ZER OS OF AUTOMORPHIC L-FUNCTIONS
AND NONCYCLIC BASE CHANGE

JIANY A LIU! and YANGBO YE?

Abstra ct. Let be an automorphic irreducible cuspidal represen-
tation of GL, over a Galois (not necessarilycyclic) extensionE of Q of
degree’. Assumethat isinvariant underthe action of the Galois group
Galg-g. We computed the n-level correlation of normalized nontrivial
zerosof L(s; ) and proved that it is equal to the n-level correlation
of normalized nontrivial zeros of a product of ~ distinct L-functions
L(s; 1) L(s; -) attached to cuspidal represenations 4;:::; - of
GLn, over Q. This is doneunconditionally for m = 1;2 and for m = 3;4
with the degree” having no prime factor (m?+ 1)=2. In other cases,
the computation is under a conjecture of bounds toward the Ramaru-
jan conjecture over E, and a conjecture on corvergenceof certain series
over prime powers (Hyp othesisH over E and Q). The results provide
an evidencethat should be (noncyclic) basechangeof * distinct cusp-
idal represeriations 1;:::; - of GLyn(Qa), if it is invariant under the
Galois action. A technigue usedin this article is a version of Selberg or-
thogonality for automorphic L -functions (Lemma 6.2 and Theorem 6.4),
which is proved unconditionally, without assuming and i;:::; - be-
ing self-coriragredient.

1. Intro duction. According to Langlands' functoriality conjecture, the
L -function attached to an automorphic irreducible cuspidal represertation  of
GLn overanumber eld E shouldequalaproduct of L(s; ;) for certain cuspidal
represenations ; of GL,, over Q. Arthur and Clozel [ArtClo] proved that this
is indeed the casewhen E is a cyclic Galois extensionof Q and is stable under
Galg-q. In fact in this case, is the base change of exactly = nonequivalert

cuspidalrepresertations o, o E=0,:::» Q é:%g of GLm (Qa), Where g-q
is the nontrivial character of Q,=Q attachedto the eld extensionE according
to the class eld theory. Consequetly (cf. [Bor] and [Lang])

(1.1) L(s; )= L(si QL(Si @ =) L(Siq g
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where the L-functions on the right side are distinct.

When E is noncyclic over Q, factorization of L(s; ) into a product of L-
functions of GLy,, over Q is unknown. Recertly, Jianya Liu and Yangbo Ye
[LiuY e2] proved that for any L-function such a factorization, if exists, must be
unique. In particular, we proved that the L-function L(s; ), attached to an
automorphic irreducible cuspidal represertation o of GLy (Qa), cannot be fac-
tored further as a product of automorphic L-functions for GL iy, (Qa). In other
words, L(s; o) is primitiv e in the senseof [Sel] (see[Murl] and [Mur2]).

On the other hand, Rudnick and Sarnak [RudSar] proved that the n-level
correlation of normalized nontrivial zerosof this L(s; ) follows a GUE model,
for a classof test functions whose Fourier transforms have restricted support.
Herethe zerosare normalized accordingto their density. For distinct L-functions
L(s; j), with ; being cuspidal represertations of GL,(Qa), j = 1;:::;7, Liu
and Ye [LiuY el] proved that the n-level correlation of normalized nontrivial zeros
of the product L(s; 1) L(s; -) follows a superposition distribution of individ-
ual GUEs from L(s; ;) and products of GUEs of lower ranks, under Selberg's
orthogonality conjecture and under a conjecture on the corvergenceof a sum
over prime powers (HypothesisH: seex2) for m 5. Recernly, Liu, Wang, and
Ye [LiuwangYe] proved this Selberg orthogonality conjecture for automorphic
L -functions. Therefore, this n-level correlation is now known unconditionally for
m 4 and under the HypothesisH for m 5. Note that herethe test functions
also have a restricted support for their Fourier transforms.

In this paper, we will usethis GUE correlation to study the factorization of
L(s; ). Wewill shaw that the nontrivial zerosof L(s; ) behave in the sameway
asthe nontrivial zerosof L(s; 1) L(s; ).

Theorem 1.1. Let E be a Galois extension of Q of dggree *, and an
automorphic irr educible cuspidal representation of GL , (Ea) with unitary central
character. Assume (i) HypothesisH over E and over Q whenm 5 and (ii)
Conjecture 2.1 whenm 3. Supmsethat = for all 2Galg-q. Then the
n-level correlation of normalized nontrivial zers of L(s; ) is equal to the n-level
correlation of normalized nontrivial zers of a product of = distinct automorphic
L -functions attached to cuspidal representationsof GL , (Qa).

Note that Theorem 1.1is an unconditional resultform = 1and2. Form = 3
and 4, it is alsounconditional when (30; ) = 1 and (210; ") = 1, respectively. See
X2 for details.

Theorem 1.1 provides an evidencethat L(s; ) should factor into a product
of L-functions ~ distinct automorphic L-functions attached to cuspidal repre-
sertations of GL, (Qa), and suggeststhat the basechange and factorization of
L -functions such asin (1.1) should hold for noncyclic extension elds as well.

We remark that our results contain much lessinformation than what was
achieved in [ArtClo], as we cannot seeindividual represernations o;:::; o
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E:%g asin (1.1). Sincewe are seekinglessinformation, we can determine through

zero distributions the basechangestructure of beyond the scope of [ArtClo].

The reasonbehind this is indeed the universality of the n-level correlation
of zerosdiscussedin [RudSar]: The n-level correlation of hormalized nontrivial
zerosof L(s; o) is independert of @, aslong asit is a cuspidal represeration
of GL 1, (Qa).

Our computation of n-level correlation will be carried our for test func-
p’pns f whoseFourier transforms ( ) asin (2.8) belov have restricted support

1 a1 j] < 2=m. This restriction of support is good enoughfor our purpose.
We will not assumeconjecturesthat the n-level GUE correlation holds for test
functions with arbitrary support of their Fourier transforms.

One of the main techniques used in the computation is a version of Sel-
berg orthogonality [Sel]for automorphic L-functions. First we proved a Merten's
theorem for Rankin-Selberg L -functions L(s; ~0 (Lemma 6.2 and Theorem
6.4). The proof is unconditional, and and © are cuspidal represerations of
GLm (Ea) not necessarilyself-coriragredient. Next we use HypothesisH to con-
trol sumsover prime powers and use Conjecture 2.1to control sumsover primes
which do not split completely in E. The resulting orthogonality (Lemmas 7.1
and 7.3) is then for sumsover completely split primes. By an argumert in [Rog],
information on = or not can be characterized by equivalencerelationships
among local represenations  at placesv lying above completely split primes.
This information will therefore be described by orthogonality, and evertually by
the n-level correlation of normalized nontrivial zeros.

2. Notation a@d assumption. Let E bea Galoisnumber eld of degree
~overQ. LetEp = 8 E, beits adelering, wherev goesover all placescif E, and
% denotesa restricted product. For any prime p, we haveE o Qp = vip Ev.
wherev with vjp are placesof E lying above p. SinceE is Galois over Q, all Ey
with vjp are isomorphic. Denote by ", the degree,by e, = ord,, (p) the order of
rami cation, and by f, the modular degreeof E, over Q for vjp. Then \E = efp
and q = p'e is the module of E,. On the other hand, E R is either = R,
or=,; C.

Let be an automorphic irreducible cuspidal represertation of GL  (Ea)
with unitary certral character. TheQ( nite part) L-function attached to is
given by the Euler product L(s; ) = L(s; v) for Res> 1. The de nition
of local factor L(s; ) is given by

vjl

v<1

Y -
L(s; v) = 1 Gva?®
1) m
where (j;v), 1 | m, are complex numbers giyfn by the Langlands corre-
spondence. For any prime p, denote by Ly(s; ) = vip L(s; v) the product of

3



local factors above p. Then

Y Y _ f
Lo(s; ) = 1 @Gvp 'es
vipl j m

6imilarly, the product of Archimedean local factors is given by L, (s; ) =
vil L(s; v), where
Y -
L(s; v) = RS+t (V)
1j m
if v is real, and Y
L(s; v) = cst (V)
1j m
if v is complex. Here (j; v) are again complex numbers given by the Langlands
correspondence, r(s) = 52 (s=2),and <(s)= (2 ) S(s).
We will needa bound for  (j; v):

(2.1) i Gwjo pl0= mT)
This bound holds for any , either rami ed or unrami ed. It was rst obsened

by Serre[Ser]and appearedin published form in [LuoRudSar]. A complete proof
is given in [RudSar] for the caseof E = Q, using an argumert of Landau [Land].

When  is unramied, the generalizedRamanujan conjecture claims that
(2.2) joGivj=1L

The best known bounds toward this Ramanujan conjecture over an arbitrary
number eld are

23) PG g =
for m = 2 ([KimShah]), and
(2.4) iGv)j g2 EmiD o pfe@=2 1=(m)

for generalm ([LuoRudSar]), where vjp.

We will not assumethe generalized Ramanujan conjecture, but assumea
bound , toward it for any p which is unrami ed and doesnot split completely
in E.
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Conjecture  2.1.  For any p which is unrami ed and does not split com-
pletely in E, we havefor any vjp that

i GV gr=pre
where , = 1=2 1=2f,) " forasmal "> 0.

We remark that e, = 1 and hencef, = ", when p is unramied. Sincep
doesnot split completely in E, we know that f, 2. Consequetly Conjecture
2.1 is known for m = 2, accordingto (2.3). Conjecture 2.1 is trivial for m = 1.
Recall that f,j". Thus conjecture 2.1 is known when all prime factors of * are
> (m? + 1)=2. For m = 3 this meansthat any pj" is 7, while for m = 4,
Conjecture 2.1is true whenany pj" is 11.

We also needthe HypothesisH ([RudSar]) generalizedto E.

Hypothesis H. Let beanautomorphicirr educiblecuspidalrepresentation
of GLn, (Ea) with unitary central character. Then for any xed k 2

K- 2
(2.5) pk—fp vy <1:

p vip 1 j m

We note that HypothesisH is an easy consequenceof the generalizedRa-
manujan conjecture (2.2). Sincethere are only nitely many p which are not
unrami ed in E, the sumin (2.5) may betaken over all unrami ed p. As we have
assumedConjecture 2.1, we know that

X Iogz p X X . 2
o (s v)
p unrami ed, vip 1 j m
not split completely
X 2
log ppzkfp b ]
pkfp ’
p unrami ed,

not split completely
Consequetly under Conjecture 2.1, HypothesisH claimsthat for any xed k 2
pK

. 2
“Giv) <1
p splits completely vip 1 j m

As in the caseof E = Q, HypothesisH istrivial form = 1. Form = 2, it can
be proved using the bound in (2.3). In fact, (2.3) impliesthat j K(j; vi)j p<f»=°

and hence
X log®p

p7k=9

lo 2. X X . 2
>3 P “(; v)
p*e .

p vip 1 j m p
when k 2. In Appendix, we will prove HypothesisH for m = 3. For m =
4, HypothesisH is a consequenceof [Kim], Proposition 6.2, as pointed out by
[KimSar].
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Let g be a compactly supported smooth function on R. Then its Fourier
transform

z
(2.6) hj(r)= g (u)e" du
R
is ertire and rapidly decreasingon R. We denoteh = (h;;  ;hy) and de ne
z
(2.7 (h) = hy(r) hp(r)dr:
R
Given 2 C1(R") we de ne
z
(2.8) fx)=" () (s+ + n)e( x )d;
Rn
wherex = (Xg;::::Xn), = (1;:::5 n) X = X1 1+ + Xn n, (1) isthe

Dirac massat zero, and e(t) = € 't.

The n-level correlation of normalized nontrivial zerosof the L-function L(s; )
is given by

X i : i mlogT i mlogT
11 In 11 . . In .

(2.9) . hy T hn T f > v > ;

distinct
where the sum is taken over distinct indicesiq;::: ;i,, of nontrivial zeros | =
(A=2)+i ; , = 1;:::;n,ofL(s; ). Without assumingthe Riemann Hypothesis,
i, arecomplexnumbers. Herethe factor mlogT=(2 ) providesthe normalization
for zeros ; . In the following sections,we will rst compute the samesum asin

(2.9) but taken over all indices of nontrivial zeros. We will denotethis latter sum
by
X imlogT  .mlogT

2.10 hy — h, = f
(2.10) l__lT T 2 2

There is an argumert in [RudSar] and [LiuY el]which we will useto deduce(2.9)
from (2.10).

3. The main theorems.

Theorem 3.1. Let E be a Galois extension of Q of dggree *, and an
automorphic irr educible cuspidal representation of GL , (Ea) with unitary central
character. Leta, 1 a °, bethe number of elements 2 Galg-q with =
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Assumem 4 or HypothesisH over E for m 5. Also assumeConjecture 2.1
whenm 3 andthereis pj° suchthatp (m?+ 1)=2. Then

X
1 n imlogT anmlogT
(3.1) o h, T h, T f 5 ; ; >
=Mt ogTy" 01 ;0)
Z
(h) X nn 2rgr o
+ ——mT(logT T LYY
> m (log )l _Zrm ) vaj - jwrj
RI‘
Vil Vil v 000 dve dve + O(T);
where the sum on the left side is taken over all indices of zelos ;| = 1=2 +

bi»J = L:iin, of L(s; ). Hereg 2 C! (R), 2 C{(R") is supported in
1 a1 il < 2=m, while h;, (h), and f are given in (2.6) through (2.8),
respectively.

When a = 7, i.e., when is invariant under the action of Galg g, we can
apply the results of an argumert of conbinatorial sievingin [LiuY e1],x9, directly
to (3.1). A setpartition H of N = (1; ;n) isadecomposition of N into disjoint
subsetsH = [H;; ;H ], where = (H) isthe number of subsetsin H. For a
given set partition H, de ne

Y
W (x1::00 1 xn) = det(K (Xi  Xj))ij 2+,
1k (H)
whereK (x) = (sin x)=( x) if x6 0,and K(x) = 1if x = O.

Cor ollar y 3.2.  With notation and assumptionasin Theorem 3.1, we as-
sumethat is invariant under the action of Galg-q. Then the n-level correlation
of normalized nontrivial zeros of L(s; ) is given by

X i : imlogT mlogT
3.2 h, — hp = f 1 s
(3:2) T "T 2 2
distingt.
_ (h) X
=5 mT (log T) "
H
7 (H_)X‘ .
FOWR(x) —————" dxy  dxq + O(T);
Rn
where the sum on the left side is taken over distinct indices of zelos j; = 1=2+

i, =L:0sn, of L(s) ).
The following theorem and its corollary were proved in [LiuY el]and, for the
removal of the assumptionon Selberg's orthogonality conjecture,in [LiuwWangYe].
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Theorem 3.3. Let 4;:::; - be automorphic irr educible cuspidal repre-
sentations of GL ,, (Qa) with unitary central character, suchthat ; 6 ; for any
i 8 . Assumem 4 or HypothesisH over Q for m 5. Then

logT mlogT
3.3 hy == hy of 290
33 T " T 2 2
:—éh)mT(IogT)‘n (0 ;:::;0)
(h) X nn v o
+ -
> mT (log T) rr(n 2r)! il jvrj
1 r n=2

\Z RV A VR VAR O Odvl dv; + O(T);

whele the sum on the left side is taken over all indices of zelos ;| = 1=2+ i j,

=pLi:ii;n, of L(s; 1) L(s; °). Hereg 2 C! (R), 2 C}(R") is supmrted
in J nJ il < 2=m, while h;, (h), and f are givenin (2.6) through (2.8),
respectively.

Corollar y 3.4. Assumem 4 or HypothesisH over Q for m 5. With
the samenotion asin Theorem 3.3, the n-level correlation of normalized nontriv-
ial zemsof L(s; 1) L(s; -) is givenby

i i i,mlogT mlogT
3.4 hy — hp = f 1 s
( ) — 1 T n T 2 2
dllgflhctn
= (h )mT(IogT) X
2 H)
H
7 (i)x‘ .
FOOWR(x) =" dxy  dxq + O(T);
Rn
where the sum on the left side is taken over distinct indices of zelos j; = 1=2+

i, =Lrgn,ofL(s; 1) L(s; ).

Comparing the right side of (3.2) and (3.4), we conclude that the n-level
correlation of normalized nontrivial zerosof L(s; ) equalsthe n-level correlation
of normalized nontrivial zerosof a product of * distinct L-functions attached to
cuspidalrepresemations ;:::; - of GL, over Q, when isinvariant under the
Galois action. This is the proof of Theorem 1.1. In the following sectionswe will
prove Theorem 3.1.

4. L-functions. Again let E be a Galois number eld of degree” aver
Q. Denote ('s; )= Ly (s; )L(s; ), for Res> 1. Then by a classicalresult of
8



[GodJac], ( s; ) extendsto an ertire function with the exceptionof (s), which
hasa simple poleat s= 1. ( s; ) alsohasa functional equation

(s )="(ss )1 se);

where the automorphic irreducible cuspidal represenation e is contragrediert to
,and"(s; )= ()Q 5. HereQ > 0is the conductor of ([JacPSShall]),
()2C ;Q-=Q ,and () (e)=Q .
Denote

X X
(4.1) a (p*) = f, “G; v);
vipl j m

a (pf) = 0if f, -k, andc (n) = ( n)a (n), where ( n) = logp if n = p* and
zero otherwise. Then a-(p*) = a (p*). Then for Res > 1, we have

L y= * (mam
L ’ nS )
n=1
By the bound in (2.1) we have
(4.2) ja (pfe)j  mpkfr(@=2) 1=(m*+)

for any , ramied or unramied. If  isunramied, we have sharper bounds
basedon (2.3) and (2.4):

ja (p<'r)j  mpkfe=®

for m = 2, and
(4.3) ja (pr)j] mpkfr(@=2) 1=(m?+1))

form 3.

We will needan explicit formula for the L -functions of the smooth type asin
[RudSar]. Let g; be a compactly supported smooth function on R. De ne h;(r)
and (h) asin (2.6) and (2.7). Let = (1=2)+ i be a nontrivial zero of the
L-function L(s; ). By the sameargumerts step by step asin [RudSar], we prove
that

« | z
i i 1
(4.4) ()= () h 5 o+h o+ b ()
R
)q. _
%% togn) + % g ( togn)
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where the sum on the left side is taken over nontrivial zeros = (1=2)+ i of
L(s; ), and ( ) equalsl if the L-function is (s), and zero otherwise. Here

X X 0

(4.5) (t) = logQ + R %+ (; v) + it
vt 1j m R
e 1 ! , L
+—§§+ (;v) it fE oqR= |z R
X X 0 1
=logQ + < S+ (V) it
. . c 2
vii, 1 ] m
9 1 _ _ _ L
+—2§+—(j;v) it fE oR=,; C
Denote L = mlogT. The explicit formula in (4.4) can be rewritten
X
R T
= . I_ m ;=2 . I_ m ; =2
= O o T o T
where
1 z ;
gr(x) =5 h() (e "Xdr;
R
X nij)a (n;
(@.7) ST(n= - ARG+ togn)
nj =1
X (n)a(n
4.8) S ()= Lp)#gj (T(L; logn;)):

nj =1 J

In the following, we will not considerthe term with () onthe right side of (4.6),
asit is non-zeroonly for the Riemann zeta function (s).

5. Rankin-Selb erg L-functions. For two irreducible automorphic cus-
pidal represettations and ©of GL, (Ea), their Rankin-Selberg L-function is
given by

Y
L(s; ~9= Lu(s; -9

v<1

for Re s > 1, wherethe local factor is

Lo(s; ~9= 1 (uv) o(2v)ee’



Denote

Y Y ) _ ‘ 1
= 1 (11;V)7 o(j2;v)p '*®

vipl jijjz m

Then for Res > 1,

LO
(5.1) f(si '”0)
X X X f,lo _ _
= e (V)21
vV 1 jij2 mk 1
_ X (ma (n),
-  ps
n 1
where
kf X X K (i —K (i
(5.2) a -o(ptr)= fp (12;v) o 2;V)
vip 1 jijz m
K (i X K (i
= £ (V) “o(i2iv)
vip 1 j1 m 1 j2m
anda -o(p) = 0if f, -k. In particular, when = ¢
X X 2
(5.3) a -(p'r)= f, “(i; v)
vjp 1) m
Obviously
(5.4) a -o(n) a -(n) + ao -o(n):

By the bound forj (j; v)j in (2.1), we have
a _(pffr)  m2pkhe 2=(m?+1)) .

Let S _o bethe nite setof primes p suc that there is vjp with either

or O beingramied. Thereforeforany p2 S - =S wehave
X (p)a - 2 X
m<logp S <1;
K 2k=("m 2+1
k 1 P k 1 P (m =)
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and hence

X X (o K
(5.5) (pHa () _,.

K
p2s k 1 P

On the other hand, absolute corvergenceof (5.1) for Re s > 1, together with
(5.5), implies that

(nja -(n) X"

n X
By partial summation, we also have
X .
(5.6) c(n? .xu
n X

wherec (n) = ( n)a (n) and a (n) is givenin (4.1).

Recall that when %= jdetj © for some ¢ 2 R, L(s; ~) has simple
polesat s= 1+i g andi . ([JacPSShal2]and [MoeWal]). Otherwise L(s; ~)
is ertire. Note that the Archimedeanpart of the Rankin-Selberg L -function is

Y Y Y
L, s; ~0= R S+ ~o(j; k; V)
viik. 1 j ml1l k mo©
or Y Y Y
L, s; 0= cs+ o kiv) :
vii 1 j m1 k mo
We will needatrivial bound Re  _o(j; k;v) > 1.
Denote by ( s; ~0 =L, (s; ~OL(s; ~9 the complete Rankin-

Selberg L-function. Then by a classical result of Shahidi ([Shahl], [Shah2],
[Shah3],and [Shah4]), ( s; ) hasa functional equation

(5.7) (s =" O s~ %
where"(s; )= ( ~0Q °_,. HereQ o> 0is the conductor.
6. Orthogonalit . When and © are cuspidal represerations of

GLm(Qa) and GLnmo(Qa), respectively, with 6 © Liu, Wang, and Ye [Li-
uWangYe] proved the following Selberg orthogonality
X (logn) ( n)a (ma o(n)

(6.1) -

logx;
n X

if at least one of and ©is self-coriragredient. In [LiuwangYe], (6.1) was
proved as a consequenceof a stronger weighted prime number theorem for a
Rankin-Selberg L -function, and hencerequire a zero-freeregion of the classical
type (cf. [Mor1], [Mor2], [GelLapSar],and [Sar]). This is the reasonwhy we have
to assumethat at leastoneof and Cis self-coriragredient in (6.1).
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In this section, we will take the approad in [LiuYe2] to get a weighted
versionof (6.1) for cuspidalrepresetiations and Cover E, avoiding the zero-free
region and the self-contragredient assumption. Then we will apply an argumert
of Landau [Land] to remove the weight.

Lemma 6.1. Let and °© be irreducible automorphic cuspidal representa-
tions of GL, (Ea) and GLo(EA) with unitary central characters, respectively.
Then

X , N (ogn)(ma -o(n)
. X n
(6.2) :%Iogzx+ O(logx) if %= ;
(6.3) =O(logx) if °6

Proof. The proof follows [LiuY e2] closely and hencewe will only give a
brief sketch hereand point out the di erence. Let (s) = min, ojs nj. Denote
by C(m; m9 the region in the complex plane with the following discsremoved:

js 2n+ ~o(j; k;v)j < ;1 j m1 k m%vj;

—'n
8mm©®
if vis real, and

js n+ ~o(j; k;v)j < n 01 j m1 k m%vj1;

gmmo
if v is complex. Then for s 2 C(m; m9 and all j; k, and vj1 ,

S+ ~o(j; k;v) 1
2 16mm¢®
if vis real, and
s+ ~o(j; k;v) 16mmo
if v is complex. Let (j; k;v) be the fractional part of Re ~o(j; k;v). In

addition welet (0;0;v) = 0Oand (m+ 1;m+ 1;v) = 1. Then all (j; k;v) 2
[0;1], and hence there exist (j1;K1;Vv1); (j2:K2;v2) sudh that  (jo; ko; Vo)

(J1;Kz;ve) 1=(3mm?) and there is no (j; k;Vv) lying between (j1;ki;v1)
and (jo;kz;v2). It follows that the strip

So= s (j1ki;vi) + 158mm®)  Res  (jz;kz;vz)  1=(8mm?)

is cortained in C(m; m%. Consequetly, foralln=0; 1, 2 ; the strips

M n+ (ikiva) + 158mm®)  Res®

©-4) Sn = n+ (j2;k2;v2)  1=8mm?)

are subsetsof C(m; m9).
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Di erentiating (5.1), we get
Lo, o _%X (ogn(ma -o(n)

L ns
n 1

for Res > 1. By the sameproof asin [LiuY e2],x4, using the fact that the Rankin-
Selberg L-function is of order one away from its possiblepoles ([GelShah]), we

have the following estimates: For jTj > 2 there exists with T T+ 1suc
that when 2 2
LO o . 3 -
(6.5) T (+is S og’Q - )
If sisin somestrip S, asin (6.4) with n 2; then
Lo o
(6.6) K (s) := T Ls; ~9 oL
As in [LiuY e2], x5,
X
6.7) 1 N (ogn(ma -o(n)
X n
n X
iT iT 17i1
_LZK(S+1) X gs= - ’ +]Z ’
T2 s(s+1) 2
(1) 10T 1 i1 1+iT

The last two integrals are bounded by RTl (x=t?) dt  x=T. To compute the
rst integral on the right side of (6.7), we choose o with 2< < 1 sud
that the line Re(s) = ¢ is cortained in the strip S , C(m;m9. Let T X
bethe sud that (6.5) holds. Now we considerthe conour

Ci: 1 o, t= T;

C,: = o T t T;

Cz: o 1, t=T:
Note that the two possiblepoles,sometrivial zeros,and certain nontrivial zeros
of L(s+ 1; ~0), aswell ass = 0; 1 are passedby the shifting of the cortour.

The trivial zeroscan be determined by the functional equation (5.7): s= 1
~o(J; k;v). The trivial bound Re  _o(j; k;v) > 1 will give us O(logx) for
the sizethe residuesfrom trivial zeros. Integrals on C,; and C3 are bounded by
O(xlog®(Q -oT)=T2 using (6.5), while the integral on C, is boundedby O(1=x)
using (6.6). The residuesat s = 0; 1 will contribute K (1) + K(0)=x. The
two possiblepolesarei g andi o 1 which can only happenwhen m = m° and
0= jdetj' © for some o 2 R. If o 6 0, these are double poles and they
will cortribute O(logx) to (6.7). If o= 0,i.e.,if = ©C thens= 0becomesa
triple pole. Its residuecortributes (1=2)log? x + O(logx) to (6.7). By the fact of
L(s; ~% 6 0for Res 1 ([Shahl]), the cortribution from nontrivial zerosis
also O(log x). This completesthe proof of Lemma 6.1.
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Lemma 6.2. Let be an irreducible automorphic cuspidal representations
of GLn, (Ea) with unitary central characters. Then

X (logn)(ma -(n) _1
n )

(6.8) log? x + O(log X):

n X

Proof. Note that this is the casewhen = 9 and henceby (5.3) the series
on the left side of (6.2) and (6.8) are of nonnegative terms. By the proof in
[RudSar], p.282, we can remove the weight 1 n=x from (6.2) when = ©

Lemma 6.3. Let be an irreducible automorphic cuspidal representations
of GL, (Ea) with unitary central characters. Then

X
(6.9) (logn) ( n)a -(n) xlogx:

n X

Proof. This is deducedfrom (6.8) by a standard argumert of partial sum-
mation.

We remark that under the GeneralizedRamanujan conjecture,an asymptotic
formula was proved in [LiuY e3]for cuspidal self-coriragredient represenation of
GLy, over Q:

(logn)( n)a -(n) = xlogx x + O(xexp( cp logx))

n X

for a positive constart ¢c. The upper bound in (6.9) is neverthelessunconditional
and valid for cuspidal represenations not self-coriragredient.

Theorem 6.4. Let and ©be irreducible automorphic cuspidal represen-
tations of GL, (Ea) and GL0o(Ea) with unitary central characters, resgectively,
suchthat °6 . Then

X
(6.10) (Iogn)(nn)a -o(n) log x:

n X

Proof. The removal of the weight 1 n=x from (6.3) is by an argumert
of Landau [Land] using (6.9). The proof is given in [LiuwangYe]. To make the
preseri paper self-cortained, we reproduce the proof in [LiuwangYe] below.

Denote ¢(n) = (logn) ( n)a -o(n)=n, and

X X n
C(x) = c(n); D(x) = 1 < c(n):
n X 15 n X



Then
& X

C(t)dt = (x  n)c(n) = xD (x):

0 n X
We begin with an obsenation that

Zrv
(6.11) C(t)dt= (x+ v)D(x+v) xD(x)
=vD(x+vVv)+ x(D(x+v) D(v);

wherev = P X.
By (6.3), we have

(6.12) vD(x +v) vlogx
as 96 . The last term in (6.11) is

X(D(x+v) D(v)
X

X
n n n
=X ” X+Vc(n)+x X+Vc(n)
X X<n X+ Vv
= E1+ Ep;
s&. By (5.4) and Lemma 6.3 we have
X
(6.13)  JEi o nic(n)
n X
v X . S .
vy ldognm(n)ja -(n)j+jao —on)
n X
vlogx
and
X X
o XV _ _ % . .
(6.14) B2 jomi njc(n)]
X<n X+ Vv X<n X+ Vv
v _ o .
v (ogn(n)ja —(n)j+jao o(n)]
X<n X+ Vv
vlogx:

Putting (6.12) through (6.14)) into (6.11), we get

Zrv
(6.15) C(t)dt vlogx:

16



Now considerthe di erence

Z+ v Z iy
C(t)dt vC(x) = (C(t) C(x))dt
X

Xy X o
v je(n)j ” njc(n)j

X<n X+Vv X<n X+Vv
v X . o .
" (logn)( n) ja -(n)j+jao —o(n)j  vlogx;

n X

by the sameargumert as above. The desiredresult (6.10) now follows from this
and (6.15).

Under the generalizedRamanujan conjecture, a much preciseversionof (6.8)

and (6.10) was proved in [LiuY e3]for self-corragredient cuspidal represerttations
over Q:

X 0 lan v
(logn) ( n)a -o(n) — % |092X + ¢, + Of exp( Cp logx)g

n
n X
if 9=
io io 1 p—
:)i( logx + X > *+ 2+ Ofexp( ¢ logx)g
0 0
if O= "o for some o2 R ;

p
=c3+ Ofexp( ¢ logx)g
if %6 " for any t2 R;
wherec;c;;::;; c3 are positive constarts.
7. Orthogonalit y over primes. In this section we will rewrite Lem-

mas 6.2 and 6.4 as orthogonality taking over primes using Conjecture 2.1 and
HypothesisH. First, accordingto (6.8) we have

X 2, X X 2
(7.1) % fg KG;wvi) = %Iogzx + O(log x):
p;k pe vijp 1jm

Using the bound for  (j; vi) in (2.1), we have

5 “(i; v)
k>('m?2+1) =2 p P vjp 1 j m
X X _klog’p _ ..
p2k=(m 2+1) :

k>('m?2+1) =2 p
17



Therefore HypothesisH implies

X X klogsz X . 2
KOTP™ gz T kg e
k 2 p vjp 1§ m

(7.2)

From (7.1) and (7.2) we concludethat

Iogsz f2 X

(7.3) 5 2

2 1
Gv) = Elogzx+ O(log X):

What we will shov below is that the outer sum in (7.3) can be taken over
all primesp x which split completely in E.

Lemma 7.1. Let be an automorphic irr educible cuspidal representation

of GL, (Ea) with unitary central character. Assume Hypothesis H over E
whenm 5. Assume Conjecture 2.1 whenm 3 and there is pj° such that
p (m?+ 1)=2. Then

(7.4) 0

. 2 1 5

(g;v) = Elog x + O(log x):
p X vip 1j m

splits completely

Proof. We know that there are only nitely many p with its order of ram-
ication e, > 1. Thus we can ignore these primes in (7.3) and consider only
unrami ed primes p with f, = ",. If sud a prime p doesnot split completely in
E, thenf, 2. Under Conjecture 2.1, we then have

2
o o (: v)
p unramied, vjp 1] m
not split completely
X

2
log ppzfp(1=2 1=Qf,) ")
pfe

p unrami ed,
not split completely

X log?p X log’p

1+2"f 1+2"
p P p P

<1:

Consequetly (7.4) holds.

As in [RudSar], p.300, we can apply partial summation to (7.4) and prove
an asymptotic formula for a weighted sum.

18



Lemma 7.2. Let (v) be a C! function supprted in jvj (1 )=m for
somepositive . Let be an irr educible automorphic cuspidal representations of
GLm (Ea) with unitary central characters. Assume Hypothesis H over E when
m 5. Assume Conjecture 2.1 when m 3 and there is pj° such that p
(m? + 1)=2. Then we have

X log?p logp X X v’
y Vi
p X P mlogx vijp 1 j m
splits completely
»m

=m?(logx)? v (v) dv+ O(logx);
0
whetre the implied constant degends on m and

Now let us turn to the caseof & O By Caudhy's inequality, we may
remove terms on prime powers from the left side of (6.10). Using the sameproof
as for Lemma 7.1, we can further remove terms on those primes which do not
split completely in E.

Lemma 7.3. Let and °© be irreducible automorphic cuspidal representa-
tions of GL, (Ea) and GLo(EA) with unitary central characters, respectively,
suchthat °6 . AssumeHypothesisH over E whenm 5or m® 5. Also
assumeConjecture 2.1 whenm 3 and there is pj° suchthat p (m?+ 1)=2, or

whenm® 3 and there is pj° suchthat p (m02 + 1)=2. Then
X loo? p X X ) X )
°P (2:vi) ~ (2:v)

vijp 1 j1 m 1 j2 mo

(7.5)

p X
splits completely
logx:

Partial summation now canbeappliedto (7.5) and get the following weighted
sum, asin the proof of Proposition 4.5in [LiuY el], p.436.

Lemma 7.4. Let (v) be a C! function supprted in jvj (1 )=m for
somepositive . Let and °be irr educible automorphic cuspidal representations
of GLm(Ea) and GL o(Ea) with unitary central characters, respectively, such
that 96 . Then under the sameassumptionasin Lemma 7.3, we have

X log’p logp X X
p m log x

X
(1vi) ~ o(j2;Vi)

X vijpljlm 1j2m

splits completely
Em
(logx)  j (Wj+j Av)j dv;

19



whetre the implied constant degendson m and .

P 8. The n-level correlation. Let 2 CY(R") besupported in the region
1 nlj] < 2=m. Dene f(x) asin (2.8). We will compute the left side of
(3.1):

X L L
Ca(f;h;T) = o hy = hn = f o
where L = mlogT and the sum over eadh ; is taken over nontrivial zeros
i = (1=2)+i ; of L(s; ). Now we usethe Fourier transform and get
Zy X -
Ca(fih;T) = h Let i () (1t + n)d
= i=1 i
Z .
=T" ng(TLj)"'Sj(j)"'Sj(j)
RN i=1
() (it + p)d:
To compute the product, weseti = Oor 1for = 1;:::;n, and usei to
indicate which oneof gt ;S™;S appearsin the term:
X Z y Y Y
Co(f;h;T)=T" gr (TL )  S"( ) S ()
1 iy in 1 gn i =0 i =1 i =1

Now we use(4.7) and (4.8) to expandS ( ). Recallthat (n )a (n )=c (n ).
We have

X _ .
(8.1) Cn(f;n;T) = ( 1) TGy o, (T)
1 ig;nin 1
and
X Y ¢ (n Y ©(n
Cil in(-r): (1=2) % Ail |n(n’T)
no1 1= N i=1 N
for i 60
Heren = (ny;  ;n,) wheren = 1ifi =0, and
(8.2) Ailzin (n;T)
Y Y
=T" gr (TL ) g T(L +i logn)
Rn | =0 i 80

() (1t + p)d:
20



We will follow [RudSar] and [LiuY el] closely to estimate C,(f;h;T) and
point out di erences between the situation at hand and those discussedthere.
First, in the de nition of  (r) and henceof gr (x), there are sumsof 2= ¢ or
possibly more terms of %= g. Thesewill causeno problem, since either over C
orover R, Re (j; v) > 1=2 by [RudSar]. By Stirling's formula, we thus have

0 0 1
(8.3) —£L(s)=2-R(s)+ 0 = :
c R S

Therefore, Lemma 4.1 in [RudSar] is still true here. That is,

e *T _
gr (X) ” 1 e *2)+e *logT
logT if jXj loglogT;
gr (x)

7 15X] if jxj loglogT;

jor (X)jdx  logT:
R

Consequetly, the integral in (8.2) convergesabsolutely.

We want to prove Proposition 4.1 of [RudSar] in our case. That is, we will
show that

(8.4) Ciiin (T) = (G i, (T)+ O(T:L :3);

if ( )in(2.8)issupportedinj {j+ +jnj (2 )=m, where

X Yecm) Y t)
(85) Cil in(T): 1=2 1=2 A'il |n(n,T),
1 n Tfori60;i=1n i= 1 N
MN T2
M=N
and
(8.6) A, i, (0T)
z Y
=T" gr (TL )
Rn i =0
jtTL ) 178
for i =0

g T(L +ildogn) () (2+ + n)d:
i 60
To do this, we rst point out that Lemmas 4.2 and 4.3 of [RudSar], i.e.,
Lemmas7.1and 7.2 of [LiuY el], hold in the presen case.
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Lemma 8.1. A, ;,(n;T)=0unlessjin j T fori 6 0and Q n
i 60

T2 .
Lemma 8.2. A, d(n;T) = O unlessjn j T fori 6 0, Qi g0 N
T2 ,and *, ,;,n =, _ ;n.

Lemma 4.4 of [RudSar] then holds in our case,asit is basedon the bounds
for gr and Lemmas8.1 and 8.2 above.

Lemma 8.3. If MN T2 | then

8
2 Tl =L rs if log ¥ T = 1
o " JlogM=N] IN
wheer =, _;lands= ; _ ;1
Now we can write X X
C, i,(T)Y=GCi, i, (T)+ diag+ 0
where
X _ X Y ¢ (n) Y t(n)
di - 1=2 1=2
2 1 n Tfori 60; | =1 n i= 1N
MN T2
jlogM=Nj T =% 1
Ai, i, (;T) A, i, (n;T)
LR Y je (n)j.
Q M:N; | 60
n T2
i 60
and
X _ X Y C (n ) Y C_(n )
- 1=2 1=2
° 1 n Tfori 60; | =1 n i= 1 N
MN T2
jlogM=Nj T =% 1
Ai, i, (m;T) A, i, (n;T)
1 X . 1
Lr+s "MNjlogM =N
MN T2 ;
M6 N
Y (n)j Y (n)j
jc (n)j jc (n)j
Qn—M'=1 Qn:NI=l
i =1 i= 1
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by Lemma 8.3. We will prove later that

X Yo - .
(8.7) e jogr 2
Q M=N; i 60 n
n T?
i 60
P
from which we can deduce ,,, T ~°. Denote
X Y
a(M) = ¢ (n):

ng ngk=M1j k

Then using (5.6) we can still prove Lemma 4.5 of [RudSar]:

X .
a(m)?2 X"

m X
Using the sameargumerts asin [RudSar], pp.293-294,we get
X

T =2
(0]

for any " > 0. Therefore, (8.4) is valid after we prove (8.7).
Back to (8.6), we changevariables to

_TL if i =0;
Y7 T +i logn) if i 60
and get
T Zv Y
Ay i (MT) =5 gr(y) 9()
v i =0 i 60
Y1 iilogni yn inlogng dy
FL L ' 'TL L
T Y Y
o 9T() g (y)dy
v i =0 i 60
irlogny . in logny +OT W =3 .
L LA ) 1

P
whereV is de ned by (Y = 0,jyj 1fori 6 0,andjyj T =fori =0.
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By Stirling's approximation formula and (8.3), we get from (4.5) that
(Tr)=m’log(Tr) + O(1)
forr 1. Consgqueltiy

Zi hi(r)  ha(r) (Tr)kdr = %Lk‘k+ o(Lk 1y;
R
and hence
2y Y (M) ek 1
gr (v ) gy )dy=2—L + O(L" %)
v i =0 i 60
wherek = n r s isthe number of with i = 0. This is Lemma 4.6 of

[RudSar]. Back to (8.6), we now have for r + s> 0 that

v TTm s (h) iplogny inlogng T
A, i, (n;T) = s T o L T + 0 s
From (8.4) and (8.5) we thus obtain
hy T " s 1
(8.8) Gi, in(T):¥ Tres T 1+0 L
X Ycn) Y t(n)
1=2 1=2
1 T fqi 60; 1 =L N i= 1N
Q . Q ’
i =1 i = 1
Q n T2
i 60
i1 logny inlogng 1 =3
iy —— + O(T
3 3 ( )
wheniq;::: i, arenot all zero,and
(8.9) Co o(T) = %TL‘n (0 ;:::;0)+ O(T):
If we assumeLemma 8.4 below, then (8.8) can be rewritten:
(8.10) Ci, i,(T)
(h)y Tn " s X Y ¢c(n)
) Lr+s 1 . n1=2
1 T fqyi 60; | =1
Q n = CQ n
i =1 i= 1
Q n T2
i 60
Y ©t(h) i, logny i, logn,
o = Dt T o(T)

whenr + s> 0. This is indeed Lemma 4.7 of [RudSar].
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Now let us turn to Lemma 3.8 of [RudSar]. From the bound for a (pX) in
(4.2) we get
c (p*) m (logp)p<©2 )
with = 1=Cm? + 1) > 0, which is esseftially the samebound asin [RudSar]
and [LiuY el]. Consequetly for any K > 1= we have (4.54) of [RudSar]:

X X)) c@) X logp

(8.11) ok k=2 oK

<1:

p ki+ +k¢ K p

From (5.5) we deducethat

X e

pk+ !

p

for xed k and > 0. By an argumert in [RudSar], we can prove that

X X c (P*) ¢ (p4)
ps=2

P kit +k¢=s

is bounded for s < K xed. Togetherwith (8.11), this implies that Lemma 3.8
of [RudSar] is valid:

X X c (p) ¢ (pf)c (ph) ¢ (p) <1
p|<1+ + K¢

p kisli 1,
kit +ke=l1+ +ls

whenr +s 3.
Now we prove the following lemma which is Lemma 3.9 of [RudSar].
Lemma 8.4. Assumem = 2 or HypothesisH. If 1 r s, then

X Y cp*) Y o) (log x)?" if r=-s;
Pk, P (logx)? 2 if r<s:
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Proof.  Using the argumert in [RudSar] after (4.59), the lemma is reducedto
estimation of

2
X c@E)” _ X log?p X

X K=f 1 (i
fifo “1(j1iv)

Kk Kk
p:k P p:k P V13V2ip; 1ji m
pk  x pk  x f1;f2jk
k=f, /.
2(J2:v2)
1 j2 m
X 2, X X =
Iog p f2 k=f1(' .V)2 1=2
pk 1 le 1
p;k vijp; 1ji1 m
pk  x fijk
X 2n X X =
log® p £2 K=fo i . 2 1=2
Pk 2 (J2;Vv2)
p;k v2jp; 1j2m
pk  x fajk

by Caudhy. Using our results in (7.1) from the Rankin-Selberg L -functions, we
concludethat

X c(@”
pk

log® x:

This provesthe Lemma.

Lemma 8.4 implies (8.7) and hence (8.4). It also completed the proof of
(8.10). Let S;; i, bethe set of bijective maps from the setf ji = 1g onto the

setf ji = 1gwhenr = s. Then (8.10) can be further reducedto
hy TL X X Y oc(pp)”®
c, M= 10 —
. o p
p Tfori =1 2S;; i, i =1

(z1;  ;zn)+ O(T)

wherez = (logp )=Landz ()= (logp )=Lifi = 1l,andz = 0ifi =0,
whenr = s> 0. Whenr 6 s, C;, i, (T) = O(T) by Lemma 8.4. Consequetly
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we can go badk to (8.1) and (8.9) to write

X L L
1 n 1, . n
(8.12) L hy T hn ?f -
=—éh)TL‘”(O; ;0)
L X T XY X cp)”
2r 1
1 i1; in 12 L 2Si; i, 11 p T P
r=s 1
logp, ... . logpr . logpy. ... logpr ...,
L L AL ) L 1 L PR | L [ B 1
+ O(T)
where on the left side, for eahj = 1;:::;n, ; = (1=2)+ i ; is taken over all

nontrivial zerosof L(s; ).
Estimation of (8.12) is thus reducedto asymptotic behavior of

2
X ¢ (p) logp
p m log x

p X

where (v) is a C? function supported in jvj (1  )=m for somepositive . By
the de nition of ¢ (n) in (4.1), we get

X ¢c@? logp

(8.13)
b x p m log x
X log’p logp X X i v 2
p X P mIOgX vip 1 j m
fp=1
_X log’p logp
b x p m log x
X X . X .
(J15v1) T (o2 v2)
vijp; vajp 1 j1 m 1j, m
f,=1

9. The pro of of Theorem 3.1. In this sectionwe will assumethat E is

a Galois (not necessarilycyclic) extensionof Q of degree™. We plan to compute

(8.12) and deducethe n-level correlation of normalized nontrivial zerosof L(s; )

from (8.12). The estimation (8.12) is basedon the asymptotic behavior of (8.13).
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Note that only those primes p with f, = 1 contribute to (8.13). Conse-
guertly, the outermost sum on the right side of (8.13) is actually taken over (i)
primes p  x which split completely in E, and (ii) primesp x above which
ead local eld E, is fully ramied (f, = 1). Note that there are only nitely
many primes p which satisfy (ii) but not (i). We can thus rewrite (8.13) as

X ¢c@?® logp

(9.1)
o x p m log x
_ X log’p  logp
- « p m log x
lt letel
splits )c(ompeey | X |
(J1v1) ~ (jo;v2) + O(1):
vijp; v2jp 1 j1 m 1 j2 m

Now we considertwo cases.First let us assumethat for any 2 Galg-q,
and  are equivalert. Under this condition, we have , = , and

(Jusvi) 1 ji2 m = (J2;v2) 1 j2 m

for any v, and v, lying above a completely splitting p. Consequetly (9.1) be-
comes

X ¢c@? logp

o x p m log x
. X log? lo X X . 2
- =P (1:v) ~+ O():
p X P 9 vip 1 j m
splits completely
By Lemma 7.2, we get
Fm
X ¢ 2
(9.2) (P) logp _ ‘m2log?T v (v)dv+ O(log T):

pr P L
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This implies an asymptotic formula

X L L
9.3 hy — hy == f —*%; =1
( ) L 1 T n T 2 2
Wi, o
Fm M
X X
+—(h)TL nor ViV
1 igpiin 1 28;l in 0 0
1 r=s n=2
VIDIVes Vogysiins Vo 00iir;0dvy dvy + O(T)
—%TL”(O, ;0)
Z
(h) X ntn v o
Tt 2ri(n 2r)! Val Vel
1 r n=2 R
Vi;iii Ve Vi v 050 dvy dvy + O(T):

Next let us considerthe casethat is not stable under whole Galg-q. Let
G =f 2Gak] = g bethe subgroup of Gale-q xing . Denote by a
be the number of elemens in G , sothat aj and 1 a< ". Then accordingto
[Rog], for any two placesv; and v, lying above a completely splitting p, , = v,
if and only if E,, is mappedto E,, by some 2 G .

Consequetly (9.1) becomes

2
X ¢ (p) logp

o x p m log x
X X |Og2 p |og p X X . 2
(9.4) = (4 v)
p mlogx .
2Galg-q p X vip 1 j m
- splits
completely
X X 2
(9.5) + log”p ":gp
ZGaIE:Q p X p m ng
6 splits
letel
" compee.y " |
(1;Vv) — (21v) +0O(1):
vip 1 j1 m 1j2 m

The estimation of (9.4) is the sameasin the rst case,following (9.2) and (9.3):

Em
= am?(log®?T) v (v)dv+ O(log T):
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On the other hand, the estimation of (9.5) is doneby Lemma7.4; weget O(log T).
Consequetly,

Em

X 2
c(P  logp _ am?(log?T) v (v)dv+ O(logT)

p T P L 0
and
X L L
h, —t hy, —~ f —*%. .-
LT T2 2
=—§h)TL‘” ©; ;0
Z
(h) X nrn 2rgr o
+ —=TL —_—
2 orin _2ry ViV
1 r n=2 Rr
Vi;iiioVes Vit v 0piii;0dvr dve + O(T):

This proves Theorem 3.1.

App endix. Pro of of Hyp othesis H for GL(3) over E. Now we prove
Hypothesis H over E for m = 3. This was proved in [RudSar] over Q. We
follow their approac closely Sincethe serieson the right side of (5.1) corverges
absolutely for Re s > 1, we know that forany > 0

X X |ngp 2
2 k;. .
kfpm (J, V) < 1 .
Ui p _
pik vip j=1
Taking k = 1, we get
X X 2 x3 2
(A1) log” p Giv) <1

fp(d+ )
vjp P

p =1

On the other hand, as in [RudSar], p.283, we can havej (2;v)j = 1 and
i @v)j=19 (3;v)] 1, becausethe certral character of is assumedto be
unitary. Therefore

2 "
“G; v) | (i; v)

X 2% x3 _ 2k X3 2k
(4; v) Gyv) +4 1+ 4v)

30



Consequetly

X jopX X 2
(A.2) % k@i v)
p vip 1 j 3
X X |ngp X X |ogzp )@ . 2k
3 o vy =
P vip P vip j=1

P
The rst sum on the right side olg(A.2) is p(Iog2 p)=p < 1 whenk 2.
Applying the bound in (4.3) to j j3:l (j; v)j?¢ 2, we seethat the last sumin
(A.2) is

Ak 1)=5)
vip P° =1

2
Gv) <1;
p

by (A.1). Therefore HypothesisH is true for m = 3.
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