ZEROS OF AUTOMORPHIC L-FUNCTIONS
AND NONCYCLIC BASE CHANGE

JIANYA LIU' and YANGBO YE?

ABSTRACT. Let m be an automorphic irreducible cuspidal represen-
tation of GL,, over a Galois (not necessarily cyclic) extension E of Q of
degree £. Assume that 7 is invariant under the action of the Galois group
Galg,g. We computed the n-level correlation of normalized nontrivial
zeros of L(s,m) and proved that it is equal to the n-level correlation
of normalized nontrivial zeros of a product of ¢ distinct L-functions
L(s,m1) -+ L(s,m) attached to cuspidal representations y,... ,mp of
GL,, over Q. This is done unconditionally for m = 1,2 and for m = 3,4
with the degree ¢ having no prime factor < (m? + 1)/2. In other cases,
the computation is under a conjecture of bounds toward the Ramanu-
jan conjecture over F, and a conjecture on convergence of certain series
over prime powers (Hypothesis H over E and Q). The results provide
an evidence that 7 should be (noncyclic) base change of ¢ distinct cusp-
idal representations 7y, ... ,my of GL,,(Qy), if it is invariant under the
Galois action. A technique used in this article is a version of Selberg or-
thogonality for automorphic L-functions (Lemma 6.2 and Theorem 6.4),
which is proved unconditionally, without assuming 7 and 7¢,... ,m, be-
ing self-contragredient.

1. Introduction. According to Langlands’ functoriality conjecture, the
L-function attached to an automorphic irreducible cuspidal representation 7 of
GL,, over a number field E should equal a product of L(s, ;) for certain cuspidal
representations 7; of GL,,,; over Q. Arthur and Clozel [ArtClo] proved that this
is indeed the case when F is a cyclic Galois extension of Q and 7 is stable under
Galg/g. In fact in this case, 7 is the base change of exactly ¢ nonequivalent

cuspidal representations mq, 7o ® ng/qQ, - - -, TQ® nf;/(b of GL,(Qya), where ng/q

is the nontrivial character of Q /Q* attached to the field extension E according
to the class field theory. Consequently (cf. [Bor] and [Lang])

(1.1) L(s,m) = L(s, q)L(s, mq ® /) -+ L(s, 7q ® 15,1),
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where the L-functions on the right side are distinct.

When FE' is noncyclic over Q, factorization of L(s,n) into a product of L-
functions of GL,,; over Q is unknown. Recently, Jianya Liu and Yangbo Ye
[LiuYe2] proved that for any L-function such a factorization, if exists, must be
unique. In particular, we proved that the L-function L(s,7g), attached to an
automorphic irreducible cuspidal representation mg of GL,,(Qa), cannot be fac-
tored further as a product of automorphic L-functions for GL,,,;(Qa). In other
words, L(s,mg) is primitive in the sense of [Sel] (see [Murl] and [Mur2]).

On the other hand, Rudnick and Sarnak [RudSar| proved that the n-level
correlation of normalized nontrivial zeros of this L(s,mg) follows a GUE model,
for a class of test functions whose Fourier transforms have restricted support.
Here the zeros are normalized according to their density. For distinct L-functions
L(s,nj), with 7; being cuspidal representations of GL,,(Q4), j = 1,... ,¢, Liu
and Ye [LiuYel] proved that the n-level correlation of normalized nontrivial zeros
of the product L(s, 1) -+ L(s,m) follows a superposition distribution of individ-
ual GUEs from L(s,n;) and products of GUEs of lower ranks, under Selberg’s
orthogonality conjecture and under a conjecture on the convergence of a sum
over prime powers (Hypothesis H: see §2) for m > 5. Recently, Liu, Wang, and
Ye [LiuWangYe] proved this Selberg orthogonality conjecture for automorphic
L-functions. Therefore, this n-level correlation is now known unconditionally for
m < 4 and under the Hypothesis H for m > 5. Note that here the test functions
also have a restricted support for their Fourier transforms.

In this paper, we will use this GUE correlation to study the factorization of
L(s, 7). We will show that the nontrivial zeros of L(s, ) behave in the same way
as the nontrivial zeros of L(s,m) - L(s,mp).

THEOREM 1.1.  Let E be a Galois extension of Q of degree £, and m an
automorphic irreducible cuspidal representation of GL,(Ey) with unitary central
character. Assume (i) Hypothesis H over E and over Q when m > 5 and (ii)
Conjecture 2.1 when m > 3. Suppose that m = w7 for all o € Galg,g. Then the
n-level correlation of normalized nontrivial zeros of L(s, ) is equal to the n-level
correlation of normalized nontrivial zeros of a product of £ distinct automorphic
L-functions attached to cuspidal representations of GL,(Qy).

Note that Theorem 1.1 is an unconditional result for m = 1 and 2. Form = 3
and 4, it is also unconditional when (30,¢) = 1 and (210, ¢) = 1, respectively. See
§2 for details.

Theorem 1.1 provides an evidence that L(s, ) should factor into a product
of L-functions ¢ distinct automorphic L-functions attached to cuspidal repre-
sentations of GL,,(Q4), and suggests that the base change and factorization of
L-functions such as in (1.1) should hold for noncyclic extension fields as well.

We remark that our results contain much less information than what was
achieved in [ArtClo], as we cannot see individual representations mq,... ,7g ®
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neE_/(b asin (1.1). Since we are seeking less information, we can determine through
zero distributions the base change structure of 7 beyond the scope of [ArtClo).

The reason behind this is indeed the universality of the n-level correlation
of zeros discussed in [RudSar|: The n-level correlation of normalized nontrivial
zeros of L(s,mg) is independent of 7, as long as it is a cuspidal representation

of GL,,(Qy).

Our computation of n-level correlation will be carried our for test func-
tions f whose Fourier transforms ®(£) as in (2.8) below have restricted support
> 1<j<n 1§ < 2/m. This restriction of support is good enough for our purpose.
We will not assume conjectures that the n-level GUE correlation holds for test
functions with arbitrary support of their Fourier transforms.

One of the main techniques used in the computation is a version of Sel-
berg orthogonality [Sel] for automorphic L-functions. First we proved a Merten’s
theorem for Rankin-Selberg L-functions L(s,m x 7’) (Lemma 6.2 and Theorem
6.4). The proof is unconditional, and 7 and 7’ are cuspidal representations of
GL,,(E,) not necessarily self-contragredient. Next we use Hypothesis H to con-
trol sums over prime powers and use Conjecture 2.1 to control sums over primes
which do not split completely in E. The resulting orthogonality (Lemmas 7.1
and 7.3) is then for sums over completely split primes. By an argument in [Rog],
information on 7w = 77 or not can be characterized by equivalence relationships
among local representations m, at places v lying above completely split primes.
This information will therefore be described by orthogonality, and eventually by
the n-level correlation of normalized nontrivial zeros.

2. Notation and assumption. Let E be a Galois number field of degree
fover Q. Let Ey = H; FE, be its adele ring, where v goes over all places of F/, and
H’ denotes a restricted product. For any prime p, we have £ ®q Q) = @U‘ » Ev,
where v with v|p are places of E lying above p. Since E is Galois over Q, all E,
with v|p are isomorphic. Denote by ¢, the degree, by e, = ord,, (p) the order of
ramification, and by f, the modular degree of E, over Q for v|p. Then ¢, = e, f,
and g, = p’? is the module of E,. On the other hand, EQgR is either = @, R,

or =, C

Let m be an automorphic irreducible cuspidal representation of GL,,(Ejy)
with unitary central character. The (finite part) L-function attached to 7 is
given by the Euler product L(s, ) =[] L(s,m,) for Re s > 1. The definition
of local factor L(s,m,) is given by

v|oo

v<0o0

sm)= I (1-axtioe?)

1<j<m

where o (j,v), 1 < j < m, are complex numbers given by the Langlands corre-
spondence. For any prime p, denote by Ly(s,m) = ][, L(s,m,) the product of
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local factors above p. Then

Ls.m) =T TT (1= astoow )

vlp 1<j<m

Similarly, the product of Archimedean local factors is given by L. (s,m) =
[T,)00 L(s,my), where

L(s,my) = H T (s + pix (4, 0))

1<j<m

if v is real, and
L(Syﬂ'v) = H F(C(S +/1'7r(jav))

1<j<m

if v is complex. Here p,(j,v) are again complex numbers given by the Langlands
correspondence, T'g(s) = 77%/2T(s/2), and T'c(s) = (27) ~*T(s).

We will need a bound for a,(j,v):
(21) jaun (4, )| < pfe (/27 (L),
This bound holds for any m,, either ramified or unramified. It was first observed

by Serre [Ser] and appeared in published form in [LuoRudSar|. A complete proof
is given in [RudSar] for the case of £ = Q, using an argument of Landau [Land].

When m, is unramified, the generalized Ramanujan conjecture claims that
(2.2) lan(yv)] = 1.

The best known bounds toward this Ramanujan conjecture over an arbitrary
number field are

(2:3) o (,v)| < @/ = pPr/?
for m = 2 ([KimShah]), and

(2.4) e (j, )| < gL/2 1/ (1) = pfp(1/2-1/(m?+1))

for general m ([LuoRudSar]), where v|p.

We will not assume the generalized Ramanujan conjecture, but assume a
bound 6, toward it for any p which is unramified and does not split completely
in .
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CONJECTURE 2.1.  For any p which is unramified and does not split com-
pletely in E, we have for any v|p that

‘aﬂ_(]7v)| S qu — pfpep

where 8, =1/2 —1/(2f,) — € for a small € > 0.

We remark that e, = 1 and hence f, = ¢, when p is unramified. Since p
does not split completely in F, we know that f, > 2. Consequently Conjecture
2.1 is known for m = 2, according to (2.3). Conjecture 2.1 is trivial for m = 1.
Recall that fp,|¢. Thus conjecture 2.1 is known when all prime factors of ¢ are
> (m? +1)/2. For m = 3 this means that any p|¢ is > 7, while for m = 4,
Conjecture 2.1 is true when any p|¢ is > 11.

We also need the Hypothesis H ([RudSar]) generalized to E.

HypoTHESIS H.  Let w be an automorphic irreducible cuspidal representation
of GLy, (Ey) with unitary central character. Then for any fived k > 2

(2.5) IO%fpp > ‘ »v)

p vlp 1<j<m

2
0 <o

We note that Hypothesis H is an easy consequence of the generalized Ra-
manujan conjecture (2.2). Since there are only finitely many p which are not

unramified in E, the sum in (2.5) may be taken over all unramified p. As we have
assumed Conjecture 2.1, we know that

DI 3} SIFIIR

‘ 2

p unramified, vlp 1<j<m
not split completely
2
log” p
<K k—kafpep < 0.
> Pz

p unramified,
not split completely

Consequently under Conjecture 2.1, Hypothesis H claims that for any fixed & > 2

Z log? pz‘ )

p splits completely vlp 1<j<m

2
‘<oo.

As in the case of ' = Q, Hypothesis H is trivial for m = 1. For m = 2, it can
be proved using the bound in (2.3). In fact, (2.3) implies that |a* (5, v;)| < p*f#/?

and hence
10g p log” P _
DT Z ‘ n (v ‘ < Z 7k/9

p vlp 1<j<m

when £ > 2. In Appendix, we will prove Hypothesw H for m = 3. For m =
4, Hypothesis H is a consequence of [Kim|, Proposition 6.2, as pointed out by
[KimSar].

5



Let g; be a compactly supported smooth function on R. Then its Fourier
transform

(2.6 i) = [ gj(wetd

R

is entire and rapidly decreasing on R. We denote h = (hq,--- , h,) and define

(2.7) k(h) = /hl(r) oo+ hy (r)dr.

R

Given ® € C!(R") we define

(2.8) ﬂw=/¢@&a+m+&w@m@%,

R n

where z = (21,... ,2,), § = (&1, ,&n), - & = 21861 + -+ + 2,E,, 0(1) is the
Dirac mass at zero, and e(t) = 2™,

The n-level correlation of normalized nontrivial zeros of the L-function L(s, )
is given by

(2.9) §jh¢%)mm(%ﬁ(mggiuwm%?£»

i1 yeee 7in
distinct

where the sum is taken over distinct indices i1, ... ,i,, of nontrivial zeros p;, =
(1/2)+iv;,,v=1,...,n,of L(s, 7). Without assuming the Riemann Hypothesis,
7i,; are complex numbers. Here the factor m logT'/(2m) provides the normalization
for zeros p;,. In the following sections, we will first compute the same sum as in

(2.9) but taken over all indices of nontrivial zeros. We will denote this latter sum
by

(2.10) WZW h1<%> ...hn<’YTn)f<’nmz?gT’m ’ fynnf;?gT)

There is an argument in [RudSar| and [LiuYel] which we will use to deduce (2.9)
from (2.10).

3. The main theorems.

THEOREM 3.1.  Let E be a Galois extension of Q of degree £, and m an
automorphic irreducible cuspidal representation of GL,(Ey) with unitary central
character. Let a, 1 < a </, be the number of elements o € Galg g with m = 7.
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Assume m < 4 or Hypothesis H over E for m > 5. Also assume Conjecture 2.1
when m > 3 and there is p|¢ such that p < (m? +1)/2. Then

6y 3 Y ) R L P LI Ly

:%‘)mﬂbg T)£"$(0,--- ,0)

K,(h) nlgn— 2r a”
+7mT(logT) > 3l — 201 /|U1| oy

1<r<n/2
><<I>(v1,... S Upy —Ulye v, —Up, 0,000, )dvl---dvT—l—O( ),
where the sum on the left side is taken over all indices of zeros p; = 1/2 +

ivj, 5 = 1,...,n, of L(s,m). Here g; € C>(R), ® € CL(R™) is supported in
di<j<n &l < 2/m, while hy, k(h), and f are given in (2.6) through (2.8),
respectively.

When a =/, i.e., when 7 is invariant under the action of Galg,g, we can
apply the results of an argument of combinatorial sieving in [LiuYel], §9, directly
to (3.1). A set partition H of N = (1,--- ,n) is a decomposition of N into disjoint
subsets H = [Hy,--- ,H,], where v = v(H) is the number of subsets in H. For a
given set partition H, define

Wnﬂ(l'l,... 7l'n) = H det(K(l’Z —xj))iyjer

1<k<v(H)
where K (z) = (sinmz)/(mx) if # # 0, and K(z) =1if 2 = 0.
COROLLARY 3.2. With notation and assumption as in Theorem 8.1, we as-

sume that  is invariant under the action of Galg,qg. Then the n-level correlation
of normalized nontrivial zeros of L(s, ) is given by

(3.2) > () ---hn(%)f(%”;:’ﬂ, . ,ViTL”giogT)
distinct
:%?mT(logT) Z (V(;)>
Wit
/f yWL( (M) da -+ da, + O(T),
Rn

where the sum on the left side is taken over distinct indices of zeros p;, = 1/2 +
Z"Yij, ] = 17 s 1y OfL(S,TF).
The following theorem and its corollary were proved in [LiuYel] and, for the
removal of the assumption on Selberg’s orthogonality conjecture, in [LiuWangYe].
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THEOREM 3.3.  Let my,...,7¢ be automorphic irreducible cuspidal repre-
sentations of GLp,(Qa) with unitary central character, such that w; % 7 for any
1 # j. Assume m < 4 or Hypothesis H over Q for m > 5. Then

63 3 (L) oo (L) p(moe T emoe T

:%mT(log T)0"®(0,. .. ,0)

k(h) nln-r
+ o mT (logT) Z 27“7*' [vi] -+ |y
1<r<n/2

X CIJ(Ul,... s Upy — U1y ev , —Up, 0, ... ,O)dvl---dvr—FO( ),

where the sum on the left side is taken over all indices of zeros pj = 1/2 + iry;,
j=1,...,n, of L(s,m1) - L(s,m;). Here g; € C*(R), ® € CL(R™) is supported
n D o1<j<n &l < 2/m, while hy, k(h), and f are given in (2.6) through (2.8),
respectively.

COROLLARY 3.4.  Assume m < 4 or Hypothesis H over Q for m > 5. With

the same notion as in Theorem 3.3, the n-level correlation of normalized nontriv-
ial zeros of L(s,my)--- L(s,mg) is given by

G0 n(B) (i) )
distinct
:%?mT(logT) %: (V(;)>
v(H)<t
« /f(x)wnﬂ(x)a(xl EEI) oy diy 4+ O(T),

R

where the sum on the left side is taken over distinct indices of zeros p;, = 1/2 +
i, j=1,...,m, of L(s,m1) -+ L(s, ).

Comparing the right side of (3.2) and (3.4), we conclude that the n-level
correlation of normalized nontrivial zeros of L(s, ) equals the n-level correlation
of normalized nontrivial zeros of a product of ¢ distinct L-functions attached to
cuspidal representations 7y, ... ,mp of GL,, over Q, when 7 is invariant under the
Galois action. This is the proof of Theorem 1.1. In the following sections we will
prove Theorem 3.1.

4. L-functions. Again let F be a Galois number field of degree ¢ over
Q. Denote ®(s,m) = Loo(s, m)L(s,7), for Re s > 1. Then by a classical result of
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[GodJac], ®(s, ) extends to an entire function with the exception of {(s), which
has a simple pole at s = 1. ®(s,7) also has a functional equation

O(s,m) =e(s,m)P(1 — s,7),

where the automorphic irreducible cuspidal representation 7 is contragredient to
7, and e(s,m) = 7(m)Q,°. Here Q. > 0 is the conductor of 7 ([JacPSShall]),

’7'(7'(') € CX?Q% = Qwa and T(W)T(%) = Qw-
Denote

(4.1) a(P") = £, Y k()

vlp 1<j<m

Yar(n), where A(n) = logp if n = p* and

az(p*) = 0if f, 1 k, and c,(n) = A(n
k). Then for Re s > 1, we have

zero otherwise. Then az(p*) = @ (p

oo

L A(n)aw(n)
3(37 7T) = — Z_:l T
By the bound in (2.1) we have
(4.2) lax (pFf7)] < mgpkfp((l/g)_l/(£m2+l))

for any m,, ramified or unramified. If 7, is unramified, we have sharper bounds
based on (2.3) and (2.4):

jax (p*7)] < mephte/?
for m = 2, and
(4.3) lar(pFle)| < m@Dkﬁw((l/2)fl/(m2+1))

for m > 3.

We will need an explicit formula for the L-functions of the smooth type as in
[RudSar]. Let g; be a compactly supported smooth function on R. Define h;(r)
and x(h) as in (2.6) and (2.7). Let p = (1/2) + iy be a nontrivial zero of the
L-function L(s, 7). By the same arguments step by step as in [RudSar]|, we prove
that

1 1

(4 Sohin) =0 (hy(—5) +hi(5)) + % / hy () () dr




where the sum on the left side is taken over nontrivial zeros p = (1/2) + iy of
L(s,n), and §(m) equals 1 if the L-function is ((s), and zero otherwise. Here

49 20 =10e@e+ X Y (R (5 maliin) + i)

v]oo 1<j<m

T/l .
+P—<§+Mw(j,’l))—lt>> 1fE®Q]R @vbo

=logQ~+Y_ > <F¥C( + pr (4, )+it)

v]oo 1<j<m
/

I'c (1
I'c

Denote L = mlogT. The explicit formula in (4.4) can be rewritten

(4.6) S h (%)W’LW
<361 () ) )

where
gir(z) = %/hj(r)Q (rT)e™ " *dr,
R
(4.7) ste) = - 3 M) e L ogny)),
P
(4.8) S7(e) = S AT e togny)).

njzl v n]

In the following, we will not consider the term with §(7) on the right side of (4.6),
as it is non-zero only for the Riemann zeta function ((s).

5. Rankin-Selberg L-functions. For two irreducible automorphic cus-
pidal representations 7 and 7’ of GL,,(E,), their Rankin-Selberg L-function is
given by

L(s,m x 7") H L,(s,m x 7)

for Re s > 1, where the local factor is

Lisrx#) =[] (1-aslir o) Gav)as) -

1<j1,52<m
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Denote

L s7r><7r HL s7r><7r

:H 11 (1—an(jlav)aw’(j%”)pifps)

v|p 1<41,52<m

-1

Then for Re s > 1,

L/
(5.1) f(s,ﬂ x 7)
f logp .
S Y Y SRR k)
v 1<]1,]2<m k>1
_ Z A(n)axxz (1)
n>1 n’

where

(52) aWXfF'(pkfp) :pr Z afr(jlvv)afr’(j%v)

vlp  1<j1,52<m

=S n( X ko) (X akin),

v|p 1<jaism 1<ja<m

and a7 (p*) =0 if fp 1 k. In particular, when 7 = 7/,

(5.3) (D pr‘ > ak(jv)

1<j<m

‘ 2

Obviously
(5.4) |arxz ()] < |anxz(n)| + |amxz (n)|.
By the bound for |a,(j,v)| in (2.1), we have

| @ (PH7)] < m2epkfe(1=2/(tm*+1))

Let Sy;x# be the finite set of primes p such that there is v|p with either
or 7, being ramified. Therefore for any p € S;«z = S, we have

A(pk)‘aﬂxﬁ.(pk)‘ 2 1
Z ok sm “ngz 2k/(€m2+1)
E>1 k>1 P
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and hence

a7|-><71— k
(5.5) Sy AR ‘ |

pES k>1

On the other hand, absolute convergence of (5.1) for Re s > 1, together with
(5.5), implies that
> An

n<X

aﬂ><7r ‘ < X1+E

By partial summation, we also have

(5.6) Z len(n)]” <o X1,

where ¢ (n) = A(n)ar(n) and a,(n) is given in (4.1).

Recall that when 7/ 2 7 ® | det |'™ for some 79 € R, L(s,7 x 7) has simple
poles at s = 14179 and i7g. ([JacPSShal2] and [MoeWal]). Otherwise L(s, 7 X 7)
is entire. Note that the Archimedean part of the Rankin-Selberg L-function is

Lo S7T><7T H H H I'r 3+,Uf7r><7r(.77kv))

’U‘OO 1<]<m 1<k<m/

Lo S7T><7T H H H Fc(S—F/Lnxfr'(jak;U))-

v]oo 1<j<m 1<k<m’

or

We will need a trivial bound Re pirx# (4, k;v) > —1.

Denote by ®(s,m X ') = Loo(s,m x 7' )L(s,m x 7') the complete Rankin-
Selberg L-function. Then by a classical result of Shahidi ([Shahl], [Shah2],
[Shah3], and [Shah4]), ®(s, ) has a functional equation

(5.7) O(s,mx ') =e(s,m x 7T )P(1 — 5,7 x 1),
where e(s,m) = 7(7m X @')Q, 5 - Here Qrx# > 0 is the conductor.
6. Orthogonality. When 7 and 7’ are cuspidal representations of

GL,,(Qu) and GL,,(Qya), respectively, with = % =/, Liu, Wang, and Ye [Li-
uWangYe] proved the following Selberg orthogonality

(6.1) T (log n)A(n)ax(n)a. (n)

n

< log zx,

n<zx

if at least one of m and 7’ is self-contragredient. In [LiuWangYe], (6.1) was
proved as a consequence of a stronger weighted prime number theorem for a
Rankin-Selberg L-function, and hence require a zero-free region of the classical
type (cf. [Morl], [Mor2], [GelLapSar]|, and [Sar]). This is the reason why we have
to assume that at least one of 7 and 7’ is self-contragredient in (6.1).
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In this section, we will take the approach in [LiuYe2] to get a weighted
version of (6.1) for cuspidal representations 7w and 7’ over E, avoiding the zero-free
region and the self-contragredient assumption. Then we will apply an argument
of Landau [Land] to remove the weight.

LEMMA 6.1.  Let m and @' be irreducible automorphic cuspidal representa-
tions of GL,,(Ey) and GL,, (Ey) with unitary central characters, respectively.
Then

Z <1 - E) (logn)A(n)axxz(n)

n<x r n

1
(6.2) =3 log?z +O(logz) if n’ = m;
(6.3) =0O(logzx) ifn ¥

Proof. The proof follows [LiuYe2] closely, and hence we will only give a
brief sketch here and point out the difference. Let A(s) = min, <o |s —n|. Denote
by C(m,m’) the region in the complex plane with the following discs removed:

. 1 . /
|s —2n + pirxa (J, k5 0)| < Syp M0 1sis<m, 1<k <m', vloo,
mm
if v is real, and
1
|5 = n+ paxir (5, k30)] < iy, <0, 1< <m 1<k <m', vfoo,

if v is complex. Then for s € C(m,m’) and all j, k, and v|oo,

5+ firxw (7, k5 v) 1
>
>\< 2 ) — 16mm'/

if v is real, and

1
=/ ] N >
)‘(S—’_/’LWXW (j7k7v)) - 16mm’€

if v is complex. Let [((j,k;v) be the fractional part of Re prxz(j,k;v). In
addition we let 5(0,0;v) = 0 and B(m + 1,m + 1;v) = 1. Then all 5(j, k;v) €
[0,1], and hence there exist ((ji,k1;v1),8(j2, ka;v2) such that [(ja, ka;ve) —
B(j1,k1;v1) > 1/(3mm’l) and there is no ((j, k;v) lying between ((j1,ki;v1)
and ((ja, ka;v2). It follows that the strip

So = {s|B(j1, k1;v1) + 1/(8mm/l) < Re s < B(ja2, ko3 v2) — 1/(8mm’€) }

is contained in C(m,m’). Consequently, for all n =0,—1,—2,--- , the strips
n+ B(j1,k1;v1) + 1/(8mm’¢) < Re s

6.4 S = ‘

o4 {S < n+ B(ja2, k2;v2) — 1/(8mm’L) }

are subsets of C(m,m’).
13



Differentiating (5.1), we get

(E)’(S,W x #) = Z (logn)A(n)arxz (n)

L ns
n>1

for Re s > 1. By the same proof as in [LiuYe2], §4, using the fact that the Rankin-
Selberg L-function is of order one away from its possible poles ([GelShah]), we
have the following estimates: For |T'| > 2 there exists 7 with 7' < 7 < T+ 1 such
that when —2 <o <2

L'\’ 3
(6.5) (7) (0 +irm x #) < 1og® Qe I7):
If s is in some strip S, as in (6.4) with n < —2, then
L'\’
(6.6) K(s) = (f) L(s,m x 7) <m 1.

As in [LiuYe2], §5,
(6.7) Z (1 _ E) (logn)A(n)arxz (n)

14+4T 1—4T 1+4+ic0

:ﬁ/K(s—i—l)s(sxfj_l)ds:ﬁ(/ +/ /)

(1) 1—iT  1—ioo 144T

The last two integrals are bounded by < [ (2/t?) dt < z/T. To compute the
first integral on the right side of (6.7), we choose oy with —2 < 0y < —1 such
that the line Re(s) = o¢ is contained in the strip S_o C C(m,m’). Let T' ~ =
be the 7 such that (6.5) holds. Now we consider the contour

Ci: 1>0>09, t=-T;
Cy: o=09, -T<t<T,
C3: og<o<l1, t=T.

Note that the two possible poles, some trivial zeros, and certain nontrivial zeros
of L(s+1,m x 7'), as well as s = 0, —1 are passed by the shifting of the contour.
The trivial zeros can be determined by the functional equation (5.7): s = —1 —
trxi (7, k;v). The trivial bound Re w7 (J, k;v) > —1 will give us O(log x) for
the size the residues from trivial zeros. Integrals on C'; and C5 are bounded by
O(z10g>(Qrx#T)/T? using (6.5), while the integral on C5 is bounded by O(1/x)
using (6.6). The residues at s = 0, —1 will contribute K (1) + K(0)/x. The
two possible poles are itg and i79 — 1 which can only happen when m = m’ and
' 2 7@ |det|"™ for some 79 € R. If 79 # 0, these are double poles and they
will contribute O(log z) to (6.7). If 79 = 0, i.e., if 7 =2 7/, then s = 0 becomes a
triple pole. Its residue contributes (1/2)log? z + O(log x) to (6.7). By the fact of
L(s,m x ') # 0 for Re s > 1 ([Shahl]), the contribution from nontrivial zeros is
also O(log z). This completes the proof of Lemma 6.1. O
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LEMMA 6.2.  Let w be an irreducible automorphic cuspidal representations
of GLy, (Ey) with unitary central characters. Then

(6.8) 3 (log n)A(n)azxz(n)

1
- =3 log” z 4+ O(log z).

n<x

Proof. Note that this is the case when 7 = 7/, and hence by (5.3) the series
on the left side of (6.2) and (6.8) are of nonnegative terms. By the proof in
[RudSar|, p.282, we can remove the weight 1 —n/z from (6.2) when 7 = «’. O

LEMMA 6.3.  Let w be an irreducible automorphic cuspidal representations
of GL,,(Ey) with unitary central characters. Then

(6.9) Z(log n)A(n)azxz(n) < zlogw.

n<z

Proof. This is deduced from (6.8) by a standard argument of partial sum-
mation. [

We remark that under the Generalized Ramanujan conjecture, an asymptotic

formula was proved in [LiuYe3| for cuspidal self-contragredient representation of
GL,, over Q:

Z(log n)A(n)arxz(n) = xlogz — x + O(zexp(—cy/logx))

n<x

for a positive constant ¢. The upper bound in (6.9) is nevertheless unconditional
and valid for cuspidal representations not self-contragredient.

THEOREM 6.4.  Let m and 7’ be irreducible automorphic cuspidal represen-
tations of GLy,(Ey) and GLyy, (Ey) with unitary central characters, respectively,
such that ©’ % w. Then

(6.10) Z (logn)A(n)azxz(n)

n

< logz.

n<x

Proof. The removal of the weight 1 — n/x from (6.3) is by an argument
of Landau [Land] using (6.9). The proof is given in [LiuWangYe]. To make the
present paper self-contained, we reproduce the proof in [LiuWangYe] below.

Denote c¢(n) = (logn)A(n)arxz(n)/n, and

C(z) = Z c(n), D(z) = Z <1 — g)c(n)



Then

xD(x).

/C(t)dt = Z(m —n)c(n)

n<x
We begin with an observation that

x+v
(6.11) C(t)dt = (x +v)D(z +v) — 2D(x)
=vD(z +v) + z(D(x +v) — D(v)),
where v = /z.
By (6.3), we have
(6.12)

vD(x +v) < vlogz
as 7' % w. The last term in (6.11) is

2(D(z +v) — D(v))

:an;(g—xiv)c(n)—i-x Z (1— o )c(n)

r<n<x+uv r+v
=:F1 + Es,

say. By (5.4) and Lemma 6.3 we have

(6.13) Br] < —— 3 nje(n)]

T+ v

n<az
<3 i ” Z;(log n)A(n) (|axxz(n)| + a7 (n)])
< vlogz )

and

(6.14)

Tv v
Bl < = 3 el < —— > nlew)]
r<n<z+uv r<n<z+v
<K

D (1ogm)A() (Jars ()| + |z ()]

r<n<x+uv
< vlogx.

Putting (6.12) through (6.14)) into (6.11), we get

T+v
/ C(t)dt < vlogz.

16

(6.15)



Now consider the difference

r+v

(/C )t — vO(x ‘—‘/ (x))dt(

<v Yy |c(n)|<<5 > nfe(n)]

x<n<m+v r<n<z+v
<= Z log n)A(n) (Jaxxz(n)| + |ax <z (n)]) < viogz,
n<x

by the same argument as above. The desired result (6.10) now follows from this
and (6.15). O

Under the generalized Ramanujan conjecture, a much precise version of (6.8)
and (6.10) was proved in [LiuYe3] for self-contragredient cuspidal representations
over Q:

Z (logn)A(n)arxz (n) :% log?  + ¢1 + O{exp(—c\/@)}

n
n<x
if ©
iTo 1Ty __ 1
p log x + - + c2 + Ofexp(—cy/log )}
0 0

if 7 271®a™ for some 75 € RX;
=c3 + O{exp(—cy/logx)}
if " 2%7®a’ for any t€R,
where ¢, cq, ..., c3 are positive constants.
7. Orthogonality over primes. In this section we will rewrite Lem-

mas 6.2 and 6.4 as orthogonality taking over primes using Conjecture 2.1 and
Hypothesis H. First, according to (6.8) we have

Y MRy el s g -

p,k vi|p 1<j<m
PP <z

1
5 log® z 4+ O(log z).

Using the bound for a,(j,v;) in (2.1), we have

3 Zklz%ppzfz‘ S ok )‘2

k>(fm2+1)/2 p v|p 1<j<m

klog? p
< Z Z p2h/(@m2+1) < 0.
k>(m2+1)/2 p
17



Therefore Hypothesis H implies

(72) Sy LS 2 3 ek

k>2 p v|p 1<j<m

< 0.

From (7.1) and (7.2) we conclude that

2
@3 SIS Y alio)

p<w vlp 1<j<m

2 1.,
‘ 2510g x4+ O(log z).

What we will show below is that the outer sum in (7.3) can be taken over
all primes p < z which split completely in F.

LEMMA 7.1.  Let w be an automorphic irreducible cuspidal representation
m of GLy,(Ey) with unitary central character. Assume Hypothesis H over E
when m > 5. Assume Conjecture 2.1 when m > 3 and there is p|{ such that
p < (m?+1)/2. Then

(7.4) Z log” pZ‘ Z ax(j,v ‘ %logzx—i-O(logx).

p<z vlp 1<j<m
splits completely

Proof. We know that there are only finitely many p with its order of ram-
ification e, > 1. Thus we can ignore these primes in (7.3) and consider only
unramified primes p with f, = £,. If such a prime p does not split completely in
E, then f, > 2. Under Conjecture 2.1, we then have

log® p
2 .
) IS Y aniow)
p unramified, p v|p 1<j<m
not split completely

10g2 P oy, (1/2—1/(2fp)—¢)
< >

:

p unramified,
not split completely

2
Z log®p log™p
< 1+2€fp § : plt2e < 0.
P
Consequently (7.4) holds. [

As in [RudSar], p.300, we can apply partial summation to (7.4) and prove
an asymptotic formula for a weighted sum.

18



LEMMA 7.2.  Let ¢(v) be a C' function supported in |v| < (1 —6)/m for
some positive §. Let w be an irreducible automorphic cuspidal representations of
GL,,(Ey) with unitary central characters. Assume Hypothesis H over E when
m > 5. Assume Conjecture 2.1 when m > 3 and there is p|l such that p <
(m? +1)/2. Then we have

log2p log p
Z P (mlogw)z‘ Z o (7, vi)

p<z ilp 1<j<m
splits completely

1/m

=m?(log x)* / vop(v) dv + O(log x),

0

where the implied constant depends on m and J.

Now let us turn to the case of m 2 7/. By Cauchy’s inequality, we may
remove terms on prime powers from the left side of (6.10). Using the same proof
as for Lemma 7.1, we can further remove terms on those primes which do not
split completely in F.

LEMMA 7.3.  Let w and 7' be irreducible automorphic cuspidal representa-
tions of GL,,(Ey) and GLy, (Ey) with unitary central characters, respectively,
such that @ % w. Assume Hypothesis H over E when m > 5 or m’ > 5. Also
assume Conjecture 2.1 when m > 3 and there is p|{ such that p < (m? +1)/2, or
when m/ > 3 and there is p|¢ such that p < (m'> +1)/2. Then

(7.5) Z log” pz( Z Qr jl,%))( Z @r(]é,%‘))

p<lx vilp 1<j1<m 1<jo<m/
splits completely

< logz.

Partial summation now can be applied to (7.5) and get the following weighted
sum, as in the proof of Proposition 4.5 in [LiuYel], p.436.

LEMMA 7.4.  Let ¢(v) be a C' function supported in |v| < (1 —6)/m for
some positive §. Let m and 7' be irreducible automorphic cuspidal representations
of GL,(Ey) and GLy, (Ey) with unitary central characters, respectively, such
that 7" % w. Then under the same assumption as in Lemma 7.8, we have

S PR S etin)( 3 weten)

p<z vilp 1<ji<m 1<ja<m
splits completely

1/m

<(log ) / (16(0)] + |¢/(0)]) dv

0
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where the implied constant depends on m and J.

8. The n-level correlation. Let ® € C'(R") be supported in the region
> 1<j<n €| < 2/m. Define f(z) as in (2.8). We will compute the left side of
(3.1):

A= 3 () (B (G ),

where L = mlogT and the sum over each v, is taken over nontrivial zeros
p; = (1/2) +iv; of L(s,m). Now we use the Fourier transform and get

Cn(f,h,T) = - h;j 03 ) e=iLsés P(EY(&y + -+ &)dE
ST oo

n

=1 [T (s (T28) +57(6) + 57 (&)

R™ j=1
X @(£)(&1 + -+ &n)dE.
To compute the product, we set i, = 0 or £1 for 4 = 1,... ,n, and use ¢, to

indicate which one of g,r, S:[, S,, appears in the term:

cpnny =t S [ TLaare) T si6) 1T i@

—1<i1,0in <1 g 4,=0 i,=1 i,=—1
x ®(E)5(& 4 - + &)dE.

Now we use (4.7) and (4.8) to expand SE(,,). Recall that A(ny)ax(ny) = cx(n,).
We have

(8.1) Co(fh,T) = > (=)t L (T)

—1<dg,...,in <1

and

_ Cx(ny) Cr(ny)

np>1 =1 T i=—1 T
for i;;é[]
Here n = (ny,--- ,n,) where n, =1if i, =0, and
(82) Ai1---in (n,T)
:Tn/ H gur(T'LE,,) H g#< (L& + iy logn“)>
Rn 1, =0 1, 7#0

X ®()6(&r + -+ &n)dE.
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We will follow [RudSar] and [LiuYel] closely to estimate C,(f,h,T) and
point out differences between the situation at hand and those discussed there.
First, in the definition of Q. (r) and hence of gr(x), there are sums of I'./T'c or
possibly more terms of I'y /I'g. These will cause no problem, since either over C
or over R, Re pir(j,v) > —1/2 by [RudSar]. By Stirling’s formula, we thus have

) =212 +0(1)

8.3
(3) o
Therefore, Lemma 4.1 in [RudSar] is still true here. That is,

efam/T

gr(z) < (1—e %) 4 e logT

(@) { logT if |x| < loglog T,
I 1/|x| if |z| > loglog T,

/ lgr (z)|dx < logT.
R

Consequently, the integral in (8.2) converges absolutely.

We want to prove Proposition 4.1 of [RudSar] in our case. That is, we will
show that

(8.4) Ciy ... in (T) = Ci,.. i, (T) + O(Tlﬂs/g),

if ®(¢) in (2.8) is supported in |{1] + -+ - + |€n] < (2 — §)/m, where

85 G = > (II %)(H i(;%)),iil,,,in(n,T),

1<n, LT for i,7#0, =1 K ip==1

MN<T?*™9
M=N

and

=7 / 11 9. (TLE)

1, =0

|TLE, \<<T5/3
for 4, =0

% TT 90 (T(LE + i og ) ) D()(E1 + -+ + €)de.
1,70

To do this, we first point out that Lemmas 4.2 and 4.3 of [RudSar], i.e.,
Lemmas 7.1 and 7.2 of [LiuYel], hold in the present case.
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LEMMA 8.1.  A;,..;,(n,T) = 0 unless |n,| < T fori, #0 and [] n, <
i, 70

%70, :

LEMMA 8.2.  A; ., (n,T) = 0 unless |n,| < T fori, # 0, I, comu <
T%7°, and IL, =1 =11, ——1 e

Lemma 4.4 of [RudSar| then holds in our case, as it is based on the bounds

for gr and Lemmas 8.1 and 8.2 above.

LEMMA 8.3. If MN < T?7°, then

) Ti-0/3p—r—s if ‘ log %‘ < TO/3-1,
Aiyiy(0,T) = Ajy o, (0, T) < Cres
ey [loe > T
where 1 = Ziuzl 1 and s = zi“:A 1.

Now we can write

Ci1~~~in (T) - éil---in( Zdlag Z

where
Seem X (IT=)(11 5)
diag N 1/2 1/2
1<n,<T for i,7#0, i, =1 p=—
MN<T?~ ¢
|log M/N|<T%/3~1
X (Ail---i" (Il T) 11 Zn )
T1_5/3 ‘Cﬂ nu
N7z Z I1
1,70
H nu <<T2 5
i #0
and
E _ 2 : (H Cw(”u))( H ﬁ(nu)>
oft . nl/? ‘ /2
1<n, KT for 'L'M;é(], i, =1 © i,=—1 m
MN&T?™5

|log M/N|>T°%/3~1

X (A (n,T) — /Ll...in(n,T))
1 1

Lr-i-s Z /M |10g M/N|
MN&T?7°,
M#N
<y Il > T lentm)l
H n,=M tp=1 H n,=N tp==1
=1 ip=—1
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by Lemma 8.3. We will prove later that

’Cﬂ— r+s
(8.7) > I = /2 < (log7)
M=N, 70 T
H nM<<T2*‘5
iy #0

from which we can deduce Zdiag < T'9/3. Denote

a(M)= Y ]I lexny)]

nynp=M1<j<k

Then using (5.6) we can still prove Lemma 4.5 of [RudSar]:

Z ap(m)? <. X1re,

m<X

Using the same arguments as in [RudSar], pp.293-294, we get

< Tl+e=6/2
off

for any € > 0. Therefore, (8.4) is valid after we prove (8.7).
Back to (8.6), we change variables to

B { TLE, if 4, =0,
Y=\ (L, + iy logny) if i, #0

and get

Aiy i (0,T) =5 1/ngTyu ) TT 9u(v)

1,=0 1,70
i1 logng Yn  in log n.,
p( ilogm . gn _inlogm),
“\TL L 'TL L )Y

+7nm 1/ng:ryu ) IT 91wy

1,=0 1,70

x (@(-le(fnl,... L 1"5””) +O(T1009)),

where V' is defined by >, y; =0, |y,| < 1 for i), # 0, and |y,| < T°/3 for i,

23
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By Stirling’s approximation formula and (8.3), we get from (4.5) that
Qr(Tr) =mllog(Tr) + O(1)
for r > 1. Consequently

%/hl(r) oy (M) Qe (Tr) e dr = %L’%k + O(LF Y,
R
and hence
/ H 9ut (Yu) H 9u(Yp)dy = %Lkek + O(Lkil)

v =0 i, 70
where £ = n —r — s is the number of p with ¢, = 0. This is Lemma 4.6 of
[RudSar|. Back to (8.6), we now have for r + s > 0 that

~ T2 k(h) i1 lognq in logny, T
Aoy = Ty ilogmslogmay o Ty
From (8.4) and (8.5) we thus obtain
_ k(h) T 1
(8.8) Ciyri (T) = W(1+O<E>)

cﬂ—(nﬂ) a(nu)
X Z ( H 1/2 > < H 1/2 >
1<n, T for i,7#0, =1 — n

H Nu= H LT

H n#<<T2
i #0
i1 logny inlogng,
p(-alEm il
8 L L
when 41,... ,1, are not all zero, and
h
(8.9) Co.oo(T) = %TLW@(O, ..,0)+0(T).

s

) + O(T175/3)

If we assume Lemma 8.4 below, then (8.8) can be rewritten:

AW IRy ([ =)

1<n,<T for i, #0, n=1 My

= 11
i#:1 i“:—l
H n#<<T2
3070
" ( H @(nu))q)(_illognl _z‘nlognn) +o(T)
i=—1 ”;1/2 Lo L

when r + s > 0. This is indeed Lemma 4.7 of [RudSar].
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Now let us turn to Lemma 3.8 of [RudSar]. From the bound for a,(p*) in
(4.2) we get

lex (p*)] < mi(log p)p* (/=)

with 8 = 1/(¢m? + 1) > 0, which is essentially the same bound as in [RudSar]
and [LiuYel]. Consequently for any K > 1/3 we have (4.54) of [RudSar]:

< (M) - 1
(8.11) >y ex p(m +,W2 <<Z g’ p

P ki+-+Eki>K
From (5.5) we deduce that
2
Z |C7T(p—k)| < o0
> pk+5

for fixed k and 6 > 0. By an argument in [RudSar], we can prove that

Cﬂ( kl)...cﬂ( kt)
>y e eh)

P ki+-+ki=s

is bounded for s < K fixed. Together with (8.11), this implies that Lemma 3.8
of [RudSar] is valid:

Z Z ‘Cﬂ(pkl) ... Cﬂ.(pkr)éﬂ_(pll) ... gﬂ(pls)

pk1+'..+k7‘ < w

ki,l;j>1,
ki+-+k, —l1+ sl

when r 4+ s > 3.

Now we prove the following lemma which is Lemma 3.9 of [RudSar].

LEMMA 8.4.  Assume m = 2 or Hypothesis H. If 1 <r < s, then

k __ k - .
Z <H Cﬂ(puﬂ)) ( H Cﬂ-(puu)> < (IOg .fL')Q Zf r=s,
42 ph/? el phu/? (logx)?" =2 if r <s.
p#“<x for 4,70, = a =T K

II pk“* II pﬁ“

iy =1 ip=—1
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Proof.  Using the argument in [RudSar] after (4.59), the lemma is reduced to
estimation of

2 2
cx(p") log® p .
> S R S (Y )
D,k p D,k p v1,v2|p, 1<ji<m
pF<w P <z f1.f2lk
Z afr/fQ(Jé)UQ))
1<j2<m
log P 2y 1/2
<<(Z S Y ak L))
pvk ’U1|p, 1§]1§m
pF<= filk
log P 1/2
(T LY Y artanl)
D,k va2|p, 1<ja<m
pF<a falk

by Cauchy. Using our results in (7.1) from the Rankin-Selberg L-functions, we
conclude that

Z ‘ < log? z.

pSw

This proves the Lemma. [

Lemma 8.4 implies (8.7) and hence (8.4). It also completed the proof of
(8.10). Let S;,...;,, be the set of bijective maps from the set {x|i,, = 1} onto the
set {p|i, = —1} when r = 5. Then (8.10) can be further reduced to

Cil...in(T)z%}:) fi >y I \cﬂ pu

pu<T for i,=1 oc€S;,... iu=1

X D(z1,-++,2,) +O(T)

in

where z, = —(logp,)/L and z,(,) = (logp,)/L if i, =1, and 2z, = 0 if i, = 0,
when 7 = s > 0. When r # s, C;,..;, (T') = O(T) by Lemma 8.4. Consequently
26



we can go back to (8.1) and (8.9) to write

B2 Y m()m(p) (g

r(h)
=——TL®(0,---
o 0,---,0)
2
k(h) Ter=2r |cx(py)]
DV R o o
1<y, in <1 0€8Siy iy =1 p,<T H
r=s>1
log p1 logpr logp: log pr
P — e, =
X ( L ) 9y L ) L bl ) L 707 70)
+O(T)

where on the left side, for each j = 1,... ,n, p; = (1/2) + iv; is taken over all
nontrivial zeros of L(s, 7).

Estimation of (8.12) is thus reduced to asymptotic behavior of

Z |Cﬂ(}§9)‘ ¢<nﬁ§§m)’

p<z

where ¢(v) is a C'! function supported in |v| < (1 —§)/m for some positive §. By
the definition of ¢, (n) in (4.1), we get

sy Ll ey

e mlogx
log? p log p NE
:Z P gb(mlog:n)‘ Z Z ozw(j,v)‘
p<z vlp 1<j<m
fp=1
B long log p
_g P qb(mlogaf)
X Z ( Z aW(jlaU1)>( Z aw(jz,vz)>-
vllf;?y:Uflp 1<j1<m 1<ja<m

9. The proof of Theorem 3.1. In this section we will assume that E is

a Galois (not necessarily cyclic) extension of Q of degree £. We plan to compute

(8.12) and deduce the n-level correlation of normalized nontrivial zeros of L(s, )

from (8.12). The estimation (8.12) is based on the asymptotic behavior of (8.13).
27



Note that only those primes p with f, = 1 contribute to (8.13). Conse-
quently, the outermost sum on the right side of (8.13) is actually taken over (i)
primes p < z which split completely in F, and (ii) primes p < z above which
each local field E, is fully ramified (f, = 1). Note that there are only finitely
many primes p which satisfy (ii) but not (i). We can thus rewrite (8.13) as

on el ey

=P mlog x
_ Z log2p¢< log p >
= P mlog x

splits completely

X Z ( Z Oén(jl,vl)>< Z an(jz,vz))+0(1)~

vilp, valp 1<ji<m 1<j2<m

Now we consider two cases. First let us assume that for any o € Galg/q, 7
and 77 are equivalent. Under this condition, we have m,, = m,, and

{ar(ii,v1) |1 < i <m} = {ax(jo,v2) |1 < jo < m}

for any v; and vy lying above a completely splitting p. Consequently (9.1) be-
comes

z o)

p<z

= T EL(E)Y] T etion| vom)

p<z vp  1<j<m
splits completely

By Lemma 7.2, we get

5 1/m
(9.2) Z |Cﬂg)‘ ¢<10}gjp> = (m?log® T / vo(v)dv + O(log T)).
p<T 0
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This implies an asymptotic formula

(9.3) Z hl(’“) . (’Zﬁ)f(%%)

Y1,

h
_ Al )TLE” ®(0,--- ,0)
o
( ) 1/m 1/m
h n—r
+?TL }Z} ), 3 /.../Ul...w
—1<41,...,in<1 0E€Siy i 0
1<r=s<n/2
X <I>(v1,... s Uy =Vg(1)s -+ + > —Vo(r), 0, - . . ,O)dvl---dvT—l—O(T)
_ k(h)
—=TLr(0,---
awieys Z gy [t
2rrl(n — 2r)!
1<r<n/2 R"
X ®(vy,. .. vp, =01, =y, 0,0, 0)dvy -+ - dup 4+ O(T).

Next let us consider the case that m is not stable under whole Galg,q. Let
Gr = {0 € Galg/q | 77 = 7} be the subgroup of Galg /g fixing 7. Denote by a
be the number of elements in G, so that a|¢ and 1 < a < ¢. Then according to
[Rog], for any two places v1 and vq lying above a completely splitting p, m,, = my,
if and only if F,, is mapped to E,, by some o € G.

Consequently (9.1) becomes

2
> o)

p<z

e o

o€Galg g p<z p 1<j<m
P splits
completely

2
(9.5) + > > loi qu(nﬁigx)

o€Galg g p<lz

e splits
completely

(X anlin ) (Y @eeliaw)) +0(L).

vlp 1<j1<m 1<j2<m

The estimation of (9.4) is the same as in the first case, following (9.2) and (9.3):
1/m

= am?(log® T) / vp(v)dv + O(log T).

0
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On the other hand, the estimation of (9.5) is done by Lemma 7.4; we get O(log T').
Consequently,

1/m
Z |c7r <logp> = am?(log® T) / vo(v)dv + O(log T)
p<T o

and

S () ()G )

(h)111“¢(0- .,0)

27
I{(h) nlgn— 2r a’
o TE 2 o / forf-for|
1<r<n/2
X CIJ(vl,... yUpy — V1, ooy —Up, 0, ... ,O)dvl---dvr—kO(T).

This proves Theorem 3.1. [

Appendix. Proof of Hypothesis H for GL(3) over E. Now we prove
Hypothesis H over E for m = 3. This was proved in [RudSar] over Q. We
follow their approach closely. Since the series on the right side of (5.1) converges
absolutely for Re s > 1, we know that for any § > 0

S ks ij:ilf@ za jov)| < oo

.k vlp

Taking k = 1, we get

log P
(A1) | pfp(1+5)‘2a,, J,v ‘ < 00.
p v|p

On the other hand, as in [RudSar], p.283, we can have |a,(2,v)| = 1 and
lar(1,0)] = 1/]ax (3,v)| > 1, because the central character of 7 is assumed to be
unitary. Therefore

3 2 3
Yk <>
j=1 j=1

3 2k 3 2% 3
< Jantio)| = (|2 anlio)| +4)" < 14| axliiv)
j=1 j=1 j=1
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Consequently

(A2) IOEfZ’Z\ > k)|

vlp  1<j<3

<<zzl°%ff >3 0nti”

P vlp

The first sum on the right side of (A.2) is < 62:1)(10g2 p)/p* < oo when k > 2.

Applying the bound in (4.3) to | Z?Zl ax(4,v)|?*72, we see that the last sum in
(A.2) is

1
<<Z§|:pfp<1i%k A0 Za” Jrv ‘ <,
P w|p

by (A.1). Therefore Hypothesis H is true for m =3. O
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