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Superposition of zeros of distinct L-functions

Jianya Liu and Yangbo Ye

(Communicated by Peter Sarnak)

Abstract. In this paper we first prove a weighted prime number theorem of an “off-diagonal”
type for Rankin-Selberg L-functions of automorphic representations of GL,, and GL,, over Q.
Then for m = 1, or under the Selberg orthonormality conjecture for m > 2, we prove that non-
trivial zeros of distinct primitive automorphic L-functions for GL,, over Q) are uncorrelated,
for certain test functions whose Fourier transforms have restricted support. For the same
test functions, we also prove that the n-level correlation of non-trivial zeros of a product of
such L-functions follows the distribution of the superposition of GUE models for individual
L-functions and GUE:s of lower ranks.

1991 Mathematics Subject Classification: 11F70, 11M26, 11M41.

1. Introduction. Rudnick and Sarnak [13] considered the n-level correlation of non-
trivial zeros of a principal (primitive) L-function L(s,n) attached to an automorphic
irreducible cuspidal representation = of GL,, over @. For a class of test functions
with restricted support, they proved that the n-level correlation follows a GUE model
of random matrix theory. This gives an evidence toward the conjectured Montgomery
[9]-Odlyzko [10] [11] law.

When the L-function is not principal, in particular, when L(s,7) is a product of
several L-functions of lower ranks, the distribution of zeros was studied heuristically
and numerically by Bogomolny and Leboeuf [1]. Their results suggest that zeros of a
product of several principal L-functions follow the superposition of several GUEs.

The goal of this article is to prove the superposition distribution of zeros of a
product of several principal L-functions, for test functions with the same restricted
support as in [13]. Our results indicate that the n-level correlation of non-trivial zeros
of a non-principle L-function is the superposition of GUE models of individual L-
function factors and products of lower rank GUEs. In other words, for an automor-
phic irreducible cuspidal representation © of GL,, over a cyclic algebraic number
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field, the n-level correlation of non-trivial zeros of L(s, ) follows the structure of the
base change liftings to 7. Applications to distribution of primes will be given in sub-
sequent papers.

After introducing the notation and main theorems, we will prove an estimate of a
sum associated with the Rankin-Selberg L-function L(s,7 x n') when 7 % 7’ ® o'
for any real 7, where a(g) = |det(g)| (Theorem 4.1). This result can be regarded as a
weighted prime number theorem of an ““off-diagonal” type for the Rankin-Selberg L-
function. Then following computation in §5 and §6, we will prove three main theo-
rems on the zero correlation in §§7-9.

2. Notation. Let 7= be an automorphic irreducible cuspidal representation of GL,,
over @ with unitary central character. Denote by L(s, ) the L-function attached to
n (see Jacquet [4] or [13] for definition). If we write 7 = &), _,, 7, then L(s,7) =
[« L(s,m,) and we also have ®(s,m) = L(s,7)L(s,7), for Re(s) > 3/2. Here
L(s,7) = [11; Tr(s + g, (k)), where Tr (s) = n%/>T'(s/2) and (u,(k)) is a set of m
numbers associated to 7,,. For p outside a finite set S, of primes, 7, is unramified
and the local factor L(s,7,) = [, (1—ax(p, k)p=)~', where ap(p, k), k=1,...,m,
determine as eigenvalues a semisimple conjugacy class in GL,,(C) associated to 7.
For p € S;, we can also write L(s, 7,) in the above form by allowing some o, ( p, k) to
be zero. We note that our definition of L-functions contains the Riemann zeta func-
tion and Dirichlet L-functions.

By a classical result of Godement and Jacquet [3], ®(s,n) extends to an entire
function with the exception of {(s), which has a simple pole at s = 1. ®(s,7) also has
a functional equation

(D(S, 7'[) = S(S, 7[)(1)(1 -9 ﬁ)v

where the automorphic irreducible cuspidal representation 7 is the contragredient
of 7, and &(s,n) = 7(n)Q,°. Here O, > 0 is the conductor of = (Jacquet, Piatetski-
Shapiro, and J. Shalika [5]), 7(x) € €, Q7 = Q,, and 7(n)7(%) = Q.

Denote

az(p') = P 2 (p, k).

Then az(p') = @x(p'). Set cz(n) = A(n)ar(n), where A(n) = log p if n = p' and zero
otherwise. Then for Re(s) > 3/2, we have

Note that for the Dirichlet L-function L(s,y) with y being a primitive character
modulo ¢, we have m =1, O, = ¢, pr,, = 0if y(—=1) =1, and g, = 1 if y(-1) = —1.

For pxq, w,(p) = x(p), a,(p') = x(p)'; for plg, u,(p) =0, a,(p') = 0. The contra-
gredient of y is J.
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3. The n-level correlation. Let 7;, j = 1,...,n, be automorphic irreducible cuspidal
representations of GL,, over @ with unitary central character. Denote by p®) =
(1/2) + iy'™) a non-trivial zero of L(s, ;). Without assuming the Riemann Hypoth-
esis for L(s, ), »(™) is a complex number. Let g; be a compactly supported smooth
function on R. Then its Fourier transform

(3.1)  hi(r) = J]R gj(u)ei"” du

is entire and rapidly decreasing on R. We denote h = (A, ..., h,) and define

K(h) = J hi(r) -« hy(r) dr.

R

Given a compactly supported C' function ® on R”, we set

B2 f0)=| @0+t el de,

where x = (x1,...,x,), = (&,...,¢&,), 6(¢) is the Dirac mass at zero, and e(¢) =
e?™ Set L=mlogT.
We will assume that for k > 2,

az(p log™p
oy plless

This is Hypothesis H in [13]. For m < 3, it was prove in [13]. For m > 4, it is a con-
sequence of the Ramanujan conjecture with lots to spare.
We will also need the Selberg orthonormality conjecture ([15]) in the case of m > 2:

)

3 az(p)az(p)logp !
P

pP=Xx

forn 2 7’ ® o for any ¢ € R. In §4 we will prove a weighted version of this conjecture;

applications of it will be given in a subsequent paper. For m = 2, one may prove the

unweighted conjecture for holomorphic cusp forms using their Ramanujan bounds.
Our first result is that the zeros of distinct primitive L-functions are uncorrelated.

Theorem 3.1. Let gy,...,g, be smooth functions of compact support on R, and let
® e C'(R") be compactly supported in ||| + - - - + |E,| < 2/m. Define hy, ..., h,, and f
as in (3.1) and (3.2), respectively. Assume that n,...,n, are automorphic irreducible
cuspidal representations of GL,, over Q, such that 7; # 7; @ o for any i # j and any
teR. Then for m =1 or assuming the hypothesis (3.3) for m > 4 and the Selberg
orthonormality conjecture for m > 2, we have
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ny oo () r(E L
Z () m () G 5e)

(3.4) :@TUD(O,...,O) +0(T)
T
(3.5) _ k(h) TLJ 70 (u) dx + O(T)
2n R" n
where on the left side, for each j =1,...,n, p; = (1/2) + iy; goes over all non-trivial

zeros of L(s, mj).

The evidence of the uncorrelation of zeros of distinct primitive L-functions is given
by the integral in (3.5), where the limiting n-level correlation density is identically
equal to 1. Note that Theorem 3.1 holds without assuming the Generalized Riemann
Hypothesis (GRH). The only restriction here is on the support of ®.

In the theorems below, we will study the n-level correlation of non-trivial zeros of a
product of L-functions

(3.6) L(s,m)=L(s,m)--L(s,7)

where 71, . .., are inequivalent automorphic irreducible cuspidal representations of
GL,, over @ which are mutually inequivalent with any twisting by «. This product
itself is an L-function, not primitive, over an algebraic extension of @. Our results
therefore characterize the n-level correlation of non-trivial zeros of non-primitive
L-functions.

Theorem 3.2. Let g1, ..., g, € CF(R), and let ® € C'(R") be supported in || + -+ -+
|Ea| < 2/m. Assume that ®(&y,...,¢E,) is symmetric. Define hy, ... h,, and [ as in
(3.1) and (3.2), respectively. Let m,...,nx be inequivalent automorphic irreducible
cuspidal representations of GL,, over Q, such that 7; ¥ n; ® o™ for any i # j and any
telR. Let m=1 or assume the hypothesis (3.3) for m > 4 and the Selberg ortho-
normality conjecture for m > 2. Then

ny oo (T e (E L
I () () (i)

h e
_ ) 4y (k0. 0) + A
2n I <ren2 ri(n—2r)12’
J ‘U]‘ |vr|(l)(vl,...,v,,—vl,...,—v,.,O,...,O)dU>+O(T)
R’
where py,...,y, are given by p; = (1/2) +iy;, j=1,...,n, which run over non-trivial

zeros of L(s, ) = Hj;l L(s,m).
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In this theorem, the sum on the left side is taken over all non-trivial zeros of L(s, ),
not necessarily distinct. To see the limiting distribution of the n-level correlation of
these zeros, we have to consider sums taken over distinct indices of zeros. Now con-
sider a smooth function fon R” such that

(3.7)  fla+t...,x0+0)=f(x1,...,x)
for any ¢ € R and that

(3.8)  f(x) — Orapidly as |x|] — oo on ) x; =0.
J

A set partition H of N =(1,...,n) is a decomposition of N into disjoint subsets
H=[H,,...,H), where v =v(H) is the number of subsets in H. For a given set
partition H, define

WEx,.ox) = T det(K(xi — X)), jem,
1<I<v(H)

where K(x) = (sinzx)/(nx) if x # 0, and K(x) = 1if x = 0.

Theorem 3.3. Let my,..., 7w, be inequivalent automorphic irreducible cuspidal repre-
sentations of GL,, over Q, such that 7i; ¢ n; ® o for any i # j and any t € R. Let
gis---9n € CX(R) and define hy, ... h, as in (3.1). Let f be a symmetric smooth
Sfunction on R" satisfying (3.7) and (3.8). Assume that f(&) is supported in
> 1&1 <2/m. Let m =1 or assume the hypothesis (3.3) for m > 4 and the Selberg
orthonormality conjecture for m > 2. Then

Y\ o (Vi) (L Ly,
il,;‘tn h](T> hn<T>f(27T T 2n

7 \v(H)/)Ir
(H) <k
+ O(T),
where the sum on the left side is taken over all indices iy, ..., i, of non-trivial zeros

of L(s,m) = L(s,m1) - - - L(s, k), such that if y; and y; are from zeros of the same L-
Sunction L(s,n,), then the indices i; and ij are distinct.

We remark that

k Hix) = k Xi — Xi)): ;
(3.9) (%k<v(ﬂ)>WV (x) (Z>k<v(ﬂ)> [ det(K(xi—x); cm
v(H)< vH)<
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represents the limiting distribution of n-level correlation of non-trivial zeros of the
product of k primitive L-functions. Note that each det(K(x; — x;)); ;. , is a GUE
distribution of rank < n. Theorem 3.3 proves that, for test functions with restricted
support for their Fourier transforms, the limiting distribution of non-trivial zeros of
L(s,m;)--- L(s,m) is the superposition of the individual n-level GUE distributions
and products of GUEs of lower ranks. When n = 2, (3.9) reduces to

in*(n(x; — x

which is the superposition distribution of the pair correlation of non-trivial zeros of
L(s,n) = L(s,m) - - L(s, mx)

suggested and numerically studied by Bogomolny and Leboeuf [1]. When n > 3,
however, the limiting distribution is no longer a pure superposition of individual
GUE models; products of lower rank GUEs also contribute.

Using an argument in [13], one can reformulate Theorems 3.1, 3.2, and 3.3 for
hi,...,h, being characteristic functions of finite intervals, under GRH.

4. Rankin-Selberg L-functions. We will use the Rankin-Selberg L-functions
L(s,nm x ') as developed by Jacquet, Piatetski-Shapiro, and Shalika [6], Shahidi
[14], and Moeglin and Waldspurger [8], where 7 and n’ are automorphic irreducible
cuspidal representations of GL,, and GL,,, respectively, over @ with unitary central
characters. This L-function is also given by local factors:

L(s,mx ') =] L(s,m, x m))
»

where

"

1(1 — oz (p, J)ow (P, k) p™)

3

-1

s

Il
_

L(s,my x m,) =
2

J

In [8] Moeglin and Waldspurger proved that L(s, 7 x n’) is entire unless m = m’ and
7 ~n' ® o for some t € R. When m = m’ and # =~ n/, the only poles of L(s,n x n’)
are simple poles at s =0 and 1. The archimedean local factor L(s,7m, X 7l)) is
defined by

m m’

L(s, 7w x ) = [ TT TR(S + frrnr (J,5))
j=1k=1

where Tr(s) = n/?I'(s/2) and p,,,,.,(j, k), 1 <j <m, 1 <k <m’, are mm' complex
numbers associated with 7, x 7/ according to the Langlands correspondence.
When m = m’ and 77 = 7/, using a standard argument as in [13], we can prove that

@y > (log ")/\(:)an(n)lz N log;x.
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As in §3 we need the hypothesis (3.3). Under this hypothesis or assuming m < 3, one
can show that ([13])

(A(n))*|ax(n)|*

42 T - % log? x + O(log x).

n<x

In this paper, we will consider the case of @ % 7’ ® « for any ¢ € IR and estimate
similar sums.

Theorem 4.1. If @ £ n’ ® o' for any t € R, then

(1 n><logn>A<n>an<n>a7<n>

n

« log x.

4.3) >

n<x

The sum in Theorem 4.1 is of an “off-diagonal” type in the sense that 7 % 7’ ® o for
any ¢ € IR. Usually, satisfactory estimates for such a sum cannot be derived directly
from estimates for the corresponding “diagonal’” sum. In our case, this means that if
we apply Cauchy’s inequality and (4.1) (an estimate for the “diagonal” sum) directly
to the sum in (4.3), then the right side of (4.3) should only be log” x, which is not
good enough for later sections.

We will need the following properties of L(s, 7 x 7’).

RS1. The Euler product for L(s, 7 x ') converges absolutely for Re(s) > 1. (Jacquet,
Piatetski-Shapiro, and Shalika [6])

RS2. Let ®(s,n x n') = L(s, 7, X 7l )L(s,n x n"). Then ®(s,7 x ©’) has an analytic
continuation to the entire complex plane and satisfies a functional equation

O(s,nxn') =e(s,n x n')O(1 — 5,7 x 7'),
with
e(s,txn’)=t(xxn)0 .,

where Qv >0 and 7(z x 7') = iQ}Z/in,. (Jacquet, Piatetski-Shapiro, and Shalika
[6], and Shahidi [14])

RS3. ®(s,7 x ') is holomorphic, of order one, and bounded in vertical strips when
7%’ ® o for any € R. (Moeglin and Waldspurger [8] and Rudnick and Sarnak
[13] p. 280)

RS4. ®(s,n x ©") and L(s, 7 x n') are non-zero in Re(s) > 1. (Shahidi [14])

In addition, we will also use the following simple properties of the I'-function. If

A(s) = min |s — n],
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then

(4.4) —% logT'(s) « ﬁ + log(|s| +2),

and

2

(4.5) % log'(s) < %

For the proof of (4.4), see e.g. Pan and Pan [12] p. 49. To show (4.5), one appeals to
Pan and Pan [12] p. 48, to get

d 1 © /1 1
— % logT(s) = - -
7 log (s) S+V+Z( >

n=1 n+s n

where y is Euler’s constant. Therefore

@ logT'(s) = ! + i L i ! « !
ds? 52 n=1 (n + S)z n=0 (n + S)2 /“(q) .

Let €(J) be the complex plane with the discs |s —n| <d,n=0,—1,-2,... excluded.
Then by (4.4) and (4.5), for s € €C(d) we have

2
—% log'(s) < log(|s| + 2), % logT'(s) < 1.
Lemma 4.2. For any T

1
s (mip) - 1)

2 S 10g(Qn><n’(|T| + 2))

where p runs over all the non-trivial zeros of L(s, 7 X 7').

Proof. Since ®(s,n x n') is of order one (RS3), we have (see e.g. Davenport [2]
Chapter 11)

Q)(S,TC % 7'[’) — eA+BsH(1 _ f) es//)7

P P

where A4, B are constants depending on 7 x ’. Take logarithmic derivative

d . 11
(4.6) %10g®(&ﬂxn)_3+§(s—p+p>7

where here and throughout we set log 1 = 0. By the definition of ®(s, 7 x #’) in RS2,
we have
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(4.7) % log®(s,m x n') = % log L(s, 7, x 7',) —i—% log L(s,m x 7).
The definition of L(s, 7., x 7, ) and (4.4) give

% log L(s, 7, x 7',)

(S+tgrrr (7K))/2 g S+:unx7z’(jak)
2}; logn™ —I—Z S (72

S+/’tn><7z’(j7 k) -
< ,21; ()v <2> + log(Js| + 2)) .

Let €(m, m") be the complex plane with the discs
5= 20+ g (oK) < 1/ (S,
n=0-1,-2,...., j=1,....m, k=1,...,m

excluded. Thus for s € C(m,m’) and all j, k,

A<S+,un><n’(]ak)> > 1

2 16mm’"
Thus in C(m, m’)
d /
(4.8) - log L(s, o X 7.,) <pm,m log(|s| +2),

and then by (4.6), (4.7), and (4.8) we have

(4.9) % logL(s,m x ') =B+ ;(ﬁ—k})) + O(log(]s| + 2)).

Here we give a remark about the structure of C(m,m’). For j=1,...

427

,m and

k=1,...,m', denote by f(j, k) the fractional part of Re(u,,,(Jj,k)). In addition we
let $(0,0) =0 and f(m+ 1,m'+ 1) =1. Then all f(j,k) €[0,1], and hence there
exist S(Jj;,k1),P(Ja, k2) such that B(j,,k2) — B(j, k1) = 1/(3mm’) and there is no
p(j, k) lying between p(j;,k1) and p(j,,k»). It follows that the strip Sy =
{s: B, k1) + 1/(8mm’) < Re(s) < f(j,,k2) — 1/(8mm’)} is contained in C(m,m’).

Consequently, for all n = 0,—1,—2,..., the strips

Sy = {s:n+ Bl k) + 1/(8mm') < Re(s) < n+ Bjn,k2) — 1/(8mm")}

are subsets of €(m,m'). This structure of C(m,m’) will be used later.
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We will prove in a moment that

(4.10) Re(B) =->_Re %—i— O(log Qrxn')-

P

Now taking real part in (4.9), we get by (4.10) that

(4.11) Re is log L(s,m x n') = Y Re ! + O(log(Qrsxn (|s] +2))).
p

d s—p
Let s = o 4+ iT with 2 < ¢ < 3 such that s € C(m, m’); this is possible by the structure

of C(m,m"). We want to point out that the left side of (4.11) is O(1). In fact, by RS1,
we have for Re(s) > 1 that

d N & An)ag(n)ay (n)
£logL(S,7TX7T)— ’;#

By [13] (2.13)

and (2.3)
o, p)| < p! 270,
we have for n = p¥ that
lax(n)| = |Cln(l7k)| < mpk(l/Zfl/(szrl)) < mnl/zfl/(mzwtl).

A similar estimate holds for a, (n) too. For n # p*, we have A(n) = 0. Thus we
conclude that

© A(n)ar(n)oy (n)

<Lm,m’ 1

for Re(s) = o lying between 2 and 3. Therefore from (4.11) we deduce that

o —Re(p)
Z/)I (0 —Re(p))’ + (T — Im(p))

2 < log(ann’(‘T| +2))

This gives the assertion of Lemma 4.2 because 0 < Re(p) < 1.
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It remains to prove (4.10). We start from the definition of ®(s,n x n’) in
RS2. By an(n) =az(n) and {u,.(j.k)} = {fdzw»(j,k)}, we have, respectively,

L(s,m x ') = L(S,n x n') and L(s, 7, x @.)) = L(S, 7, x m.,). It follows that
(4.12) ®(s,ix @) =D, x '),

1e.,

(413) exp(AﬁXﬁr + SBﬁXﬁ’) H (1 — ;) es/”

Paxw!

- _ S -
= exp(Aaxn’ + $Brxz) [1 (1 — /—3) e,
P!

Taking s = 0 in (4.13), one gets

(4.14)  Azxir = Anxnr-

By (4.12), ®(p,n x ') = 0 if and only if ®(p,7 x 7’) = 0, and consequently

4.15) I (1 —%)ef/ﬂ': 11 <1 —£>e‘v/”.

Prxz! Prxz! P
Inserting (4.15) and (4.14) into (4.13), one obtains
(416) Biva = ann’~

On the other hand, by (4.6) and the functional equation in RS2, we get

d
Bryn = 7 log®(0,7 x ')

= O(IOg ann’) - % logd)(l,fz X ﬁ,’/)

— 0(10g Oren) — Bogi — 3 (L + 1).

Paxz!

Applying (4.16),

1 1
2Re(Brxn) = O(log Qrsn) — > <Re F +Re p>'

Prxa!
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By the functional equation and (4.12), we have ®(1 — p,n x ') = 0 if and only if
®(p,n x ') = 0. Therefore in the above formula we can write p in place of 1 — p,
and (4.10) follows. [

Lemma 4.3. (a) Let T > 2. The number N(T) of zeros of L(s,n x n') in the region
0 < Re(s) < 1, |Im(s)| < T satisfies

N(T+1)—N(T) «1og(QnxnT)
and

N(T) « Tlog(Quxn T).

(b) For any |T| > 2, we have

< 10g(Qrsn | T).
\T—In%:pﬂx (T —Im(p))* 7]

(c) Let s=a+itwith -2 <o <2,|t| >2. If se C(m,m') and s # p, then

4 logL(s,n x ') = + O(log(Qnxx[1]))-

ds —Tm(p) <1 5~

(d) For |T| > 2, there exists t with T <t < T + 1 such that when =2 < o <2

dilogL(a +it, 7 x ') < 10g*(Qrxr'|T]).
s

(e) For |T| > 2, there exists t with T <t < T + 1 such that when —2 < ¢ <2
d2 . l 3

52 log L(o + it,n x ©") « 10g”(Qrxrn'|7])-

Proof. (a) The first estimate follows from Lemma 4.2 and the observation that

1
N(T+1)-N(T) = > l « 5
T<Im(p)<T+1 T<im(p)<7+1 1 + (T —Im(p))

The second can be deduced from the first.
(b) The left side here is less than

1

2 X
\T-tm(p)>1 1+ (T — Im(p))

2

which in combination with Lemma 4.2 gives the desired result.
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(c) By the structure of €(m,m’), there exists 2 < gy < 3 such that 5o =gy + it €
C(m,m’). We deduce from (4.9) that

d d
(4.17) = log L(s,m x n') — p log L(so, 7 x ')

=§(1 - 1_p)+0(10g(ann/|l|))-

S—p S

By (a), then

< 1og(Qrxn'|t])-
[Im(p)—t]<1 S0 — P

Also it follows from (b) and —2 < ¢ < 2 that

1 1
Z ( ) < Z < log(ann’“D'
(=1 \S =P 0 =P)  jm(pias1 (1= Im(p))?

Inserting these estimates into (4.17), we get the desired result.

(d) By (a), there exists ¢ > 0 and 7 with 7' < 7 < T + 1 such that ¢ + it € C(m, m’)
and L(o+it,n x ') # 0 when |t — 7| < clog™' (Qnxn'|T|). The desired result now
follows from this, (c), and (a).

(e) The proof is similar and easier than that for (d), so we may be brief. Now,
instead of (4.6), (4.7), and (4.8), we have

@ log®(s, 7 x ') > !

) , T T)=— )

ds? 7 (s—p)

d2 d2 2

2 log®(s,m x n') = 2 log L(s, . x 7!,) o3 log L(s,n x '),

and in C(m,m’),

2
- IOgL(S, o X 77:/30) Lm,m’ L.

ds?

Thus, corresponding to (4.9), we have

d? 1
Y ogLis,axa) = -y — 4 0(1),
ds? p (S—p)2
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and an argument similar to that leading to (c) gives

d—zlogL(s nxn')=— !
ds? ’ <t (s—p)°

+ O(1)

for s = g + it as in the statement of (c). The desired result (e) follows from this in the
same way as (d) follows from (¢c). [

Lemma 4.4. Let 1 £ 7’ ® o for any t € R, and C(m,m'’) be as before. If s is in some
strip S, with n < =2, then

2

yEl log L(s,7w X ') <y 1.

Proof. By the functional equation in RS2, we have that

(4.18) d—:z log L(s, e x 7l,) + 522 log L(s,7 x ')
J2 2
:Eloge(s,nxn) dzlogL( — 8,7l X 7,)
2
dzlogL( — s, T x 7).

Using the definition of L(s, 7., x /) and (4.5) we get
d2

2 log L(s, 7, x 7!,)

— (SHnxnr (J1K)) /2 “ S+ﬂnxn’(jvk)
Z logn + Z l (42

N
« EA(S + iunxn’(]a k)) )
ik 2
As in the proof of Lemma 4.2, for all s € C(m,m’) and all j, k,

y) S+/un><7z’(jak) > 1 )
2 16mm’

Thus in C(m, m’)

2

(419) -5

log L(s,m x 7)) « 1.
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By RS3 and RS4, for all j,k we have Re(u,,,(j, k)) > —1. Now we take s =g+
ite S, with n < —2 in (4.18); trivially ¢ < —1. Thus,

d? o 1= s+ iz (G, k)\
420) S logL(l —s,7, x 7' ) X\
(4.20) 752 log (1 —5,7p X 7T,) < /2]2 ( 3 )

<Y A

Jrk

(1 —o+ Reguﬁxﬁ/u, k)))1

Lm,m’ 1.

Using ¢ < —1 again, we get

2

d
(4.21) el logL(1—s,7x7') « 1.
s

The desired result now follows from (4.18)—(4.21). [

Proof of Theorem 4.1. By RS1, we have for Re(s) > 1 that

d ~I\ e A(n)aﬂ(n)a_ﬂl(n)
£logL(s,7z><7z)f rt;l P

and therefore

2

d 0
K(s) =3 logL(s,mx7')=>"

By RS3 and RS4, K(s) is holomorphic in Re(s) > 1. In Re(s) <1, K(s) is
meromorphic and has at most double poles.
Since

s(s+1)

1J s s — 1-1/y ify=>1,
2mi (b) 0 if0<y<l,

where (b) means the line Re(s) = » > 0, we have

n\ (logn)A(n)a(n)a; (n)
= (1-3)

n<x n

S

1 X
ZﬂZJ(l) (S+ )S(S+ 1) s

1 1+iT 1-iT 1+ioo
S A
2mi \ Ji_ir l—ioo 1+iT
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The last two integrals are clearly bounded by

o0
X X
<<J —zdt<<—.
Tt T

Thus

422) 3 (1 _ ﬁ) (logn)A(n)ax(n)az (n)

n<x X n

1 1+iT x5 x
=— K 1)—d — .
ZﬂiJI,iT (s+ )S(S+1) S+O(T)

J.Liu, Y. Ye

Choose gy with —2 < gy < —1 such that the line Re(s) = gy is contained in the strip
S_, @ €(m,m’); this is guaranteed by the structure of C(m,m’). Let T be the 7 such

that Lemma 4.3(e) holds. Now we consider the contour

Ci:l1>0>0y, t=-T;

C320'0§0’S17 t=T.

Then we have

1+T x5
4.2 — K l)—
(4.23) 2niJ]_,~T (s+ )s(s+ 1) ds

1 x*
= Res K 1
2ni <JC1 * JCZ * JC3) + S:()?El (S + )S(S+ 1)

XS

+ > Res K(s+1)
[Im(p)| <7 $=P~1 S(S + 1)

By Lemma 4.3(e), we get

log3(Q,m~,/T) — do <

J < Jl X xlOgS(anﬁ’T)
o e T2 ’

a0

and the same upper bound also holds for the integral on Cs;. By Lemma 4.4, then

T x(}'[)
J < J 72511 <« x L
o i+
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By taking T ~ x, the three integrals on the right side of (4.23) are

3 =
(424) « M .
X
Obviously,

=K(1) + K(0)x".

(4.25) S;Ro,eflK(H— 1)S(S+ 0

To compute other residues, we note that ®(s,7 x 7’) is of order 1 (RS3), and
®(1,7 x @') # 0 (RS4); hence

1
D3 T

Consequently,

X s

(4.26) Res K(s+1)
\Im(pz)\gT s=p—1 S(S + 1)

xS

=— > Res
(<7 =1 (s + 1 —p)? s(s+1)

x’~logx

« p(1—p)

m(p)| <T

« log x.

Substituting (4.24), (4.25), and (4.26) into (4.23), we get

1 1+iT x5
2_7U'J14T K(s+ 1)s(s+ 0 ds « log x.

The desired estimate (4.3) now follows from this, (4.22), and the fact that T ~ x. [

Theorem 4.1 is indeed a weighted form of the Selberg orthonormality conjecture
([15]) for automorphic L-functions:

427 ¥ an(p)az(p)logp

p<x

)

for 7 ¢ 7’ ® o« for any ¢ € R.
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Proposition 4.5. Let ¢(v) be a C' function supported in |v| < (1 — &) /m for some pos-
itive 0. Let mt, 7" be as in Theorem 4.1. Then, for m > 4 and the Selberg orthonormality
conjecture (4.27) for m > 2, we have

a 2 (1-6)/m
5 ¢( log p )"”“’) ZPIOEP (1og 1) [, o+ o,

p=x \unlogx p

where the implied constant depends on m,m’, and 0.

Proof. Suppose the hypothesis (3.3) or assume m < 3. Then (4.27) implies

a(p)az(p)log’ p
2 P

P<x

« logx.

Denote the sum on left side above by S(x). Then by partial summation, and by the
fact that ¢ is supported in |v| < (1 — J)/m, we have

(428) > ¢

P=X

log p \ ax(p)a@z(p)log’ p
mlog x p

1-0
* log ¢
B Jl ¢<mlogx) 450)
1-0
The last integral is
1-9
. ,( logt 1
—_— dt
« L ¢ (m logx /) mtlogx

(1-0)/m
« J | (v)] dv.

0

1-0

[ ooz

« logx + |¢(0)| + (log x)

Also by an elementary inequality (see e.g. [12] Lemma 28.2.1), for v € [0, (1 — &) /m]
we have

(1-0)/m
Bldo+ [ 1w

m J-(lé)/m
0

lp(v)| < 1=5

0

which in particular gives upper bound for |#(0)| and |¢((1 — J)/m)|. Inserting these
estimates into (4.28) gives the assertion of Proposition 4.5. [
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5. Expansion of C,(f,h, T). We will use the explicit formula proved in [13]. For
functions /; and g; as given in (3.1), we have

SIS o) ((-3) +4(3) ) + 32| mOIRs0)ar

& (n)
NG

- (C"j(") g (logn) +

n=1 \/ﬁ g./(_logn))

where p(™) = (1/2) + iy is taken over all non-trivial zeros of L(s, 7;), 6(m;) = 1 if
the L-function is {(s), and zero otherwise. Here

/

Q, (1) = loan,-l-Z(R(;%—un/(k)—i—ir) ;;(;Hn/(k) ir)).

Denote 7, = ™) and set L = mlog T. Applying (5.1) to the function /;(y;/T)e "
we get

(% —iLy& ) . _L mé;/2 mé;/2
(5.2) %:h_,(T>e 5(7@)(/@( 2T)T +hy( 57| T

+ Tgir(TLE) + TS/ (&) + TS; (&)

(5.3 9rlx) = % J]R hj(r)Qy, (rT)e™ "™ dr,

o AU (16 1 10gm,),

55 5 = X ST - togn))

In the following, we will not consider the term with J(7;) on the right side of (5.2), a
it is non-zero only for the Riemann zeta function {(s).
In order to obtain an asymptotic formula for

Girb )= 5 () h(2)s (o)
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we use the Fourier transform and get

j=1

Cn(f,h,T)=LR”H<Zh() ’L%) (O +-+ &) de.

Using (5.2) we have

Cn (f’ h? T)

=17 | T (r(TLE) +57E) +57(6)) - @8+ + &) de.

R" j=1

To compute the product, we set i, = 0 or +1 for u=1,...,n, and use i, to indicate
which one of g,r, S;, S, appears in the term:

Gi(f,h,T)
=T" > 1J I1 guT(TLé#) H ( ) IT S ( )

1<ijynyi R" i,=0 i,=1 =1

DE)I(E + -+ &) dE.

Now we use (5.4) and (5.5) to expand S (&,). Recall that A(m,)a,(n,) = c,(n,). We
have

(5.6)  Cu(f,h,T)= Z (=)'t (T)

and

57 Ci(T) = Y I C”(””) 0 %) 4 a1

172
n>1 i,=1 }’l/, iy=—1 n//
for i, #0
where n = (ny,...,n,) where n, = 1if i, =0, and

(58) A,‘l...in(n, T)

= THJ IT 4 J,UT(TLf,U) I1 gﬂ( (Léﬂ‘f'iulOg”u))
R" iy= 0 l,,;éO

DE)o(&E +---+&,) dE.

By a lemma in [13], the integral in (5.8) is absolutely convergent.
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6. A reduction process. In this section, we follow Rudnick and Sarnak [13] closely.
Recall that the function ®(&) is assumed to be supported in |&|+ - +|E,] <
(2 —9)/m, for 6 > 0 sufficiently small.

Lemma 6.1. 4;..;,(n, T) = 0 unless |n,| < T for i, # 0 and [, Lo < T

This is Lemma 3.2 of [13]. We will omit its proof, but point out that it is based on the
fact that g, (T (LS, + iy logn,)) = 0 unless |T'(LE, + i, logn,)| < 1. Define

(61) A~,-1..,,~n(n, T)

— THJ R I1 gﬂT(TLfﬂ) I1 gl‘(T(Lfﬂ-N-iﬂ lognﬂ))
\TL@\«T'W i, =0 i £0
for i, =0

CD(E)0(E + -+ &) dE

Since for A, _;,(n, T) we have | TLE,| < T°/ for i, = 0 and |T(LE, + i, logn,)| < 1,
we can deduce

Lemma 6.2. (Lemma 3.3 of [13]) Aj..;(n,T)=0 unless |n,| < T for i, #0,
H,’ﬂ?&()n‘u < Tz*é’ a”ld Hi;tzl n‘u - Hil‘:71 n’u.

Denote M =[], _ym,and N =], __,n,.

Lemma 6.3. ( Lemma 3.4 of [13]) If MN <« T>7°, then

M .
T1-0/3]—r=s lf 10g W « Tr)/3—l,
Al‘l“.i"(n, T) — 1‘1,‘1..41‘"("7 T) <
L M :
B i Hoe A s o
logs/n] 7 |ey|>

wherer =73, 1ands=7}; 1.

=1

Now we can write

(62) Ci..i)(T)=Ciiy)(T)+ >+
diag off

where
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(6.3) Con(T)= % D A ETICT R

1/2 1/2
1<n,«<T for i!f;éoﬁ =1 nﬂ/ i=— n//
MN <« T2,
M=N
(6 4) Z — Z H c/l(nﬂ) H cﬂ(nﬂ)
: 1/2 1/2
diag  1<n,«T fori,#0, i,=1 n,/ =1 I’l//
MN < T,

[log M/N|< T 931

X (A,‘l...,‘”(n, T) — A,~14..,~n(n, T))

T1-9/3 cu(n
T g
L HM:N,”iﬂeo N
LT

i;,%()n!«

and

cu(ny) Culny) ;
(6.5) Z = Z H . 1/5 H . 1/5 (Ai1'~l'n(n7 T) — Ay, (, T))
off 1<n,«T for i, #0, i,=1 ny W==1 Ny
MN «T*,

[log M/N|>» T 93!

1 1

L — —_—
Lrts MmN« VMN|log M /N|
M#N

> H leu(ma)l - > H |cu(my)
Hn,,:M =1 H n,=N f=—1
=1 =1

by Lemma 6.3. Here in (6.4), the equality M = N was deduced from MN « 729
and |log M/N| « T°3~! using the following argument: Assume M = N + u with
u > 1. Then

u 1

N)Z%Z SN

T&/Sfl > > T&/Zfl

M
log N‘ = log(l +

which is impossible when T is sufficiently large. The same argument was used in the
proof of Lemma 6.2. By estimation of the sums on the right side of (6.4) and (6.5),
Rudnick and Sarnak [13] proved that

S« TR S« T8,
diag off

Therefore from (6.2) and (6.3) we have
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cu(ny) _ - -5
(6.6)  Cipiy(T) = > [T " 11 G 4a,.. (0, T) + O(T' ).
1<n,«T fori,#0, i,=1 Ny =1
Hn=ILn
H n, < T>70
w20

To compute A;,..; (n, T) as defined in (6.1), we change variables to

B TLE, if i, =0,
W\ T(LE, + iylogn,) if iy #0.

Then we still have y; + -+ y, =0 and

( T
Ailmin(n, T) = FJ 3, <1 for i, #0, H guT(y#) H g/t(yﬂ)(D(Zl, N 7ZH) dy
|yﬂ\<<To‘/3 for i,=0, i, =0 i
y|+u.+yn:0
where z, = y,/(TL) if i, = 0, and z, = y,/(TL) — (i, logn,)/L if i, # 0.
As in [13], we expand ®(zy,...,z,) into its Taylor series at the point
il lognl ln 10g ny
7 7 '

Recall that we set n, = 1 if i, = 0. Then

(67) A~,‘1A..in(n, T)

T
:FJ |3l <1 for i, #0, [1 guT(J’ﬂ) H 9/1()7#)‘1)’

3|« T3 for i,=0, =0 I

yit e 4yp=0
@ _i1 log n; 7...7inlogn,1 .
L L

Lemma 6.4. ( Lemma 3.6 of [13]) Set k = Zg,:o 1. Then

x(h -
‘y},\«l for i, #0, H g/tT(y,u) H gy(yﬂ) dy = §_7.E)Lk + O(Lk 1).
BARS T9/3 for i, =0, iy =0 iy #0
Y1+ =0

In fact, we have

J |3,] <1 for i, #0, I gﬂT(y,t) H gu(yﬂ)dy

BARS T9/3 for i, =0, =0
Y1+ +y,=0

_ L I gr(2) T1 g;t(yﬂ)derO(]}];/sl)

1++y,=0 i,=0 iy
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By Parseval’s equality, the integral on the right side equals

1
32| ) ) TT @ ()

i, =0

From Q (Tr) = mlog(Tr) + O(1) we get the lemma.
Applymg Lemma 6.4 to (6.7), we get from (6.6) that

(6.8) Ci...,(T)

x(h) TL ( (1)) c,(ny) _
=———(1+0(+) |- cu(n
2r Lrs L 1<n, < YZ;or iy #0, i,gl n, H ! ( ,u)

i=

Hn/tfﬂlnﬂ
]b_[n,‘«T2
i #0
1 log ny in lOg ny 1-9/3
LD - e, — o(T
(- - o)

when iy, ...,i, are not all zero, and

(6.9)  Co..o(T) = %:) TL®(0,...,0) + O(T).

Here we recall r=3_, 1 ands=3:, 1. Since ¢,(n,) = Alny)a,(ny), the m, in
the sum on the right "side of (6.8) are indeed powers of primes. Therefore when
i1,...,I, are not all zero, we have

(6.10)  Cj..i.(T)

:¥'LT£S(”O(%>)' S (fg)nﬁ(fg)

pﬂ " « T for i, #0, W=l pu ==l py

/cﬂ ku
[T 2= 11

in= in=—1

H pj,”“ «T?

in#0

i1kilog p, inkylog p, 1-5/3
Lo _hkilogpy o Lkalogpy i
( L 9 9 L + ( )7

where in @, we set —i,k,(log p,)/L = 0 if i, = 0. The condition

H pi=TI pﬂ"

i=1 iy=
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in (6.10) implies r,s > 1. Using a new bound for the Fourier coefficients

a(pk) « pk(1/2—1/(mz+l))

and a Rankin-Selberg L-function, Rudnick and Sarnak [13] proved the following
lemma.

Lemma 6.5. ( Lemma 3.9 of [13]) If 1 < r < s, then

™ I culpii) 1 (P « { (logx)”  if r=s,

R ky/2 ku/2 =2 .
o < for i, 20, =] pdT =1 pt (log x) if r<s.

[ =TI
i 1

=1 i—

According to this lemma, the case of 1 < r < s, and also the case of 1 <5 < r, will
only contribute to the remainder term. The only possible main terms will come
from the case of 1 < r = 5. When this is the case, we can replace the first “«7” in the
summation condition in (6.10) by “<7” and take out the condition “«72”. We can
also prove that only distinct primes, not their higher powers, will contribute to the
main term. Therefore we may rewrite the sum in (6.10) when r = s > 1.

k(h) TL u(Py) cu(p,)
Cil“'in(T):z—'ﬁ > II ﬂl/é I1 ﬂl/;
4 pu<Tflori,#0, =1 p,/° i=—1 pyu
H Pu = H Du
=1 ip=—1
i1 log p; inlog p,
- O — e, — o(T).
(- ) o)
From the condition ] =1 Pn = 11 j——1Pu We can get a pairing between primes p,
with i, = 1 and primes p, with i, = —1. Let §j,...;, be the set of bijective maps from
the set {u|i, = 1} onto the set {u|i, = —1}. Then
K(h) TL c/l(p )cﬂ'(/l)(p )
Ciif(T) = —— > > I ———
v 2n Lzrp,lsTfor i,=1 aeSil...;,, i,=1 p,u

'(I)(Zlv"',zn) +0(T)

where z, = —(log p,)/L and z,(,) = (log p,)/L if i, = 1, and z, = 0 if i, = 0.
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Consequently
3 I (L0 Ly,
6.11 =) b 22 == ..,
o £ n(F)n(E)(F )
x(h)
=——=TLO(0 0
2r ©,..,0)
x(h) TL (P (D)
+ e Y I % ulPy) o\ Pr)
“1<ip,yin<l <71 GE€Si iy =1 pu<T DPu
r=s>1
(=1, 7) + O(T)
where on the left side, for each j=1,...,n, p; = (1/2) + iy, is taken over all non-
trivial zeros of L(s,n;). Recall that r = El 1, 5= Ziﬂ}l 1, z, = —(logp,)/L,
Zo(w = (log p,)/Lif i, =1, andz,,—Olfl#—O

7. Uncorrelation of zeros of distinct L-functions. Now we prove Theorem 3.1. Assume
that the » automorphic irreducible cuspidal representations 7y, ..., n, are mutually
inequivalent with any twisting by o for ¢ € R. By Proposition 4.5 we know under the
hypothesis (3.3) for m >4 and the Selberg orthonormality conjecture (4.27) for
m > 2 that

ST T O P
e p'“ ) L ) ) L )
for any choice of i}, ..., i,,o, and u. Therefore from (6.11) we conclude that

Z n(3) () (Fe3) gm0 o)

which is (3.4). The formula in (3.5) is proved by the Fourier inversion formula from

32). O

8. Superposition of zeros. Let 7y, ..., 7, be automorphic irreducible cuspidal repre-
sentations of GL,, over Q. Assume that 7; 2 7; ® o for any i # j and any ¢ € R. We
want to consider the correlation of zeros of the product of L-functions

(8.1) L(s,m)=L(s,m)-- L(s,7)

which itself is an L-function but is not primitive. As in Theorem 3.2, we take » non-
trivial zeros p; = (1/2) +iy;,j = 1,...,n, of L(s,n). There are k choices for y;, either
from a zero of L(s,m),L(s,7m),..., or L(s,mx), for each j = 1,... ,n. Totally there
are k" ways to choose L-functions L(s,7;) where these y,,...,y, are taken from. If
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we denote by m; the number of elements in (y,,...,7,) which are chosen from zeros
of L(s, m;), then we have my, ... ,mg >0, and m; + - - - + my = n. Fixing such my, . . .,
my., there are n!/(m!---my!) ways to select y;,...,7, so that there are exactly m;
zeros of L(s,n;). Note that
n!
8.2 —=k"
( ) nll,..%:nA,ZO ml'mk'
my+ - +mp=n
Consequently for the sum defined by
71 Vn Ly, Ly,
C(f,hT;m,... = =) |2 ...
n(f7 ) 37, 777:/() ylgyn l(T) n(T>f<27T ) 9 27[)
where y,,...,7, are taken from non-trivial zeros of L(s, ) of (8.1), we have
(83) Cl’l(fah7T;n]a"'7nk)
n!
B my,...,my >0 ml! T WIk!
my+ - +mp=n
yl yn L —iLy&;
C X () (T [[ ™5 |O()o(S) + -+ + &) dS
Pieeos P r T) Jre\j=i
where the inner sum on the right side are taken over those y,,...,y, such that
ymlJr--»er,-,]Jrla ) ym]erer/
are from zeros of L(s,7;), j=1,...,k.

Applying our results in (6.10) to the inner sum, we can rewrite (8.3) as

(84) G/ hTim,... 7)

(h) x(h) TL
(== 1L®(0,...,0) + -
<27z ( ) —131’;,[”@ 2n Lzrﬂgn:--»fn
r=s>1
qf @) g
=1 \py<T p'u

+0(T)
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where as before,

log p, _logpﬂ
= y = —£

r=> 1, S:.le’ Zy = 7 Zo(u T
iy=—

i=1

ifi, =1, and z, = 0 if i, = 0. Recall that ¢ € Sj...;, is a bijective map from { i, = 1}

onto {uli, = —1}.
Collecting all terms with ®(0, ..., 0), we get

(8.5) %TL-k”d)(O,...,O).

Using our results in (4.2) and Proposition 4.5, the expression

. ( 5 (P ()

=1 \pu<T Du

> ~D(zy, ..., 2Zy)

will contribute to the main term only when each pair (u,o(x)) is contained in same
m; group, i.e., for each u with i, = 1, there exists j such that

mp+--dm 1 <po(p) <mp+---+my.

If there are /; ordered pairs of (u,o(x)) contained in the m; group, then
—-1<i,...,iy<land o €esS; ; will give us

(86) i le mj—Z m,—2lj+2 _ m]'
' I\ 2 2 2 20 (m; — 20)! !

choices. Therefore (8.4) becomes

(8.7) C(f,hT;m,... 7)

o (wth)
= % . Wll!"'mk!'( 5 TLO(0,...0)
20,

K(h) (/2]
+5-TL Z; > J]R" o]+ v | (v1 €51y, j1) + - + vr€ir), () dv)

+0(7)
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where the innermost sum is taken over r disjoint pairs of indices i(z) <j(¢) in
(1,...,n) such that

mp+-+mo +1<i(t) <jlt)y <my+---+my

for some /, and for i < j, e; ; = e; — e; with e; = (0,...,1,0,...) being the ith stan-
dard basis vector. Here we have used (4.2) and

1/m
5, leto)l (lofgip> | " ed(0)do - 10g? T+ 0(10g 7

p<T P

from partial summation as in [13]. If we assume as in Theorem 3.2 that the function
® is symmetric, then the function @ in (8.7) can be written as

DO(vy, ..y, =01, .., —0,,0,...,0).
Using the counting results in (8.5) and (8.6) we get

(88) Cn(fah7T;7Z1a"'7nk)

@TL(k"cD(o, ...,0)

T
[n/2]
+ > J o] - v | ®(v1, ... 00, =01, .oy =0, 0, ..., 0) dv
r=1 JR"
n! K my!
- Z H />
my,...,m >0 Wl]' mk' 0<l<mi/2 j= 121( _21)'1'
my+ - +mg=n for j=1,....k
l|+--'+l;(:r
+o(T).

Now we compute the coefficient:

n! 3 H
My, mi >0 my!- -y 0<li<m/2 j= 12 ( - 21 )' ;!
my+ - me=n for j—1,..k
N+ +le=r
n! 1

2" e 20 o<zz<:mj/z (my = 20)1- - (mye = 200 - - I

my =N for =1,k
/1+“'+/k:r
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Changing the order of summation and setting ¢; =m; — 21;, j=1,...,k, we get
n! 1 3 1
2r Ly >0 Ll nl’ qlseey @i =0 a1 qr!
bt the=r qit - +qe=n—2r
n! r! (n—2r)!
T =21 2 AT > 1 I
Mn=20)20y Tso Wl B g s @
It Hh=r g+ +q=n—2r

The first sum on the right side equals k”, and the second sum equals k"~%". The
coefficients in (8.5) now become

nlkc"™"
F(n—2r)2r"

This completes the proof of Theorem 3.2. [

9. Combinatorial sieving. The asymptotic formulas in (8.7) and in Theorem 3.2 are
for the sum

g (T (B
),1;7“}11(7—') hn(T)f(zﬂf geeny 27[)

which is taken over n zeros of L(s,7n) = Hle L(s,n;). To prove Theorem 3.3, we
have to consider the same sum taken over distinct yy, ..., y,, or more accurately, over
distinct indices of the zeros:

Vi Vio\ o E7i Ly,
on T h1<?) hn<T)f(2n,...,2n).

distinct

Let us recall the notation used in [13] which we will follow closely. A set partition F
of N=(1,...,n) is a decomposition of N into disjoint subsets [F,..., F,]. Set par-
titions of N have the partial ordering given by F < G if every subset G; of G is a

union of subsets in F. The minimal element is O = [(1),..., (n)], and the maximal
element is N = (1,...,n). Using this language, if we allow empty subsets ) in H =
[H,...,H,)], we can write the decomposition in (8.3) as

Cf, b Tim,....m)= 5. CX(f hT).
7 C
V(H_):k
allowing 0
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Without allowing empty sets in H = [H},..., H,], we will have v(H) < k. Given a

set partition H with v(H) < k, there are < ) ways to insert k — v(H) empty sets

k
v(H)

into [Hy, ..., H,]. Therefore
02 GUhTimem = & ()
M n ) ) ; T yrtt T = ) ) )
1 k 7 V(ﬂ) 0
W(H) <k
where in H = [H}, ..., H,] no empty sets are allowed. Here

~ Ly, Ly,
ctrnn= = n(p)n()r(5 )

.....

where the sum is taken over all those indices i, ..., i, such that y; is from a zero of
L(s,n;) if [ € H;. We can ignore the effect of removing empty sets when assigning y;,
to L(s,7;), because we know the limiting distribution of zeros of L(s, 7;) is universal
in 7;, as pointed in [13]. Now (8.7) implies

(93) G5 (f,h,T)

x(h
:—2( )TL(®(O,...,0) > ZJ lor] -+ Jor| @ (o1 €401), 1y
v 1<r<n/2
+ 08, ) d”)
+0(T)

where the inner sum is taken over r disjoint pairs of indices i(¢) < j(¢) such that
i(1), j(t) € H, for some /.

Given a set partition F = [Fi,...,F,], we can define an embedding 7+ : R” — R"
by tr(X1,...,%) = (V15 s Vn)s where Yi= % if / € F;. For any function f on R",
we can also deﬁne a function 7 on IR", given by zFf(yl, o) =LE( ).
Denote

h(ry,....;r) =hi(r1) - ho(ry).

Then we can define

©04) T = (gt )1 (b))

ity iy

_ p(Ta T Ly, Ly;,
.Z.Z-Fh<T >Ff( R

U yeeey by
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when F < H, where y; is from a zero of L(s,m;) if F; = H. These C measure lower
v-level correlation between n ZeroS Vi - -y Vi where ir = i; if k, j € F; for some /.
When F A H, we set Cr (f,h T)=0.

Similarly we define

H _ % yzl yz‘ Lyrl Lyi‘,

(9.5) Rf(f,h,T)_iI;l‘ h(T )Ff( "’Zn)
distinct

if F<H, where Vi is from a zero of L(s,m) if Fjc H; If FAH, then
Rg (f,h,T) = 0. Our goal is get an asymptotic formula for Ry, ( f,h,T). Clearly,

H H

CO_(fath): R_F(fath) Z R (fvth)
. O<F=<H 0=F

Indeed for F < H we have

(9.6)  CF(f.hT)= RZ(f,h,T).

If F A H, (9.6) is also true, because both sides then vanish. According to van Lint
and Wilson [7], §25, or [13], §4, we have an inversion formula

(9.7)  RZ(f hT)= Zu( F)CF(f,h,T)= S u(O,F)CE(f,h,T)

F=H

where

wo.Fy= I (=HF'(El-1)

1<j<v(F)

is a Mobius function. Therefore, we need an asymptotic formula for Cf’ (f,h,T) for
F < H, which can be obtained by applying (9.3) to (9.4): B

(98) CF(f.h.T)

K(lz,ih)
= TL(@F(O, ..,0)

+ X EZJ |vl~~¢vr®fﬁhenUJu>+"'+we«m/m)ab>

1<r<v/2

+0(7)
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where the inner sum is taken over r disjoint pairs of indices i(7) < j(¢) such that Fy
and Fj, are contained in the same H; for some /. Here ®f is defined by 1zf = Op.
From )

e x) = | OO e+ el ¢ () e

we can see ([13], (4.14))

q)f(vla“'avv) :5(01 +"’+UV)J 5(”/ - Z ul) q)(u)du
R" j=1 IeF
Note that
K(iph) = x(h).

For a subset S = (1,...,n), define

os(u) = 5(2 u;).

leS

For a set partition F = [Fy,. .., F,], define

(5p(u) = H 5[:](14)

h 1<j<v(F)

Then following the argument in [13], Lemma 4.1, we get

9.9 CE(f,nT)= Kéh)TLJ O(u)CE (u) du + O(T)
I - . I

where

(910) CFw) =drw)+ ¥ X T dm,on,@| X wl- T1 on
B I<r<v(F)2 o=l leFy, k+#i(a), j(b)

with the inner sum being taken over r distinct pairs of subsets (Fj), Fj)) of £ such
that Fy ), Fj,) = H; for some /. Substituting (9.9) into (9.7), we have

_x(h)

(9.11)  RG(f,h.T) S

TLJ ®(u)RY (u) du + O(T)
.

where
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Now we introduce a marking ¢ of a set partition G = [Gy, ..., G,] to indicate a choice
of r > 0 distinct pairs of subsets (G;", G; ), ..., (G;", G;"). We denote

[ ir

(G.$) =[G, Gys...;GF, G G

bre? "0

G/l

The trivial marking is (G, ¢) =[G/,...,G?]. A marking (G ¢) reduces to an
unmarked set partition F by setting F; = G v G forj=1,...,r,and F = G}  for
r < k <v—r. We will denote this by F= red(G ¢) or (G, ¢) — F. With the notion
of marking, we can rewrite (9.10)

H r
CG (u> = Z 6red(G¢ ( H Z
¢ j=llieG}
red(G,¢) <H
for G < H. Consequently
912) RfwW= Y w0 Gowacp@Il| T u
N (G.¢) J=1lieGy
red(G,¢) < H
= or(u) > WO, Q)| > w
F=H (G, ¢)—F j=1lleG’
By the proof of Proposition 4.1 of [13]
r
Y. wO,G) Il X w|= X, (u)
(G 9)—F j=111eGF 1<j<v(F)
where
Xs(u) = (=D)FN(S| = DI+ (=D 5 (ST =DUISTI =D ¥ wl.
S=STuS- les+

By Proposition 4.3 of [13], when >, _¢u; =0 and >, ¢ |us| < 2, we have
Xs(w) = (=1 ¥s(w),

where

Vol = | AL+ )+ 4 do
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with the sum being taken over all cyclic permutations of S, and

(1t =172,
ﬁ(“){o i [o] > 1/2.

Back to (9.12), Rg(u) now becomes

(913) Ry =Y op) I (D5 ().

Theorem 9.1. Let

WH(x,...,x,) = JI det(K(x; —x;))

i,jeH
1 <l<v(H)

where K(x) = (sinnx)/(nx). Then, for . |u| <2, the Fourier transform of wE
H, o\ .
equals Ry (u) in (9.13).

. H .
Proof. First we can expand W, as a sum over permutations:

I/Vng(xl,“';xn): H Z (_1)‘7/ H K(X]',_XG—](_/'[))

1<I<v(H) 0,€Spy, JieH;

ge S, Jj=1
H is stable
under ¢
We can decompose such a ¢ into disjoint cycles o =7y --- 7, with 7; = (i1,...,in)
being a cycle of length m = m(}), such that iy, ..., i, € H; for some /. This cycle de-
composition of ¢ determines uniquely a set partition F = [Fy, ..., F,] which satisfies

F=H.

On the other hand, given F < H, we can have cycles of the indices in F;. Denote by
S*(F;) the set of all cyclic permutations of indices in F;. Then

VV’}{(X],...,XH)
_ (=D)EY S K (g, —xi ) K (i, —X3,) - - K (3, — X3,
F3H 1<j<u(F) v s
o —

Note here the product of (—l)up-"‘*1 is equal to the sign of 7y ---7,. The proof of
Proposition 4.2 of [13] shows that the Fourier transform of
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[T D K = xo)K (i, = xi) -+ K (x;, = x;)
1<j<v(F) e S (F)
T/:(il,”.‘l’m)

is equal to

or(w) T (=1 ¥y (u).

T 1=j<v(F)

Using (9.13) we conclude that the Fourier transform

N n
%E(ul,...,un):J VVnH(xl,...,x,,)e<Z u,xj>dx
R” =1

equals Rg(u). O

Theorem 3.3 now follows from applying Parseval’s equality to (9.11) and using (3.2)
and Theorem 9.1. [J
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