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ABSTRACT

To solve the long object problem, an exact and efficient agorithm has been recently developed by Katsevich. While
the Katsevich agorithm only works with standard helical cone-beam scanning, there is an important need for
nonstandard spiral cone-beam scanning.  Specifically, we need a scanning spiral of variable radius for our newly
proposed el ectron-beam CT/micro-CT prototype. In this paper, for variable radius spiral cone-beam CT we construct
two Katsevich-type cone-beam reconstruction algorithms in the filtered backprojection (FBP) and backprojected
filtration (BPF) formats, respectively. The FBP agorithm is developed based on the standard Katsevich agorithm,
and consists of four steps: data differentiation, Pl-line determination, slant filtration and weighted backprojection.
The BPF agorithm is designed based on the scheme by Zou and Pan, and adso consists four steps: data
differentiation, Pl-line determination, weighted backprojection and inverse Hilbert transform. Numerical experiments
are conducted with mathematical phantoms

Keywords. Computed tomography (CT), Katsevich agorithm, spiral come-beam scanning, filtered backprojection
(FBP), backprojected filtration(BPF)

1. INTRODUCTION

To solve the long object problem in the field of computed tomography (CT), afirst level of improvement was made
by performing 3D-backprojection of 1D-fitered cone-beam data collected along a spiral/spiral-like locus. The
prototype of this approach is the agorithm by Wang et al’. Over the past decade, numerous reconstruction
algorithms were designed to improve the reconstruction quality”®. Wang et al. categorized these agorithms into
three categories: exact, approximate and iterative agorithms’. The exact agorithms would reconstruct accurate
images if projection data are completely and noisdess. The approximate algorithms could outperform the exact
algorithms when data are incomplete, noisy or involved with moving objects. The iterative algorithms are preferred
when data are very noisy or incomplete. However, none of these earlier algorithms are both theoretically exact and
computationally efficient to handle longitudinally truncated cone-beam data collected from a spiral locus.

To address the above problem, Katsevich recently proposed an exact and efficient algorithm'®™3, which is a
significant breakthrough in the area of spiral cone-beam CT. The Katsevich agorithm is in a filtered
backprojection format and formulated in terms of the so-called Pl-line and Tam-Danielsson window in the case of
the standard helical scanning. The algorithm relies on that any point inside the scanning helix belongs to one and
only one Pl-line. Because it does not require data from multiple spira turns, which are needed by other exact
algorithms, the Katsevich algorithm is much more efficient and alows much better tempora resolution than earlier
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exact algorithms, whileit also eliminates image artifacts associated with approximate algorithms.  Asaresult, it has
attracted increasing interests***.

While the Katsevich algorithm only works with standard helical cone-beam scanning, there is an important need
for nonstandard spiral cone-beam scanning.  Specifically, we need a scanning spiral of variable radius for our newly
proposed electron-beam CT/micro-CT? prototype to facilitate dynamic volumetric imaging. In our EBCT/EBMCT
design, an electron beam is eectromagnetically steered to produce cone-beam projections continuously on a detector
surface enclosing a patient/animal.  For that purpose, we generalized the Tam-Danielsson detection window and
studied the existence and uniqueness of the PI-line in the case of variable radius spira cone-beam scanning®®. We
proved that any point in a certain region insgde anonstandard 3D spira would be passed by one and only one Pi-line
if the curvature of the corresponding planar spiral could dways remain positive. Also, we implemented the Katsevich
agorithm™ in planar detector geometry. In this paper, we will mainly study Katsevich-type cone-beam
reconstruction with a nonstandard spiral locus. Here we use Katsevich-type reconstruction to cover 3D methods
with spiral cone-beam projection data based on the PI-line and Tam-Daniel sson window.

This paper is organized as follows. The next section defines systems and notations. Section 111 describes two
Katsevich-type algorithms, FBP and BPF, for variable radius spirad cone-beam scanning. Different from the
Katsevich algorithm, Zou and Pan proposed another exact image reconstruction algorithm by changing the order of
backprojection and filtration of cone-beam data derivatives™. Hence, in addition to the Katsevich-type FBP
algorithm based on Katsevich’'s generic formulation, we also have the Katsevich-type BPF algorithm based on the
work by Zou and Pan.  Section IV evaluates our nonstandard spira cone-beam reconstruction adgorithms in
numerical simulation. Finally, section V concludes the paper.
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Figure 1. Local coordinate system for cone-beam projection measurement on a planar detector.

2. SYSTEMSAND NOTATIONS

Consider an object function f (X) whose support is a cylindrical region U. For any unit vector B, let us

define the cone-beam projection of  f (x) from a source position y(S) by
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For our eectron-beam CT/micro-CT configuration, we describe a variable radius spiral locus as

C::{y(s)DR3:yl: R(s)cos(s), Y= R(s)sin(s), y+~ %,ﬂ R} 2
For a given S, we define a local coordinate system by its three orthogona unit directiona vectors:
d, :=(-sin(s),cos(s),0), d,:=(0,0,1) and d,:=(-cos(s),—sin(s),0). Shown as in Fig. 1, cone-
beam data are measured on a planar detector array parallel to d; and d, at adistance D(S) from y(S) with
D(s) =R(s) +D,, where D, is a constant. A detector position in the array is given by a pair of values
(u,v) , which are sgned distances along d, and d, respectively. Let (U,V) =(0, 0) correspond to the
orthogonal projection of Y(S) onto the detector array. If S and D(S) are given, (U,V) are determined by

B. For fixed y(S), D(S) is constant, and equispatial cone-beam projection data are denoted as g(S,U, V)
with

,=DOBd, | _ DS, "
B’ds B’da

3. ALGORITHMS
The proposed Katsevich-type algorithms with nonstandard spira loci can be implemented in either the FBP or BPF
format. Given the page limitation, we will describe them in the following subsections without some mathematical
detail /proofs.
3.1FILTERED BACKPROJECTION

The generic Katsevich algorithm was formulated in the FBP format, and can be generalized for nonstandard spiral
cone-beam CT. Such a generalized algorithm consists of the following four steps.

Step 1: Cone-Beam Data Differ entiation.

Keeping P intact and using the chain rule, the derivative of cone-beam data with respect to S can be written as
d
G(S! U,V) EE g(S,U,V) ||3 fixed *

:(i+R'(S)u+u2+D2(s)i+R'(s)v+uv_a
0s D(s) ou  D(s) ov

To compute the derivatives, a finite difference formula can be used.

Ja(su,v) - 4

Step 2: Pl-Line Deter mination.

Assume the nonstandard spira locus satisfies our conditions for existence and uniqueness of the Pl-ling, the
following procedure can be used to determine the Pl segment |, (v forany given point X UU. Let thetwo ends

of the Pl segment I, , be S,(X) and §(X). Theoreticdly, there must be a unique triplet S,, S, and t
with t0(0)) and 0<s —s, <27 suchtha x=ty(s,) +(@-t)y(s). First, we consider afamily of the
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Pl-lines intersecting the vertical line V containing X. This family of Pl-lines can be parameterized by S, .
Through a fixed Y(S,), we can numerically find the Pl-line that intersects the line V. and Y(S) with
s 0(s,,s, +277). Because the longitudinal coordinate of such an interaction is an increasing function of S, ,

using dichotomy we can numerically identify theunique S, and S, sothat |, contains xUJU.

Step 3: Sant filtration.

The generic Katsevich algorithm requires a slant filtering on the detector plane. In the standard helical scanning
case, the involved filtering lines are independent of the source position. However, in the nonstandard spira
scanning case, the filtering paths depend on the source, detector and object locations. Following the same derivative
as Appendix B in Reference [15], we get equation for filtering paths

_ha D[ R(s,)sin(24) —2R(s)sin(8)] +{R(s) ~2R(s) cos(4) +R(sz)oos(2A)]u
2 R(9R(s,)sin(28) - R(s) Sn()[R(s) +R(s,)]

s+
where the relations 812?52 and A=s —S areused. If S, =S, (5) becomes

_h -2D(s)R'(s) +(R(s) —R"(s))u
21 (R(s))” +2(R(s))’ - R(5)R"(S)

It can be proved that the proposed Katsevich-type formula with the nonstandard spiral locus alows exact
reconstruction from truncated cone-beam data as defined by the extended Tam-Daniel son window.

S=§ =5 (6)

Step 4: Weighted Backpr ojection.

The filtered data a different source positions within the Pl interval contribute to the reconstruction at X according
to weight inversely proportional to the distance from X tothe source Y(S). Thisstep isessentially the same asthe

3D backprojection used in the Feldkamp-type reconstruction. It must be pointed out that the detector area required
in the Katsevich-type reconstruction is larger than the extended Tam-Danielsson window depicted by the projected
upper and lower spiral half turns.

3.2BACKPROJECTION FILTRATION

Recently, Zou and Pan reformulated the generic Katsevich algorithm for backprojected filtration in the standard
helical cone-beam geometry™®. Similar to what Zou and Pan did, we constructed the following modified
backprojected filtration (BPF) algorithm for variable radius spiral cone-beam CT/micro-CT.

Step 1: Derivative Cone-Beam Data.

The operations are the same as in the preceding subsection.

Step 2: Pl-Line Deter mination.

The operations are the same as in the above subsection.

Step 3: Weighted Backpr ojection.

We can calculate the weighted 3D backprojection P(X ') of the cone-beam data derivatives onto a fixed Pl-line
segment g
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$(X) o
pc) = | oot g @
s(0) |X _Y(S)|
with
D(s)(x'-y(9))+d; . _D(s)(x-y(9))-d,
(x'-y(s))d, (x*-y(s))-d,
In fact, we only need calculate the valuesof P(X ") at discrete sampling points. Hence, we may denote the value of
p(x’) as p(%),where | =0,1:--L -1 L indexing the dataalong theaxis X that is coincident with the PI-
line.

U= V= 8

Step 4: Inverse Hilbert Transform.

According to the formulation by Zou and Pan'®, we have

Lf(x
p(X) = 2I ;}Idx' (9)
¢ X—X
%
where [)?b,f(t] coversthe Pl segment |, ;. Thisrelationship can be put in amatrix form linking p(%) and
f (X) atthediscrete sampling points along theaxis X. Then, we can invert the system to obtain  f (X ) .

4. NUMERICAL SIMULATIONS

In our numerical simulation, two variable radius loci for evaluation and verification of the proposed algorithms were

used, which aredescribed by R(S) = R, + R, cos(s) and R(S) =R, +2is. For convenience, we will refer
T

them as NVRL (nonlinear variable radius locus) and LVRL (linear variable radius locus), respectively.  We set

R,=87.5cmand R, =12.5cm for NVRL, while R, =90.0cmand R, =30.0cm for LVRL. In the following, unless

otherwise stated others parameters should remain the sameasin Table 1.

Table 1 Cone-beam imaging parameters used in the numerical simulation

Origin to detector distance (D, ) 75cm
Helical pitch (h) 12.5cm
Object radius (r) 25cm
Scanning range sOf 2,27
Scanning angle sampling interval (AS) 71/ 400
Horizontal detector sampling interval (AU ) 0.333cm
Vertical detector sampling interval (AV) 0.333cm
Reconstruction matrix 256 x 256 x 256

The modified 3D Shepp-Logan phantom was used, which includes 10 ellipsoids with normalized parameters as
listed in Table 2, where (X, Y, Z,) arethe coordinates of an ellipsoid center, (a@,b,C) the X, Y, Zsemi-axes, @

is the rotation angle of an ellipsoid (about Z axis), and f is the relative X-ray linear absorption coefficient. The

effective X-ray absorption coefficient of a point is the sum of the relative parameters of those elipsoids that contain
the paint.
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Following the same numerical implementation steps as that of the FBP adgorithm for standard spiral cone bean
CT™®, we implemented the FBP algorithm described in Subsection 3.1 for variable radius spiral cone-beam CT in
MatLab and C. Fig. 2 shows some reconstructed slices by the Katsevich-type FBP algorithm. The first row presents
dlices recongtructed from cone-beam projections collected from NVRL, while the second row is for the counterparts
from LVRL. The left column includes dices at z=-6.25¢cm, the middle column at y=0cm, and right column at x=0cm.
The gray-level interval [0.1, 0.3] was mapped [0, 255] for visualization. As shown in Fig.2, it can be seen that the
FBP algorithm worked well for both NVRL and LVRL.

Table 2. Normalized parameters of the modified 3D Shepp-Logan phantom

No. a b C X, Yo z, [ f
1 0.6900 0.920 0.900 0 0 0 0 1.0
2 0.6624 0.874 0.880 0 0 0 0 -0.8
3 0.4100 0.160 0.210 -0.22 0 -0.250 108 -0.2
4 0.3100 0.110 0.220 0.22 0 -0.25 72 -0.2
5 0.2100 0.250 0.500 0 0.35 -0.25 0 0.2
6 0.0460 0.046 0.046 0 0.1 -0.25 0 0.2
7 0.0460 0.023 0.020 -0.08 -0.65 -0.25 0 0.1
8 0.0460 0.023 0.020 0.06 -0.65 -0.25 0 0.1
9 0.0560 0.040 0.100 0.06 -0.105 0.625 90 0.2
10 0.0560 0.056 0.100 0 0.100 0.625 0 -0.2

Figure2. Reconstructed slices of the modified 3D Sheep-Logan Phantom by our Katsevich-type FBP agorithm
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Also, we implemented the BPF algorithm described in Subsection 3.2 for variable radius spiral cone-beam CT
in MatLab. Then, we reconstructed the modified 3D Shepp-Logan phantom on PI-lines specified by afixed S, and

asetof §. Fig. 3 shows representative reconstruction results. The first row gives slices reconstructed from cone-
beam projections collected from NVRL, while the second row is for LVRL. The Pl-lines for the left column are
§=-77 and § D{- 0.32r, 0.3274 , the Pl-lines for the midde column § =-0.57 and

S D[O.18IT, 0.8274 , and the Pl-lines for the right column § =0 and § D[O.68IT,1.3274 . The gray-level

range was windowed in the same way as above. These slices appear somewhat “distorted” because they are not
displayed in the Cartesian coordinate system, but for any given point x, the reconstruction value can be readily
obtained with 3D interpolation.

Figure 3. Reconstructed slices of the modified 3D Sheep-Logan Phantom by our Katsevich-type BPF agorithm

5. CONCLUSION

In conclusion we have proposed two Katsevich-type reconstruction algorithmsin case of variable radius spiral cone-
beam scanning. The Katsevich-type FBP algorithm needs more projection data while the Katsevich-type BPF
algorithm only uses the data in the extended Tam-Danielsson window. However, the Katsevich-type FBP
algorithm seems producing better image quality than the Katsevich-type BPF agorithm. We will report related
theoretical results and more comparative datain other publications.
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