (;L ad; 1)

where a, d are arbitrary integers. Since the determinant of the matrix is —1, such ¢
do exist. Let M = M; Uy M>. Using Corollary 2.2 one computes that E(M;) = —d,
E(Ms) = a, and |l; - I3] = 1. Therefore, if both |a| and |d| are greater than 1, then
t(M;) > 0, so M is not covered by surface bundles.

(2). Suppose M is a closed graph manifold. From the remarks after Corollary
2.2, we see that if we do p/q surgery (with respect to the meridian-fiber coordinate)
on a regular fiber of M; to get M/, then E(M]) = E(M;) — q/p. This operation
certainly does not change the second term in the definition of the torsion t(M;).
Therefore, if ¢ is sufficiently large, then ¢t(M/) > 0. It follows that for any closed
graph manifold M, we can always do surgery on fibers of vertex manifolds to obtain
a new graph manifold M’ which is not covered by surface bundles.

(3). Let D be the plumbing of {D;}, where each D; is a 2-disk bundle over an
orientable closed surface other than 2-sphere [NR]. Let I' be the plumbing diagram.
Then the boundary of D is a graph manifold M. I'is also the underlying graph of M.
For each vertex v; of I, the relative Euler number of M; is the Euler number of the
corresponding disk bundle D;. Furthermore, the absolute value of the intersection
number of circle fibers at each edge of I' is 1. Therefore, the torsion of M; is the
absolute value of the Euler number of D; minus the valence of v;.

The set of torsions of the vertex manifolds of M gives an obstruction for M to be
covered by surface bundles. But the obstruction disappears when M has boundary.
A vertex manifold M; of M that contains components of 9M has E(M;) = 0, so
t(M;) is negative.

Question. Suppose a graph manifold M has nonempty boundary. Is M always
covered by some surface bundle over S' %
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4. CHARACTERISTIC COVERING

In this section we will prove Proposition 4.4, which says that whenever we have a
cover of graph manifold, there is a further cover which is characteristic. The result
is needed in sections 3 and 5.

Lemma 4.1. Let S be surface with negative Euler characteristic. To each compo-
nent d of 0S assume there is associated an integer ng > 1. Then there is a covering
p: S — S so that if d is a component of S and disa component of p~t(d) then
p: d — d is the ng-fold cover.

Proof. One can prove this by direct construction, but we provide the following
proof using known results about 2-dimensional orbifolds. One is referred to [Sc]
for definitions and theorems regarding orbifolds. Recall that an orbifold is called a
good orbifold if it is neither a 2-sphere with a single cone point nor a 2-sphere with
2 cone points of different cone angle.

Gluing to each boundary component d of 95 a cone Cy of angle 27 /ng4, we get an
orbifold 5. Since S has negative Euler characteristic, it either has nonzero genus, or
is planar with at least 3 boundary components, so Sisa good orbifold. Thus there
is an orbifold covering p : F — §, where F' has no cone point, i.e. it is a surface
[Sc, Theorem 2.5]. The preimage of each cone Cy is a set of disjoint disks, so the
restriction of p to each component of p~1(d) is an ng fold cover. Define S5 = p~1(5).
Then the restriction of p to S is the required cover. [

Lemma 4.2. Suppose N is a Seifert fibered space with non-empty boundary and
negative orbifold characteristic. Then there is a characteristic covering N’ — N so
that N' is a product.

Proof. For each component T; of 9N, choose a curve «; which intersects each fiber
of ON once. Then oo = Uq; is a framing on N. As before, let e(N, ) be the relative
Euler number of (N, a). It is a rational number.

Let S be the orbifold of N. Glue a cone of angle 27/k to each component of
0S8, giving an orbifold S. Since x(S) < 0, we can choose k big enough so that
x(S) < 0. (Actually k = 6 is enough.) Let ¢ : S —Shbea covering such that S is
an orientable surface without cone points. Since X(S’) <0, S has positive genus.
Thus by going to a further cover if necessary, we may assume that e(N, «) deg(q)
is an integral multiple of k.

Let S = ¢ '(S) € S. Then q : S — S is a covering of orbifolds. Note that
q restricted to any boundary component of S has degree k. By pulling back the
fibration N — S, we get a fibration N — §, and a map p : N — N that induces
q:5 — 8, (see [Sc, Page 431].) The orbifold covering degree of p is deg(g), and
the fiber covering degree is 1. By Proposition 2.3, e(N, &) = e(N, a)deg(q), so it
is a multiple of k, where & C p~!(a) is the pull-back framing. Since a intersects
each fiber of 9N once and since the fiber covering degree is 1, & also intersects each
fiber of AN once. The orbifold map q is a degree k map on each boundary of S , SO
deg(plz,) = k for all a; C a.

S1nce S is an orientable surface with boundary, N can be written as a product

= S x 8. For each torus T C N, let m; be the component of S x1on TJ7
let lj be a fiber of N, and let & &; be the framing curve o N TJ. Since a; intersects
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le once, &; can be written as m; + ijNj for some integer k;. Notice that Um; is a
boundary framing, so by Corollary 2.2 we have

e(N, &) = A@,Uiiy) = > % =3k

Suppose T; is the torus in N covered by fj Then p : fj — T} is given by
p(a;) = - ko, and p(T) =1;. We need to find a covering p’ : N’ — N, so that if T
covers T and if ., I]. are components of the preimage of a; and E respectively,
then p'(a.) = @;, and p/'(I].) = ku; It will then follow that pop’ : N’ — N is a
k-characteristic covering. Since Nisa product and N’ is a cover of N , N" will also
be a product.

To find such a covering p’, it suffices to find a map f, : ﬁl(ﬁ) — Zy, so that

f«(@;) = 0, and f.(l;) = 1. N’ will then be the covering corresponding to the
kernel of f,.

Consider N = S x S!. We have
7T1(j\7) = <a1,b1,... ,ag,bg,ﬁu,... ,mr | H[al,bz]HﬁLl = 1> X <7>,

where a;,b; are the standard generators for the corresponding closed surface, lis

represented by a fiber, and m; by the boundaries of S. Define fe:m(N) — Zg by

£
f*(ﬁlg) = _kj'

Since Y k; = e(]v, @) is a multiple of k, the map is well defined. Also, fi(&;) =
f«(mj + kjl;) = 0. Hence this is the required map. O

Lemma 4.3. Suppose p : N = N isa covering of Seifert fibered spaces with
nonempty boundary and negative orbifold chamcterzstzc Then there is an integer r
such that for any multiple s of v there is a coverp N — N so that the composition
pop is an s-characteristic cover. Furthermore, Nisa product.

Proof. First assume N = F x S! for some compact orientable surface F'. Then by
passing to a further cover we may assume that N is also a product N=Fx St
and p can be written as p = p1 X pa : F x S — F x S'. For each component d of
OF, let myq = deg (p1]a). Let my = deg (p2) be the circle fiber covering degree. Let
1’ = Lem.({mg| d is a component of OF } U {m;}), and let r = 2r'.

Suppose s is a multiple of r. For every component d of OF define ng = s/mgq,
and n; = s/m;. By the choice of r, all ng are even integers, so in particular ng > 1.
By Lemma 4.1, there is a cover f : F— F so that if d is a component of OF and d
a component of OF covering d then f| : d — d is the ng-fold cover. Let g : S* — 1
be an ny-fold cover. Then it is easy to see that p= f x g : F' x S1 — F x S! has
the property that pop = (p1 o f) X (pa2 0 g) is an s-characteristic cover.

Now suppose NN is not a product. By Lemma 4.2 we can find an s’-characteristic
cover p' : N’ — N so that N’ is a product. Let N” be a common finite cover of N’
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and N. Consider the cover p” : N” — N’. By the above, there is an integer r so
that for any multiple s of r we have a cover p : N — N” so that the composition
p’op: N — N’ is an s-characteristic cover. Choose ¥ = s’r. Then for any multiple
5= s's of 7, the composition p’ 0p” op: N — N is a 5-characteristic cover (because
both p’ and p” o p are characteristic), and it factors through N , as required. Since
N’ is a product, N” is also a product. O

Proposition 4.4. Let p: M — M be a covering of graph manifolds. Then there
is a covering p : M — M so that pop : M — M is a characteristic covering.
Furthermore each vertex manifold in M is a product.

Proof. For each vertex manifold Mf, of M , there is a vertex manifold M, of M so
that the restriction of p is a covering of Seifert fibered spaces py : M{, — M,. By
Lemma 4.3 there is an integer r; and a cover p; : M@ — M{, so that pg o py : M@ —
M, is an s-characteristic cover, where s can be any multiple of 73. Fix an s which
is a common multiple of all r5. Choose an integer k3 for each vertex v in the graph
I‘ I‘(M) so that D = kg deg (py) are the same for all v. Let Ny be ky copies of
Mv, and let gz = Up; : Ny — M be the corresponding covering map. Note that
deg (¢5) = D, and the map po g : Ny — M, is an s-characteristic cover for all .
We need to show that we can glue these N together to form a cover p : M — M.

Suppose M and Mv/ are vertex manifolds 3 corresponding to the endpoints of an
edge ein I. Let T and T be the tori in M and M / correspondlng to e, and
let Te,T be components of ¢, (Ne) and q,, (T’), respectively. Let f:T — T'
be the gluing map. We want to find a lifting f of f so that the following diagram
commutes.

To simplify the notation, still use e,v,v’ to denote the image of e,v,v" in " under
the map I' — I" induced by p. We can extend the above diagram to

3l [

T, ;}Tel

Pick consistent base points. Then py o foqy : T — T! and p, 0 gy : fe’ - T
are both the s?-fold characteristic covers Thus im (pyr 0 f o qy)s = im (Pyr 0 G ) =
the characteristic subgroup of index s? in m1(77). Since (p,)« is injective we must
have

im (f © gu)« = im (qor )+
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Thus ]70 q» and q,» must be equivalent covers, so there is a homeomorphism f:
T. — T making the above diagram commute.
The map pyoqy : T. — T. — T, is an s>-fold characteristic map, so deg (q”|”fe) =

52/ deg (py|7 ). Thus the number of tori in N, that cover T, is

deg (N, — M,)/ deg (qu|7 ) = D deg (pol7.)/5”

Similarly for N,r. Since deg (py|7 ) = deg (pw|z,), it follows that the number of

tori in ¢, 1(T.) is the same as that in qv_,l(fe') Hence we can use the above lifting
map fto glue each component of ¢, 1(11) to a component of q;,l(fe’) After doing
this for all e in I we get a manifold M = (UN,)/{f} and a map p : M — M so
that pop : M — M is a characteristic map. If M is not connected, just pick a
component. []

5. FOLIATIONS OF FINITE COVERS

In section 3 it was shown that many graph manifolds have no finite cover that
fibers over the circle. In this section we will show that all graph manifolds (recall
our conventions on graph manifolds), on the other hand, have finite covers that
almost fiber over the circle. Specifically, we show that there are finite covers which
admit “horizontal foliations”— that is, foliations transverse to the Seifert-fibers of
each of the vertex manifolds. These horizontal foliations come from fibering each
vertex manifold over the circle so that the fibers match up along the canonical
splitting surface. Consequently, although these foliations are not often fibrations,
they admit a very strong transverse structure.

This situation is analogous to the case of Seifert-fibered spaces. Here again,
many Seifert-fibered spaces do not have finite covers that fiber over the circle but it
follows from [EHN] that Seifert-fibered spaces with non-positive base orbifold will
have finite covers that admit horizontal foliations.

The main theorem of this section is Theorem 5.5. Propositions 5.1 and 5.4 will
be used in the proof of Theorem 5.5.

Proposition 5.1. Let M be a graph manifold in which every vertex manifold is a
product. Let s be a positive integer. Then there is a characteristic coverp: M — M
such that

(1) the preimage under p of any vertex manifold is connected,
(2) if e is an edge of T = T'(M) and T the corresponding component of the
canonical splitting surface, then |p~1(T)| is an integral multiple of s.

Proof. Let M, be a vertex manifold of M. By hypothesis we may write M, = F, xS*
for some surface F,, with nonempty boundary and nonpositive Euler characteristic.
Attach cones of angle 27/3 to the components of OF,, giving a good orbifold, F,,
of negative orbifold characteristic. Let ¢, : ﬁv — F, be a covering such that 131,
is an orientable (connected) surface without cone points. F, will have positive
genus, so we may assume, after passing to a further cover, that the degree of ¢, is a
multiple of 3s. Let ﬁv =q, ' (F) C ﬁv. Then ¢, : f‘v — F, is a connected covering
which restricts to a 3-fold cover on each component of 8?1,. Furthermore, there is
a positive integer r, such that if C' is a component of dF,,, then |g; 1(C)| = rys.
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Let p, : Mv — M, be the cover obtained by taking the cover g, in the F, direc-
tion and taking the 3-fold cover in the circle direction. Then p, is 3-characteristic,
Mv is connected, and the preimage of any component of M, consists of r,s tori.

We apply the above construction to M, for every vertex v € I'. We may assume,
by first passing to further covers ¢, that r,, = r,, = r for any vertices vy, vy in
I'. Fix an orientation on the edges of I' and let e be one such edge. Let M,, and
M, be the vertex manifolds at the head and tail of e. Let T} be the component of
M, corresponding to e and T the component of 9M,, corresponding to e. Let
f be the gluing homeomorphism identifying 7! and T2. If T}, T2 are components
of py 1 (T}),p,, (T2?) (resp.) then there is a lift, fe: T} — T2, of f., since both
covers are 3-characteristic. Since [p, (T})| = |p,, (T2)| = rs, we may use such lifts
to identify p, }(T}) and p, ' (T?). Doing this for all edges e of T' gives the desired

coverp: M — M. O

a c
b 0
is a positive integer, s, and a collection of coprime pairs of integers, {(pi,q;) | i =
1,...,s}, such that ¢; # 0, bp; + dg; # 0 for every i, and

Lemma 5.2. Let ( be an integral matriz with determinant —1. Then there

— + .4+ 2= 0’

q1 s
apr+cqr o apstcgs
bpy + dg; bp, + dgs

Proof. Since multiplying the matrix by +1 will not change the solutions we may
assume that ¢ =b=1. Set s = |a| + 4.

If a > 0 set
p=pi=1  p3=pi=--=pPaya=—1
N=q@=2  @B=@= = (g+s=0+2
If a < 0 set
pr=p1=-1  p3=ps=-=pPlara=1;
N=¢@=2  @=q==qq+s=|a] +2.

These values solve the required problem. [

a c
Lemma 5.3. Let b od
b#0,d#0. Then there are coprime pairs of integers (p,q) and (p',q’) such that
¢,q #0 and

> be an integral matriz with determinant —1 and assume

> 0;
bp+dgq —bp+dg

/ / P !
(b) ap’ + cq ap’ + cq <0
bp/ + dq/ _bp/ _|_ dq/

ap+cqg  —ap+cq
(a) ;
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Proof. Let f(x) = 2(cd — abxz?)/(d® — b%x?). If ¢ # 0, then

f(g) _ ap + cq —ap + cq
q bp+dq —bp+dg

So we must find coprime pairs of integers (p, q) and (p’, ¢’) so that f(p/q) > 0 and
fw'/d) <o.

Case I: a 20,c#£0
First notice that ed/ab > 0 (ad = bc — 1 implies that ad and be have the same

sign, hence so will a/d and b/c). Let A = \/cd/ab. Then X is a root of f (note that
f()) is well defined since A\? # d?/b?). Furthermore,

L 4
f()\)_(d2—b2)\2)2 750

Thus by taking p/q, p’/q’ very close to A and on opposite sides of A on the real line
we will have f(p/q) > 0 and f(p'/q’) <O0.

Case II: a =0
In this case, b = ¢ = £1. Thus

+d
A2 — 12

flz) =2

By choosing |p/q| < |d| and p’/q" > |d|, or vice versa, we prove the lemma.

Case III: ¢ =0
In this case, {a,d} = {+1,—1}. Thus

+b?
= 27
1— 06222

f(x)
If0 <2< 1andy> 0, then f(x) and f(y) will be of opposite sign.

Cases LILIII exhaust the possibilities of Lemma 5.3. O

a ¢
b d
assume b # 0. Then there is a positive integer, s, and a collection of coprime pairs
of integers, {(pi,q;) | i=1,...,s}, such that ¢; # 0, bp; + dg; # 0 for every i, and

Proposition 5.4. Let < ) be an integral matriz with determinant —1 and

q1 gs
apiteq o aps+cds
bpy + dg bp, + dgs

Proof. The special case that d = 0 is treated in Lemma 5.2 above. So we assume
that d # 0. In this case we may apply Lemma 5.3 to find coprime integers (p, q)
and (p', ¢') satisfying conditions (a) and (b) of that lemma.
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Define integers 7, t, u, v as follows

u _ ap + cq i —ap + cq > 0;
v bp+dq —bp+dg
rap' +cqg  —ap’ +cq
t by +dg | —bp +dg ’
Take |vr| copies of the pair (p, q); |vr| copies of the pair (—p, q); |tu| copies of the pair
(p',¢"); and |tu] copies of (—p’,¢’) to form a collection of s = 2|vr| 4 2|tu| coprime
pairs of integers. This collection will satisfy the requirements of the Proposition,

for we have , ,
p -p p -p
D) =0
ol T w1

Z(aercq —ap+cq) Z(ap”rcq’ —ap’+0fI’)_
bp+dqg —bp+dg b +dq’  —bp' +dq’’

|or| tu|

U r
= |or|— + |tu]= = |ru] — |ur| =0. O
v t

Theorem 5.5. Let M be a graph manifold. Then there is a finite coverp : M— M
such that M admits a foliation that restricts on each vertex manifold of M to a
surface bundle over S'.

Proof. By applying Proposition 4.4 to the trivial cover, we may assume that each
vertex manifold of M is a product. To each edge of I' assign an orientation and
for each vertex manifold, M,, pick a product structure F, x S!. Let e be an
edge of I'. Let M, and M/ be the vertex manifolds corresponding to the tail
and head of e, and let T, and T be the components of OM, and OM, corre-
sponding to e. Then T, and T, are identified in M by a gluing homeomorphism
fe : Te — T!. Now T., T’ are parametrized by the curves {l.,m.},{l,,m.} rep-
resenting {circle fiber, boundary of the surface} of M,, M (resp.). In these coor-
dinates f. is represented by a gluing matriz <Ze (C; of determinant —1. Note
€ €

that in these coordinates b. # 0 since otherwise this would mean that the Seifert-
fibers of M, and M/ would be identified under f. (and this would contradict the
minimality of the canonical splitting surface). So we can apply Proposition 5.4
above to this matrix, giving a positive integer s, and a collection of ordered pairs
{(f,af) [i=1,... s} .

Let s be the least common multiple of {s. | e € T'}. Let p: M — M be the cover
obtained by applying Proposition 5.1 using this s. .

Again let e, M,, M! be as above. Let M, = p~'(M,) and M/ = p~1(M)).
Let ﬁ,,ﬁ; be the preimage of F,, F, in JT/[/U,ML. Take boundary framings on
M,, M), Mv, ]T/[/[) corresponding to the surfaces F,, F, }NCJ, ﬁj respectively. Let Te, Te’
be components of p~1(T.),p~ 1 (T!) corresponding to the same component of the
splitting surface of M. So we have the commuting diagram

AN
pl lp
fe
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The circle fiber and the boundary framing will be denoted I, m. on Te, le, Me ON Te,
I',m. onT'; and I ., on T'. Note that since p is characteristic, l. (resp. [.) inter-
sects M. (resp. m/) once, and the gluing matrix associated to fe (in terms of these
bases) will be the same as the gluing matrix for f.. Recall that s., {(p§,qf) | i =
1 , Se} are associated to f. through Proposition 5.4. To T. we assign the fram-
ing pffe + gfme and to T! we assign the framing (aeps + ceqf)l + (bep§ + deqf)m!,

P

for some i. Note that these curves are identified under f.. By construction,
Ip~UT.)| = |p~ ' (T!)| = rese for some integer r.. We make the assignment of
framings so that each ordered pair (p§,qf), i = 1,..., e, is assigned to exactly 7,
components of p~*(T).

__Doing this for all edges of I' assigns a framlng Q@ to each vertex manifold M in
M (where v denotes the vertex of T'). Since OF, gives a boundary framing for Mv7
Corollary 2.2 says that

e(M,, ) = A, OF,)

s
2 ~ aepi + Ceqy
DooTed e v D e i
¢ bep§ + deqy
v=tail of e =1 v=head of e = i=1 g g

=0

That is, «, also describes a boundary framing for Mv. A surface corresponding
to this boundary framing will be a fiber in a fibration of Mv over the circle (to
see this fibration cut up M along this surface giving an I-bundle over the surface
which will be a product bundle) By construction, the fibers in the fibration over
the circle that one obtains on M and on an adjacent vertex manifold M, M! will be
isotopic on a splitting torus between them (corresponding to a shared edge € of F).
Therefore the fibrations on the vertex manifolds piece together to give the desired
foliation on M. [

Remark. The resulting foliation of M does not always give a fibration over the
circle (it could not by the previous section) for the same reason that the fibers of
each fibration do not plece together to give a surface. Let M and M be adjacent
along an edge € in I‘ let T be the sphttlng surface correspondlng to ¢, and let S’U, S’
be fibers in the fibrations of M,, M. Then |S, N 7| may differ from |S’ N 7| (even
though each component of §U NT is isotopic on T to any component of §; N T)
Thus in trying to construct a surface of M using the fibers of the fibrations of the
vertex manifolds one may pick up “holonomy” as one follows a circuit of . On the
other hand the structure on the foliation one obtains in this construction is very
specific and one could capture this phenomenon by saying that the foliation has a
transverse affine structure with structure group consisting of rational dilations and
contractions.

6. A COVERING INVARIANT

In this section we will use the relative Euler number to define an invariant o (M)
for a graph manifold M. Theorem 6.1 shows that it has a certain covering property.
If 0(M) is nonzero, then homeomorphic covers of M have the same covering degree.
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As an example, we show in Proposition 6.3 that for knot complements this invariant
does not vanish.

Let M be a graph manifold. We use x; to denote the orbifold characteristic of a
vertex manifold M;.

Definition. The o invariant of M is defined by

X2
"M = > B

E(M;)#0

When all E(M;) = 0, define o(M) = 0.

If M were a Seifert fibered space then this would be a well-known covering
invariant. See for example [G,WW].

A question of Thurston [K, Problem 3.16] asks whether there is a real valued
3-manifold invariant C' such that if M is a k-fold cover of N then C'(M) = kC(N).
We call C a covering invariant if it satisfies this property. The Gromov norm is a
covering invariant of compact 3-manifolds. When M is a graph manifold, however,
the Gromov norm vanishes. In [WW] Wang and Wu defined a new invariant w(M)
for graph manifolds, which was shown to be a covering invariant. The following
theorem shows that the ¢ invariant defined above is a covering invariant.

Theorem 6.1. Ifp: M — Misa k-fold covering of graph manifolds, then U(M) =
ko(M).

Proof. Suppose ]\A/[/J is a component of p~!(M;), and suppose the restriction of p to
M; is a (uj,v;) cover. The natural framing o of M; lifts to the natural framing

&’ of Mj, so by Proposition 2.3 we have E(M;) = E(M;)u;/v;. In particular,

E(M;) # 0 if and only if E(]\A/[/J) # 0. By definition, u; is the number of regular
fibers in M that cover a regular fiber in M;, so u; = X;/x:, where X; is the orbifold

characteristic of ]\A/fj Let k; = u;v; be the covering degree of ]\Ajj over M;. Then

E(M) _ E(M;)u; _ E(M;)u3 _ E(M;)X3
’ v kj Xikj

Therefore, when E(M;) # 0 we have

N Xy
E(M;)  EOL)™

Taking absolute value on both sides and summing over all preimages of M;, we get

Z )Z? | T X2 Z X2
——— | M, covers M; y = L ki = L k.

The result now follows by summing both sides over those ¢ with E(M;) #0. O

As is pointed out in [K, Problem 3.16], covering invariants are related to the
following problem. What 3-manifolds satisfy
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(*): If My and M, are homeomorphic finite covers of M, then the covering
degrees are equal.

It was conjectured ([WW] and [K, Problem 3.16(A)]) that M satisfies (*) if and
only if it is not covered by either a (surface)x.S! or a torus bundle over S*. Among
the category of geometric 3-manifolds, the conjecture is known to be true except for
graph manifolds [WW]. If some covering invariant, for example o(M), is non-zero,
then the covering degree is determined by deg(p;) = O’(M)/O’(M), so M satisfies
(*). Hence we have the following

Corollary 6.2. If some vertex manifold M; of M has non-zero relative FEuler num-
ber E(M;), then M satisfies (*). O

Remark 1. If (N, ) is a framed Seifert manifold then e(N, ) = 0 means that «
is a boundary framing. In particular, N fibers over a l-orbifold so that the fiber
intersects N in curves isotopic to components of a. Now let M be a closed graph
manifold with canonical splitting surface 7 = Ty U...UTg. Then o(M) = 0 implies
that each vertex manifold M, of M fibers over a 1-orbifold so that if T} is on OM,
then the fiber of this fibration of M, intersects T; in curves isotopic to the Seifert
fiber of the vertex manifold adjacent to M, across Tj;.

Remark 2. The o invariant is different from the w invariant defined in [WW]. The
w invariant depends only on the fiber intersection numbers and the orbifold charac-
teristic of vertex manifolds of M, and is insensitive to the relative Euler numbers.
So for example if we do some 1/n surgeries on regular fibers of vertex manifolds
of M, then o(M) will change, but w(M) remains the same. Also, if each vertex
manifold of M contains some boundary of M, then by definition o (M) vanishes,
but w(M) may be non-zero.

Example. Suppose a graph manifold M is a closed surface bundle over S, so M
can be written as M = F x I /¢, where ¢ : F X 0 — F x 1 is the monodromy map.
By passing to a finite cover we may assume that ¢ = Tfl ...7Fn where the k;’s are
non-zero integers, 7; is a Dehn twist along an essential curve C;, and C,...,C),
are mutually disjoint and nonparallel. A vertex manifold M; corresponds to a
component F; of F—|JIntN(C;). The relative Euler number of M; can be computed
as follows. If 0F; = Cj, U...UC},, (some C; may appear twice), then

1
Jr

Thus, if some of these sums are non-zero, then o(M) # 0, and M satisfies (*). In
particular, if some F; has only one boundary curve, then o(M) # 0.

As an application of the ¢ invariant, we show that the conjecture above is true
for knot complements. Write X (K) = S — Int N (K).

Proposition 6.3. Let K be a knot in S®. Then X(K) satisfies (*) if and only if
K is not a torus knot.

Proof. By Theorem 6.1 and [WW, Theorem 2.5], it suffices to show that if X (K)
is a graph manifold, then o(X(K)) # 0. It is well known that X (K) is a graph
manifold if and only if K is a connected sum of iterated torus knots but is not a
torus knot.
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First suppose K is a (p,q) cable of an (r, s) torus knot K, ;. In order that K is
not just the torus knot K, ,, we must have ¢ > 1. Let T be a torus decomposing
X (K) into X (K, ) and a (p, q) cabling space C(p,q). Let (m,l) be the meridian-
longitude pair of K, s on T. Then [ bounds a Seifert surface in X (K, ), which is
a transverse surface, so e(X (K, ),l) = 0. Let a be a fiber of C(p,q) on T, let 3
be a fiber of X(K, ;) on T. Then with respect to the (m,[) coordinate « is a (p, q)
curve, and § is an (rs, 1) curve. By Proposition 2.1, we have

E(X(K,s)) =e(X(K,s),a) =e(X(K,s), 1)+ A, 1)

(ol ) = et p
=) = BT T o 7

Note that since p,q are coprime, and ¢ > 1, we have p — grs # 0, so the above
computation make sense. In particular, by definition of the ¢ invariant we have
o(X(K)) # 0.

With the same computation one can show that if K is a nontrivial iteration of
torus knot, i.e if K is a (p1, 1) cable of a (pa, g2) cable of ... of a (p,, g.) torus knot,
and r > 1, then the extremal vertex manifold of X (K) has relative Euler number
E = p./(pr — ¢rDr-1G¢r—1)(Pr—1qr—1). Hence o(X(K)) # 0. More generally, if
K = Kq1#...#K,, and if some K; is a nontrivial iteration of torus knot, then
X (K;) embeds into X (K), so some vertex manifold of X (K) has non-zero relative
Euler number, and (X (K)) # 0.

The remaining case is that K = K 1# ... #K,, r > 1, and all K; are torus knots.
Then X (K) = X(K;)U...UX(K,)UC(r), where C(r) is a composition space, i.e,
C(r) = D, x S, where D, is a disk with r holes. Let T'= X (K1) N C(r); let (m,)
be a meridian-longitude pair of K7 on T'= 90X (K7). Then X (K1) is glued to C(r)
so that m is mapped to some (point) xS on 9D, x S!, and [ is mapped to some
C; % (point), where C; is a boundary component of D,. Let a be a fiber of C(r),
and let 8 be a fiber of X (K7). Then with respect to the (m,!) coordinates, « is a
(1,0) curve, S is a (pq, 1) curve if K; is a (p, q) torus knot, and the (0, 1) curve [ is
the boundary of a Seifert surface of K;. Hence,

E(X(K1)) = e(X(K1), a) = e(X(K1),1) + A, 1)
a-l 1 1

=0(e, 1, B) = (@-31-B8)  1-(pa) pqg

Therefore o(X (K)) # 0, and X (K) satisfies (*). O
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