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SUBCONVEXITY FOR RANKIN-SELBERG
L-FUNCTIONS OF MAASS FORMS

JIANYA L1U AND YANGBO YE

Abstract

In this paper we prove a subconvexity bound for Rankin—Selberg L-
functions L(s, f ® g) associated with a Maass cusp form f and a fixed
cusp form g in the aspect of the Laplace eigenvalue 1/4 + k% of f,
on the critical line Res = 1/2. Using this subconvexity bound, we
prove the equidistribution conjecture of Rudnick and Sarnak [RS] on
quantum unique ergodicity for dihedral Maass forms, following the
work of Sarnak [S2] and Watson [W]. Also proved here is that the
generalized Lindelof hypothesis for the central value of our L-function
is true on average.

1 Introduction

Let f be a holomorphic Hecke eigenform for the group I' = SLy(Z) of
even integral weight k, with Fourier coefficients af(n):

f(2) =) ag(n)e(nz).
n>0

We normalize f by setting af(1) = 1 and set A;(n) = ay(n)/n*F=V/2, Let
g be either a holomorphic Hecke eigenform for I' of even integral weight [

with
9(z) =Y ag(n)e(nz)

n>0

and A\, (n) = ay(n)/n=1/2  or a Maass Hecke eigenform for T' with Ag =
(1/4+12)g. In the latter case, denote the Fourier coefficients of g by A,(n):

9(z) = y"2 Y~ Ag(n) K (2m[nly) e(nx)
n#0
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normalized by setting A\y;(1) = 1. Here Ay4(n) is then the nth Hecke eigen-

value of g, K;; is the modified Bessel function of the third kind, z = x 4 iy,

and e(x) = e?™*_ Consider the finite part of a Rankin-Selberg L-function
5\ () ()

Lis, f ® g) = ((25) Y "2

n=1

Note that with Af(1) = Ag(1) = 1, the L-function defined in (1.1) has its

leading coefficient equal to 1.

Kowalski, Michel, and Vanderkam [KoMV] proved a subconvexity bound
for a Rankin—Selberg L-function L(1/2 + it, f ® g) as f varies over holo-
morphic new forms for I'o(N) as the level N tends to oo, with fixed ¢, g,
and the weight of f. In [S2], Sarnak established a subconvexity estimate
for L(1/2 + it, f ® g) in the aspect of the weight of the holomorphic cusp
form f. More precisely, for fixed g and ¢ € R and for any € > 0, he proved

) (% + ’L't, f ® g) <<6,t,g k576/601+8

as the weight k of f goes to infinity. The precise exponent makes use of the
recent bounds towards the Ramanujan conjecture by Kim and Sarnak [KS].

(1.1)

ns

In this paper, we will in turn prove subconvexity bounds for Rankin—
Selberg L-functions associated with Maass cusp forms. From now on we
will denote by f a Maass cusp form for T' = SLy(Z) with Af = (1/4+k?)f.
We will further assume that f is a Hecke eigenform with Fourier expansion:

f(z) = y'/? Z A (n) K (27|nly)e(nz) . (1.2)
n#0

We normalize f by setting A¢(1) = 1; hence A¢(n) is the nth Hecke eigen-
value of f. Let g still be either a holomorphic or Maass cusp form. The
Rankin—Selberg L-function L(s, f ® g) is then defined by (1.1) again for
Res > 1. If f and g are orthogonal, L(s, f ® g) is indeed holomorphic after
analytic continuation. Our goal in this paper is to show that a subconvexity

bound still holds for L(1/2 +it, f ® g) as k goes to infinity.
The theorems and their proofs below make use of bounds towards the
Ramanujan conjecture for Maass forms: If 7 is an automorphic cuspidal
representation of GL2(Ag) with unitary central character and local Hecke

eigenvalues ozgrj)(p) for p < oo and ,ugrj)(oo) for p =00, j = 1,2, then

{asrj)(p)‘ < p? for p at which 7 is unramified,
’Re(,ugrj)(oo))’ <@ if w is unramified at oco.

These bounds were proved for § = 1/4 by Selberg and Kuznetsov [Ku], for
6 = 1/5 by Shahidi [Sh4] and Luo, Rudnick, and Sarnak [LRS], for § = 1/9

(1.3)
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by Kim and Shahidi [KSh], and most recently for § = 7/64 by Kim and
Sarnak [KS].

Theorem 1.1. Let g be a fixed holomorphic or Maass cusp form for
I' = SLy(Z). Fixe > 0 and t € R. Then for a Maass Hecke eigenform f
with Fourier expansion (1.2) and A\f(1) =1, we have

. 2
Z L (5+it, f@9)|" ey (KL)'™e
K—-L<k<K+L
for KY/?+0+e < [, < K'7¢ if ¢ is holomorphic, and for K (3+20)/(5-20)+e <
L < K'¢ if g is Maass. Here we can take 0 = 7/64.

The proof that we will give below applies equally well with I' = SLy(Z)
being replaced by the Hecke congruence subgroup I'g(N) for any fixed V.

Theorem 1.2. Let g be a fixed holomorphic or Maass cusp form for some
To(N). Fixe >0 and t € R. Let f be a Maass Hecke eigenform for T'o(N)
with its first Fourier coefficient A\¢(1) equal to 1. Then we have

L(3+it.f ®g) epgn KT/ if g is holomorphic,

Let,g N KA/ G200+ if g is Maass,

when k — oo, where 6 = 7/64.

REMARKS. (i) The convexity bound for L(1/2 +it, f ® g) is k'*¢, which
is deduced from the Phragmén-Lindelof theorem; see [IS]. With 6 = 7/64,
the bounds in Theorem 1.2 are < k103/128+¢ apq [128/153+¢  regpectively,
which break the convexity bound.

(ii) From Theorem 1.2 we can see that any non-trivial # < 1/2 in (1.3)
toward the Ramanujan conjecture gives us a subconvexity bound for our
L-functions.

(iii) Theorem 1.1 shows that the generalized Lindel6f hypothesis
L(1/2+it, f ® g) < k°, € > 0, is true on average for K — L <k < K+ L
with L in the ranges as in Theorem 1.1.

(iv) In Theorems 1.1 and 1.2, we need not assume that the Maass form
f is a Hecke eigenform. All we need is a standard normalization and later
a normalization for the Kuznetsov formula (cf. Sarnak [S2]).

Let f be a Maass Hecke eigenform for I'g(N') with Laplace eigenvalue .
Normalize f so that uy = |f(z)[*dedy/y? is a probability measure on
[o(N) \ H, where H is the upper half plane. The equidistribution con-
jecture (Rudnick and Sarnak [RS]) predicts that

_idzd
juy — vol (To(N) \ H) ™! fﬂy
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as A tends to infinity. According to Sarnak [S1] and Watson [W], this
conjecture would follow from a subconvexity bound for L(1/2, f ® f ® g),
with f being as above and g being a fixed Maass Hecke eigenform. If f is
a dihedral form corresponding to a representation of the Weil group Wy,
i.e. if L(s,f) = L(s,n) for some grossencharacter n on a quadratic num-
ber field, then the triple Rankin—Selberg L-function can be factored as
L(s, F®g)L(s, g2x)L(s, g) for a fixed quadratic character y of conductor N.
Here F is a Maass cusp form with Laplace eigenvalue 1/4 + (2k)2, if
A = 1/4 + k2. This way the equidistribution conjecture for dihedral Maass
forms is reduced to a subconvexity estimate of L(s, F®g). Our Theorem 1.2
therefore implies

Theorem 1.3. The equidistribution conjecture is true for dihedral Maass
forms.

Numerical verification of this theorem has been done by Hejhal and
Strombergsson [HS].

We would like to express our heartfelt thanks to Peter Sarnak for
his preprint [S2], helpful discussions, constant encouragement, and care-
ful reading of early drafts of this paper. We are also grateful to Frey-
doon Shahidi for helpful information and discussion on Rankin—Selberg
L-functions.

2 The Approximate Functional Equation

The L-function L(s, f ® g) satisfies a functional equation proved by Jacquet
[J]. The functional equation for Rankin—Selberg L-functions in the general
case was proved by Shahidi ([Sh1-3], and [Sh5]). When f and g are both
Maass forms, it is also given in Bump [Bu] and Motohashi [M]:

L(s, f@g) =v(s)L(1 =5, f @ 9)
where (cf. also [Sh3])

- .~ T((1—s+epg+ikm +iln)/2)
(s) = (mv2) 7 H D((s +eypg +ikm +iln2)/2)

m,ne==x1

Here the product runs over different signs ny,72 = £1, and €44 = 1_‘E2f89,

where ¢ and ¢, are equal to 1 or —1 according to

f(=2)=¢sf(2), g(=%) =¢49(2).
Similar functional equation holds for f being Maass and ¢ being holomor-
phic.
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By Stirling’s formula
F(Z) — efze(z71/2) logz(2ﬂ_)1/2 (1 +

—1 -2

L o)
o toss TOET))
we can get an asymptotic formula for v(s). In fact, the factor e™# in (2.1)

contributes to y(s) the following:
1—s+e ik 2 € ik 1
exp <_ Z steggtikn+i UZ Z steggtikni+i 172> _ sz

(2.1)

2 2
n1,m2==%1 n,me==1

The factor e(*=1/2)1082 contributes
Z —8+¢ey,q + 1k +ilne log 1—s+efq+ikm +iln
2 2

exp
71,72 =+1
B E: —1+s+¢m+4mh+umk%s+¢m+4mh+um>

2 2
n,me==x1

—s+efg+tkn + il €fg + thkny +ilno
= ? 1 >
exp < g < 5 og 5

7717772::l:1
—1+s+epq+ikm +iln o €f.g +ikn +ilno
2 8 2
— ik i 1-—
+ ik F R m+“7210g(1+ S >
2 €f,g +ikny +ilny

-1 ik 1)
 —l4stepyti 771+277210g<1+ s >>>
2 Ef.g T ikm +ilny

1 ik il
= exp ( Z (§—s> log w) exp(2—4s)(1 =+ nk(s))

n,m2==+1 2
where 7, (s) is an error term which is < (1 + |s|)k~1. Consequently

s—1/2
) _(Fﬁ)432< [T (ef lf ikm + ilnz)) (L4 m(s))
n,me==+1 7

(et >>S_1/2(””’“(3))

Ef.g + iknl + ilng
7717772::|:1

( 87'('2 >231( )
= 1+ nk(s)) -
(€% + (B +DHV2(eT , + (k= 1)2)1/2

Let G(s) be an analytic function in —B < Res < B for a fixed B > 0
satisfying

Q
—
=)
~—
I
—
Q
—~
»
~—
I

G(=s), |G(s)| < (1+1s))™"
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for a fixed large constant A. Then for X > 1, we set

1 ds

1
I=— XL (= G(s)Z
2mi Re s=2 (2 i f “ g) (S) S

1 1 ds
— 1 s Z -
7L(2’f®g)+2m' /Res_—1X L<2 +s,f®g> Gs) s

By the functional equation, this becomes
1 1 1 1 ds
L= — Xy = L{=-— G(s)—
(300 o fu X0 (3 00) £ (5 20600
1 1 872 ”
T
—L(—,f®g>+—,/ X
2 271 JRes——1 (€7 g (kD)2 (7 +(k=1)?)1/2

x(L+m (3438)L(5—s fog) G(s)L.

Changing variables from s to —s, we get

I—L<1f®> 1/ X3 82 2
- 2’ I 2mi Res=1 (53079"‘(]{74‘[)2)1/2(6%’g+(k—l)2)1/2

1 1 ds
1 - - bl
><< +77k<2 s>>L<2+s,f®g>G(8)s,
and the integral path can be further shifted to Res = 2. Set
1/2 1/2
X = (B, + k+ 02 (2, + (k-0

Then

1

1 1 1 ds
S s (1 . - il
270 Jrescs < +"’“<2 S>>L<2+S’f®g> G

Consequently

1 1 1 d
L<—,f®g>——./ X5L<—+s,f®g>G(s)—s
2 T JRe s=2 2 S

+0< /Res_zXS"’“ <% _s> L <%+s,f®g> G(s)d—; > (22)

For the big O term, we can shift the integral to Res = 1/2+¢, for some
e > 0. Then X*® will contribute O(k'*2%), and 7;,(1/2 — s) will contribute
O((1 + |s])3/k). Recall the well-known fact that for Res = 1/2 we have
L(1/2 + s, f ® g) < k%, which may be proved by Cauchy inequality and




1302 JIANYA LIU AND YANGBO YE GAFA

the techniques in Iwaniec [I2, p. 131]. Therefore, the big O term in (2.2) is
O (k*).

Now let us turn to the main term in (2.2). Recall that

L(Saf®g):zw

S
v>1
With breog() = 3y Ap(m)Ag(m). Thus

1 s 1 ds by n
— ReS_QXL<2+sf®g> fzz ®~"n v(}>

~2y 5y My ()

b>1  a>1
where
1 ds
Viy) = — G 5 —
(v) = 5— /R , (s)y "=
Note that
1 ds
Viy) =1+ — G 5
(y) * 2mi Res=-1 (S)y S
dt
= 1+—/G —1+it)e —Z“"gylﬂt

because G(0) = 1. From the assumption that |G(s)| < (1 + |s|)~4
—B < Res < B, we conclude that lim, o V(y) = 1. If we write

1 _.ds
V(y) B ﬁ/Res:B G(S)y ?
-B
Y —itlo dt
=Z G(B t ey __—~
on [, GBFibe B+it’

we get V(y) <p (1+[y)~"
Consequently, the central value of the L-function on the left side of (2.2)
can be written as

< f®g >_2n§>:1bf®g (%)-{-Og(k‘e).

Using the bound V (y) <p (1 + |y|)~, we see that we can actually take a
finite partial sum above and get an approximation formula for L(1/2, f®g).
Indeed, we have

< f®g>—2 > ZAf <‘§2>+0(/€8). (2.3)

1<b< X 1/2+e a>1
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Moreover, the estimation of

1 Ar(a)Arg(a) ab?
2 — —_— — 24
> T Vi (24)
1<b<Xx1/24e a2l
and hence that of L(1/2, f ® g) can be reduced to estimation of

Sy(f) = Ar(n)Ag(n)H (%)

for fixed g, where H is a fixed smooth function of compact support con-
tained in (1,2). In fact, we can set Y = X/b? and have H(a/Y) in the
place of V(a/(X/b?*))\/(X/b?)/a in (2.4). Since (2.4) is indeed the main
term of L(1/2,f ® g), we need the same bound (KL)*¢ for (2.4) as in
Theorem 1.2. Note here that X is of the size of k2. We expect a bound
for Sy (f) of size v/Y and will see that we actually need this bound in the
case of K* <Y < K> K- L<k<K-+L,and VK < L < K/4 as
K,L — oo with K/L also approaching to infinity as a small power of K.

3 Averaging and the Kuznetsov Formula
Our strategy to bound Sy (f) is to take a smooth averaging of |Sy (f)|? and
use the Kuznetsov trace formula. By estimating the geometric side of the
Kuznetsov formula, we hope to obtain savings large enough to offset the
waste from averaging and get a subconvexity bound.

In order to use the Kuznetsov trace formula, we need a different normal-
ization of the Maass forms. Let {f;} be an orthonormal basis, consisting
of Hecke eigenforms, of the space of Maass cusp forms. Denote by 1/4+ krjz
the Laplace eigenvalue for f;. Since each f; is normalized by ||f;| = 1, its
leading Fourier coefficient A;(1) in

fj(2) = (y cosh wk:j)l/Z Z Aj(n) Kig, (2m|n|y)e(nz)
n#0
is no longer equal to 1. By Iwaniec [I1] and Hoffstein and Lockhart [HoL],
however, the leading coefficient is close to 1:
(L/4A+EN) ™ < M0 < ((1/4+ EN)

for any € > 0, where for I' = SLy(Z), N =1, and for I' = T'y(N), N is the
level. Recall that AV is fixed. Consequently, by changing normalization from
f to f;, a bound for Sy (f;) will come within that for Sy (f) by a factor k°.
Similarly, a bound for the average of Sy (f;)|*> over K — L < k; < K + L
will be within that for the average of |Sy (f)|? over K — L <k < K + L by
a factor K¢, for any € > 0.
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Now let L be a number which satisfies VK < L < K/4. Let h(t) be
an even analytic function in |Im¢| < 1/2 satisfying A (t) < (1 + [t|)~N
for any NV > 0 in this region. Thus h is a Schwartz function on R. We
also assume that h(t) > 0 for real ¢t. For example, we may simply take
h(t) =1/ cosh(t). We want to estimate

(555 (48
S (2)a ()
« ; (h (kj ;K> +h <—kj ZK>> N )3 (m) . (3.1)

Recall that 1/4 + ka is the Laplace eigenvalue for f;. By Weyl’s law, there
are about LK term on the right side of (3.1). We thus expect a bound
LKY*¢ for (3.1). By Kuznetsov’s formula [Ku] (see also Iwaniec [12]), we
can rewrite the inner sum on the right side of (3.1) as

S (r (B + (-255) ) vnm)

I

- 5:2’” /Rtanh(m) <h <#> +h (—T ZK>> rdr (3.2)

_ %/Rdw(n)dir(m) <h <T _LK> h <_T2K>> [§6! fgm? )
3.3

LA (3.4)

c>1

‘/J%T dm/nm b r—K h r+ K rdr ’
R c L L cosh(mr)
where dy,(n) = 3 -, (a/)”.

The term in (3.2) will contribute to .  the following

O<§n:‘>\g(n)‘2‘H<;>‘2/R‘h<T_LK> |r|dr>.

By the Rankin—Selberg method, we have
ST )P |H (2)F < v (3.5)
n
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On the other hand,
K+cL
|r\dr<</ rdr < KL .

o () e |

Therefore, (3.2) contributes O(LKY1+¢) to YKL

To consider the term in (3.3), we recall that |¢(1+2ir)|>clog™%/3(2+]|r|)
for some ¢ > 0. Using v = (r — K)/L and v = —(r + K)/L, we change
variables in the integral in (3.3). Its contribution to (3.1) becomes

2 (1) 1 (3)

h(u)du
: /Rdi(uLJrK) (n)di(ur v 1) (m) IC(1 4 2i(ul + K))[?

2
= —% @ zn:)‘g(n)H (y) di(uL-}—K)(n) ilu)d

IC(1+ 2i(ul + K))|%
Since h(u) is always positive, we may move this term to the side of > ;,
which is also positive. Consequently a non-trivial estimation of the contri-
bution of (3.4) will give us a bound for » ;- ;.

(3.6)

4 Terms with Kloosterman Sums

4.1 Integrals of Bessel functions. In order to estimate the contribu-
tion of (3.4) to > j , we want to consider the integral

o (<) )
_ % /R nggéf)"(:”) (h(T_LK ) +h <— ’”;K )) r tanh(rr)dr

for & = 4mwy/mn/c. Note that tanh(rwr) = sgn(r) + O(e~ ") for large |r|.
Since the h functions on the right side above isolate r to =K, we can remove
tanh(7r) by getting a negligible O(K ) for any N > 0. By the Parseval
identity, we now have

Vieale) = 3 [ (L L)

sinh(7r)

« <h <¥> vl + B <—’" +LK> m) oy + 0K
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<J2ir () — J_2ir

sinh(7r)

(fﬁ)> (y) = —icos(z cosh(my))

according to Bateman [B, volume 1, p.59]. Therefore,

View () = % /R cos(z cosh(my)) <<h <T_LK ) +h < rek ))\ |> ()dy

Note that
Bt (-2 i |) )

(=
:Ah<T2K> |r|e(ry)dr+/Rh<—r—;K> Irle(ry)dr

= e(yK)L(h(uw)|uL + K|)"(yL) + e(—yK)L(h(w)|uL + K|)" (~yL).
As h(u) isolates u to O(1) and L < K= for some § > 0, we may remove
the absolute signs above and get

Vier(z) = —i/Rcos <x cosh <7Z>> e <%> (h(w)(uL + K))"(t)dt

1 i —iT
— %(WKJ,(QJ)QW + WK7L(—.’L')€ ) (4.1)
where t = yL and

Wik () = /Rexp <27T25K + iz (cosh(rt/L) — 1)) (h(u)(uL + K))A(t)dt

- /Re <%+ % <%+ %Jr)) (h(u)(uL + K))"(t)dt

for x = +4m/mn/c. We will see in Lemma 4.1 that W(z) has only mild
oscillations, as its derivatives are not large. The oscillations of Vi 1 (x) are
mainly contained in the exponential functions e*™ in (4.1).

Now we expend the exponential function on the right side from the
fourth power of ¢ up to t2V for any N > 0. Then we get a sum of integrals
of the form

zh tK  7xt? o A
W/RG(Ter)t (h(u)(uL+K)) (t)dt, 0<2u<v<N,
(4.2)

multiplied by constant coefficients ¢, , to make the infinite series of them
convergent and bounded, plus

<|$L|2N /‘t‘2N| )uL + K)) {dt) (4.3)
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4.2 The remainder term of Wk r(x). We denote a term as in (4.2)
by Wy, (x). The term in (4.3) becomes

|N/2 LIN/2 ~
O(‘LJN_l/I[\{ItIQNMh(u)u)A(t)\dH‘ 'LQNK/RWN{h(t)(dt)
‘x|N/2
_O( 12N (L"‘K))-

Since |z| = 4my/mn/c < 87Y,Y < K**¢ and L ~ K'79 for a small § > 0,
(4.3) is negligible.

4.3 Main terms of Wik r(x). As for

—~ €T T 2 N
W, (z) = L—;: /Re <% + é) % (h(u)(uL + K))"(t)dt

the phase is

tK  wat?

o=

with the derivative ¢/(t) - 5 .\ 7T_a:t
L 212

Setting ¢'(t) = 0, we get t = —2LK/(wx). Recall that h(u) and hence
2 (h(u)(uL + K))"\(t) are rapidly decreasing. Thus the contribution to the
integral is only from |t| < K* for € > 0 arbitrarily small (i.e. contribution
from [t| > K¢ is O(K ) for any large N). Therefore, if LK/|z| > K¢, i.e.
if x| < LK'"¢, then W,W(a:) is negligible. Assume then |z| > LK!~¢. Note
that we still have x = 47\/mn/c < 87Y and that \/|z|/L > (K/L)'/?K—*
— oo as we assumed that K/L tends to infinity as a small power of K.
Then

Tt = i (-52) L35 (5 )
X <L <dcf%(uh(u))>A (t) +K(h(2”))/\(t)>dt. (4.4)

The Fourier transform of the exponential function in the integrand of (4.4)
/ m (L 2L
el —5 — U
R 4L2 r
2uLK / Tt 4t dt
=e| — el —5 +tu
T R\ 4L2?
2uLK  u?L? T 2020\
=e|— — el =5 |t + dt
T X r \4L2 X

1S
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L .
= \/m(l + isgn(z))e (

By Parseval again

_2uLK B u2L2>

™ T

g zH L K2

X /Re <2“LK - “2L2> <L%(uh(u)) +Kh(2”)(u)> du.

T T

ﬂ)

4.4 Asymptotic expansions of main terms. Expanding e( —

into Taylor series, we get
M

Wyo0) = i \/%(1+isgn(x))e<—f—j>/Re<22;I;K>
< (Lju—z;(uh(u)) +Kh(2”)(u)> ( 3 %(—Qi“;B)k)du
L——(uh(u)) + Kh®)(u)

0<k<N
— N+1
‘x’,u 1/2/ u2L2
+O< T )| f e 2] du | (4.5)

Estimating the integral in (4.5), we get

d21/

—~ zh L K2 1/ 2iL2\"
I-/[/ p— . 1 ) —_— JE— —_
u,u(x) (27TiL)2V /7T|l'| ( +ngn(x))e < 7Tl'> O;N k! < T >
da* 2uLK
2k (2v)
X /Ru <L—du2V (uh(u)) + Kh (u)) e ( — ) du

L2N+372V
+0 <—|x‘ e (L K)) .

We point out that the integral on the right side above is indeed a sum of
Fourier transforms of rapidly decreasing functions:

/R W2 (Lju—Z; (uh(w) + Kh<2V>(u)> c (2“LK ) du

T

— I <u2k%(uh(u))>A <%> + K (a2 h) ()" <2LK> '

™

This completes the proof of the following results.

LEMMA 4.1. (i) For ¢ > 0 and |z| < LK'¢, Wk 1(z) < K=V for any
N > 0 and hence is negligible.
(ii) Fix N > 1. For LK'~¢ < |z| < 87Y, we have

Wir@)= > W),
0<2u<v<N
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with K2 12 %
—~ zh L 1 23
W,u(x) = 1+isgn(x - — | =
H (z) = (2miL)? 1/7r|g;|( & )) < 7737) O;N k! < T >
d2V 2LK 2LK
2k 2k (2v A
. <L <u du2V ) ( > —|—K(u A )(u)) ( T >>

L2N+3
+0 <7‘x’(2N+3)/2 (L + K)) )

4.5 Application of a Voronoi summation formula. Denote by
B < ny - (m S(m,n;c) 4m\/mn
Tg,o(Y) = ;)\g(n))\g(m)H (y) H (y) ; — VKL <T>

the terms in ), ; corresponding to the expression in (3.4). From

Vi = 5 (Wi(2)e'” + Wi 1(—2)e™™)
the estimation of Tk 1,(Y') is reduced to

T L (V) = Y M m)H () B ()
" Z S(m,cn; C)e (iQ\/;n—n> Wi <i47r\£%> .

c>1

Using Lemma 4.1 (i) and a non-trivial bound for the Kloosterman sum
S(m,n;c), we see that the inner sum may be taken over ¢ < Y/(LK'~¢).
We may further reduce the estimation to that of

Tt (V) = ;Ag(n)Ag(m)H (;) H (%)
oy S %(JW) W <£WCW>. (4.6)

e<Y/(LK1-¢)

Now we open the Kloosterman sum

Stmmie) = S e <Wf+”z>

z mod c,
(z,0) =1
and apply a Voronoi summation formula to the sum with respect to m
n (4.6). When g is a holomorphic cusp form, this Voronoi formula is given
in Sarnak [S2]:
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L ov/mn\ ~ Ary/
3" A (m)H (T> ¢ (%) ¢ <j: m”) W <i il m”)
C C C

m>
27ri - zr
- g(r)e -
r>1

x /Ooo i <%> e (i2\/c%> W <i4ﬂﬁ> Ji1 (47?5) dt. (4.7)

When ¢ is a Maass cusp form, a similar formula is proved in Kowalski,
Michel, and Vanderkam [KoMV]. Since we are evaluating J;_1(z) at z =
4rv/trjc > LK'¢/\/Y, we have

1. Tl 45 —1/2 ;
Jia(z) = Gl @D/ 3 VTl + /)(233)7]

V27mx 0o JIr(l—5-1/2)
1 o WT(l+5—1/2) »
i(z—(2l-1)m/4) _ J
+ e E . . (—2z)
V2rz 0§j<2N‘7!F(l —-j—1/2)

+ Oz V2 0 (4.8)

Apply (4.7) and (4.8) to (4.6). We can take N > 0 so that the remainder
terms in (4.8) are negligible. For a typical term on the right side of (4.8)

1 )
VS e:I:z(z*—(21—1)7r/4 ’ 0<j<2N,

multiplied by a constant coefficient, we get for (4.6) that

e D enen) X (57)

c<Y/(LK1—¢) n,r>1

z mod c,
(z,0)=1
*_ [t 2v/tn\ = 4m/tn
<foa () (B e (n)
0 & &

it1/2

> DRl et (Amv/tr fe—(21=1)m/4) 1y ’
where 7 = (n91,72,73) and n; = +1.

4.6 Asymptotic expansions of TL(L?V),](Y) Changing variables from
t to tY, we get
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() _ v3/4—j/2 i—3/2 A (“)5\ (1) n
T, () =Yz N a2 N e ()
c<Y/(LK'—¢) n,r>1 " Y
n—r ©  H(t) 2VtYn
X Z < >/0 tj/2+1/4€<771 - )

z mod ¢,
(z,0)=1

< W, (173 dmVitYn \/C75Y”> i (Vi T/e=(@=1)/4) gy (4.9)

By the asymptotic formula of /I/I\?W, in Lemma 4.1, (4.9) becomes

7(n) _ v3/4—j/2 i—3/2 )‘g(”)j\g(r) n
ThwiY) =Y s Z o Z ri/2+1/4 H (?)
c<Y/(LK'~¢) n,r>1

« 3 ( n—r)>/0°0 H(t) <m2\/iy—n> (4mvEY ) c)r—1/2

ti/2+1/4 (2miL)2v 1

z mod c,
(z,0)=1

1+ nsi K2c 1 2iL% \"
et (o ) >k (R
211 47r tYn ochen 4/t n

d2 N msLKe A nsLKc
x (L{u® h ) <7> +K (u*h>) <7>>
( (u du?” (uh(w)) 2m2\/tY'n (u (u)) 212\/tYn
% eing(47r\/tYr/c—(21—1)7r/4)dt ]

Up to a bounded constant coefficient, this can be written as
y (=3j+1)/2

(n) L[ nsL? \*
7\ — jpk—p—1
Tlhl/,j(y) - [2v—1 Z E <27T2'\/?> Z ¢ g

0<k<N e<Y/(LK'~¢)

Ag(n)Ag(r) n 2 =1)\ (i)
% Z>1 ’I’L(kfﬂ)/2+1/4rj/2+1/4H (?) Z € c B7]7Yc (TL, T) ;

= z mod ¢,
(z,0)=1
where
Béu}}yéj’k)(n,r) _ /oo 6<2W(771\/ﬁ+ m2/T) _ 773K26 )
o 0 c A2/t n

« <L <u2k % (uh(u))>A (#jfé%)

ok (20) WA [ msLKe H(t)
+ K (u”* %) (u)) (%2\/% LU (4.10)
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. (1)
To estimate ij’ j

y(u-i+1)/2

L/ L2\ e
=D E(%W) 2, ) |Peh)

0<k<N e<Y/(LK1~¢) |h|<Y

(Y), it suffices to bound

)

(4.11)
where

_ Ag(n)Ag(n+h) n (1,v,5,k)
P(c,h,Y) = Z n(k—u)/2+1/4(n+h)j/2+l/4H (?) Bn,Y,c (n,n+h)

n>max(0,—h)
for 0 <2u<v < Nand 0<j<2N.

4.7 The case of the same sign.

LEMMA 4.2. If 1y and 7y have the same sign, then B;@"/{’zj’k) (n,n+h) <

KN for any N > 0, where the implied constant is independent of Y, ¢, n,
and h.

Proof. Change variables in (4.10) from ¢ to 2

. o8 2
Bé“{/”éj’k)(n,r) _ / 6<2t\/ Y(myvn+myr) 3K c >
) k) O

c 4Am2t\/Yn
da* " nsLKc
(L (2 ) <7>
< < gz (M) 212t/ Yn
7 (42
ok (20) WA [ MsLKc 2H (t%)
+ K (v h*) (u)) <2w2t\/ﬁ Tt (4.12)
Recall that the integral in (4.12) is actually taken over 1 < ¢ < /2, and
that Y < n <2Y. Take r = n+ h. Then |ni/n+ nav/n+ h| > VY. The

phase is
QS(t) _ 47Tt\/?(771\/ﬁ + 772\/7_") _ 773K2C
C 2ntvYn
with derivative
(1) = 47VY (/1 + non/T) N nsK2c

c 22/ Yn

Note that

ArY K2¢ Klte
/ - - - - > 1—¢
|¢' (1) - ~|—O<Y>_47TLK +0< 7 >

for 1 <t < /2. Now we do integration by parts in (4.12) many times
by integrating the exponential function multiplied by ¢'(¢) and differen-
tiating the rest of the integrand divided by ¢’(t). The differentiation of
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a function like 2H (t2)/t+*=# yields a constant bound. The differentia-
tion of the sum of the two Fourier transforms in (4.12) produces a fac-
tor —n3LKc/(2n%t%y/Yn) which is of size K°. The factor 1/¢/(t) yields
O(L7'Ke™Y), while (1/¢/(t))’ gives us a smaller O(L3K*~!). Conse-
quently, integration by parts N times produces a negligible O(L~" K¢~V)
for arbitrary N > 0. o

4.8 The case of opposite signs. Now we consider that case of 11 # 15
and rewrite P(c,h,Y):

T -1
P(c,h,Y) = Z Ag(n)Ag(n + h) <M> G(2n+h),

n>max(1,1—h) 2n+h

where
2n + h =1 1
G(2n+h) = < o g h)) (= /21/4(5y 4 R)i/2+1/4
x H (%) B (n,n 4 h).
That is,

. 9 -1 9\ (k=)/2+1/4 o \J/2t1/4
() = 2 — K2 z—h T+ h

z—h (wwgk) (T —h z+h
XH( 5y )Bn,Y,c —5 .

The Mellin transform of G(z) is by definition

G(s) = /oo G(z)x* tdr = (2Y)* /000 G(2Yz—h) (z + %)LQI dz

max(1,1—h)

o0 s—1
= (2y)*y wmi—k=1)/2 /0 Go(z) <z+%> dz, (4.13)

where z = (z — h)/(2Y) and

Gol2) = <M>l_lzw—k>/z—1/4 <Z N ﬁ) B
2(z+h/Y) Y

x H(2)BY (Y, 2Y +h). (4.14)

Using the Mellin inversion formula, we get

1
P(c,h,Y) = %/R B Dy(s,1,1,h)G(s)ds, (4.15)
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where
-1
- \/V1voamn s
Dg(s, V1,9, h) = E )\g(n))\g(m) <m (Vlm + VQTL)

m,n>0,
vim—von=h

for v1,15 > 0, if g is a holomorphic cusp form. If g is a Maass cusp form,
then define

21l
D h) = A A —_ s
o = 50 Agg(m) (S 4 sl
m,n7#0,
vim—von=nh

for v1,v9 > 0.
4.9 Bounds for Dgy(s,vi,v2,h). The following two theorems were

proved by Sarnak [S2] using bounds toward the Ramanujan conjecture
n (1.3). These theorems play a crucial role in our proof.

Theorem 4.3. Let g be a holomorphic cusp form of even weight [. For

Re(s) > 1, vi,v2 > 0, and h € Z, define Dy(s,v1,v2,h) as above. Then

assuming (1.3) for 6 we have that Dgy(s) extends to a holomorphic function

for Re(s) > 1/2+4 0+ ¢, for any € > 0. Moreover, in this region it satisfies
Dy(s,v1,v9,h) g (vivg)H/2Te|p|1/ 20T Res (1 4 |t|)3.

where Im(s) = t.

Theorem 4.4. Let g be a Maass cusp form of Laplace eigenvalue 1/4+ 12,
For Re(s) > 1, vi,v2 > 0, and h € Z define Dy(s,v1,v2,h) as above. Then
assuming (1.3) for 8 we have that Dg(s) extends to a holomorphic function
for Re(s) > 1/24 0 + ¢, for any € > 0. Moreover, in this region it satisfies
Dg(s, vy, Us, h) <<g75 (V1V2)71/2+s|h‘1/2+9+87Res(1 + ‘t‘)3 + |h‘17Res ,
where Im(s) = t.
Here we can take § = 7/64 of Kim and Sarnak [KS], and set o =
1/2+4 60+ ¢ in (4.15).
4.10 The Mellin transform of G(x). To show that the integral in

(4.15) converges absolutely, we do integration by parts five times to (4.13)
by integrating the power of z + h/( 2Y) and differentiating Go(2):

~ (2Y )5y (b—i=k=1)/2 / h s+4
= dz . 4.16
Gl = | el SN ORT)
As |h| <Y, differentiation of the (-- )l 1 H(z), and the powers of z and
z+h/Y in (4.14) is all bounded.
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4.11 The fifth derivative. Now we look at the fifth direvative of

Y ’ 0 c AT2tY \/z

(2 (o gtoncn) (i7ve)
+ K (u%h(?”) (u))A < nslhe ) ) 2H(E)

2m2Y \/z ) ) titk—n
_ ka2 / > e( 2thn _ sk 26) (4.17)
0 cz(1+\/1+h/(Yz)) 4r2tY

X (L (u%ju_z;(uh(u)))A (2;2?)
+ K (2 h®) () <773LKc> > 2ﬁ(t2/z)dt7

2m2tY tith=n
where we changed the variables from ¢ to t/4/z. A differentiation with

respect to z of Bé“féj’k)(zY, zY + h) as on the right side of (4.17) yields a
leading term

Z(j+ku1)/2/ 6< 2thny _ 773K26>
0 cz(1+\/14+h/(Yz)) 4r2tY

< f%) <L <u2’“ vt (uh(U))> A (gf;ij; )

b K (2R () (173LKC> ) 2H(2/2) .\,

22ty titk—p
Therefore
-1 —j/2—1/4
G((]5)(z) _ ( 22+ h/Y > L3/2-3/4 (z+ ﬁ) H(z)
2(z+h/Y) Y

" /‘X’ e( 2thmns B 773K2c>
0 cz(1++/1+h/(Yz)) 4r%Y

y < Amithm )5
cz2(1+/1+1/(Yz))
x (L (u2k d‘fj; (uh(u))>A (Ziigf) .

2k 1 (2v nsLKc 2H(t2/z)
+ K )(u))A<27r2tY>> Tl

+ other terms. (4.18)
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4.12 The range of h. When h # 0, we apply integration by parts
many times to the integrals on the right side of (4.18) by integrating

2th’l72
€<cz(1 + 1+ h/(Yz))> (419

and differentiating the rest of the integrand. Each integration of (4.19)
yields cz(1 + /1+h/(Yz))/(4wihne) which is of size c¢/|h|. Each
differentiation of the rest of the integrand gives us a leading term
ingK2c/(2mt2Y) plus O(LKc/Y). Consequently each integration by parts
produces O(K?2c2/(|h|Y). If |h| > K2?T5c?/Y, each integration by parts
then gives us a saving of O(K~¢). Doing this repeatedly, we know that
G(()5)(z) < K~V for arbitrary N > 0, and hence is negligible, when |h| >
K?%¢c2/Y. Therefore, the innermost sum in (4.11) can be taken over
|| < K**tec?)Y.

4.13 Bounds for P(c, h,Y). We may use the obvious bound
O(K|H (2)|(|h|/c)> + -+ + 1) for G¥(2) to get a bound for G(s):

G(s) < Ky w=i=k=1) /2+R68<<| ‘> -+1>(1+|Im8|)_5. (4.20)
Back to (4.15), we can use (4.20) and Theorem 4.3 to get

5
P(C, h, Y) < Ky(,u,jkl)/2+a'( (m) 4t 1) ‘h|1/2+9+€*o” (421)
&

when ¢ is holomorphic, where we can choose 0 = 1/2+ 60 + . When g
is a Maass cusp form, we can split Dy(s,1,1,h) into two terms as in the
proof of Theorem 4.4 in Sarnak [S2], such that the first term is bounded by
|h|1/2+0+e=Res (1 4 |Ims|)?, while the second term is bounded by |h|'~Res.
For this second term, we only need to do integration by parts to the right
side of (4.13) twice. Thus by Theorem 4.4 we get

(C h Y) <K KY(N J—k= 1/2+0((| |> .+1>|h|1/2+9+60

+ Ky W=ik= 1/2+0(<| |> -+1>|h|1”, (4.22)

when g is Maass.

4.14 Integration term by term. If we apply the bound in (4.21) or
(4.22) to (4.11) with |h| < K2?4¢?/Y, we will get a subconvexity bound for
our L-functions. We can actually get a better bound using another trick.
We want to integrate the right side of (4.15) term by term with G(s) as
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given in (4.16), and to interchange the order of integration with respect to
s and z. As we pointed out before, the integral (4.15) converges absolutely
when o > 1/246+-¢, while the factor H(z) in (4.18) provides us the uniform
convergence of the integral in (4.16). If we take o sufficiently large, using
the bounds in (1.3), the series defining Dy(s,1,1,h) converges uniformly.
This allows us to write

P(c,h,Y) = Yr=i—k= 1/22)\ n+h)< 2n7:|L-+h > / G(
1 (2n+ h)=5(2Y)" h
"o Jreees (5 1) (51 4) Z+2Y s

-1
y (w—j—k— 1/2Z>\ n+h)<;§+—i_hh)> (4.23)

<2n+h>/G ( h>0+4dz

it
i/ (gmm (2 + 7v)) y
21 Jg (0 +it)(c+1+it)--- (0 + 4+ it)
The inner integral on the right side of (4.23) can be computed. Using
partial fractions

1
(o +it)(o+ 1 +it)--- (0 + 4 +it)
! 1 N 1
(0 +it) 6(c+1+it)  4(o+2+it)
1 1

6(c +3+it) * 24(0 + 4 +it)
we get

2Y

1 (zopz (2 + 2Y))Zt
%/R(oﬂ't)(o—;lﬂt) (0+4+it)dt

1/ 2 LYY L1 2y LYY
T\ Py 6\2n+h \" "2y

1 2Y R\ 74
_..._2_4<m<z+ﬁ>> . (4.24)

(L)
2n+h 2Y ’

when
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i.e. when 2n + h < 2Y (2 + h/(2Y)). When 2n + h > 2Y (2 + h/(2Y)),
however, the integral on the left side of (4.24) vanishes. Therefore, the sum
in (4.23) is indeed a finite sum over max(1,1—h) < n < 2Y. Consequently,

P(c,h,Y) = Y=i—k=1)/2 > Ag(n)Ay(n + h)

max(ll h)<n<2Y
n+h h\?
X( 2+ h ) / Gt ( <Z+W>
+1 2y \ ! Lo 3 1/ 2y \? +h 2
6 \2n+h 2Y 1\2n+n T oy

1/ 2y \° h 1/ 2v \*
- L I (. dz. (4.2
MG <2n+h> <Z+2Y> 21 <2n+h> ) 2 (4.25)

4.15 A smaller range for h. Using the expression of G(()5) (2) in (4.18),
we switch the order of integration and rewrite the integral on the right side
of (4.25) as

) 2 2v A
e (i) (2 (o) (35)
+ K (u2kh(2u) (u)>/\ <Z?;TI;§/C> > tﬁiiu
X/OO( 22+ h/Y >llzj/23/4 (Z+ﬁ>j/21/4[{( )g( )
0 2(z+h/Y) Y
" e( 2thns > < Amithm )
(1 VLTI ) \e2 (1 I T R7)
(a+8)
24 2Y
oo (o) i) ()
6 \2n+h 2Y 4 \2n+h 2Y
ri(mrm) (o) -mla) )
6 \2n+h 2Y 24 \2n+h

+ other terms. (4.26)

Recall that the integrals are indeed both taken over [1,2]. The phase is
4 thng

9(z) = cz(l + 14+ h/(Y2))
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with
4dth h h
¢(z) = — UL < 14— — >
cz(14++/14+h/(Y2) Yz  2Yz2\/1+h/(Y2)
Note that for ¢,z € [1,2], |¢'(z)| > 7|h|/c + O(h?/(cY)). Now we apply

integration by parts many times to the integral with respect to z in (4.26)
by integrating exp(i¢(z)) and differentiating the rest of the integrand. The
differentiation will always yield a constant bound, while each integration
gives us O(c/|h|). If |h| > cK®, we can do this repeatedly so that (4.26)
and hence (4.25) are < K~ and negligible. Therefore, the innermost sum
in (4.11) may be taken over |h| < cK°®.

4.16 A bound for the holomorphic case. Back to the bound for
P(c,h,Y) in (4.21) for the holomorphic case with o = 1/2 4 0 + ¢, its sum
over |h| < cK°€ is

5
Z P(c,h,Y) < KY (u=i—k)/2+0+e Z < <@> 4+t 1>

|h|<cK® |h|<cK®
< CK1+sy(,ufjfk)/2+9+e‘

Taking the sums over ¢ and k as in (4.11), we get

. I+eypu—j+1/2460+¢ 2k
(n) Ky 1 L j+k—p+1
T;,L,VJ (Y) < I2v—1 Z (27T)kk' Yk Z ¢ :
0<k< e<Y/(LK1-¢)
K1+ey5/2+0+¢ - ) 1 Lk
< I2v—1 (LK== Z 2m)k k! | (1=¢)
0<k<N
Y5/2+9+s (LK1*€)M .
< TR - T (LK ¢)™/
for 0 <2u <v < N and 0 < j < 2N. Consequently
5/2464¢
Tkn(Y) € 7=

for L > K'/3. Recall that we need a bound of the form LKY . Setting
Y5/2+0+e /(LK17%) < LKY'® we can see that

Tx(Y) < LKYYe  for [ > K1/2+0+e, (4.27)
With 6 = 7/64, we have this bound for I > K?3%/64+¢,

4.17 A bound for the Maass case. Finally let us turn to the case of
Maass forms. Using the bounds in (4.22) with 0 = 1/2 4+ 0 + ¢, we get
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(1—j—k)/240+e h\°
> Ple,hY) < Ky® > =) o441
|h|<cK® |h|<cK* ¢

+ Ky(lu,fjfk)/2+9+€ Z <

|h|<cK®

|h|5/2—9—a |h|3/2—9—5
+

c2

+ |h|1/26€>

< (C+ C3/276)K1+sy(,ufjfk)/2+9+e.
Back to (4.11) we have
Klteyn—j+1/24+60+¢ 1 .2k

L2v-1 ey (2m)RR! Yk

% Z (Cj-l—k—u-i-l +Cj+k—u+3/2—theta)
e<Y/(LK'~¢)
Y5/2+9+s y3+e (LK1*€)M
< —
< LK1-¢ (LK15)3/26> I2v
for 0 <2y <v < N and 0 <j < 2N. Consequently, if L > K1/3, then
KEYy5/2+0+¢ Keys3te
IK (LK)
K8Y3+8
< (LK)3/2—9

(1)
1,7, (V) <

(LK'=¢)™

Tk (V)<

with # < 1/2. Therefore
Tk (Y) < LKYY  for [ > KG+20)/(6-20)+e (4.28)

when ¢ is a Maass form. With § = 7/64, we have this bound for L >
J103/153+¢

5 The Proof of the Theorems

5.1 Proof of Theorem 1.1. Now we want to use our estimate for the
diagonal terms in §3 and bounds in (4.27) and (4.28). With these bounds
we conclude that

= (555 ()

< LKY'*e,

or simply ,
oo ISy < LEYME, (5.1)
K—L<k;<K+L
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when Y < K?%¢ and
KY?H0+e < [ < K?7%  for g being holomorphic, (5.2)

and
KG+20)/6=200+ < 1 < K279 for g being Maass, (5.3)

for arbitrarily small 6 > 0 and € > 0. According to the approximation
formula of the central value of the L-function in (2.3), we have

> L (L+it, £ g)|

K—L<k;<K+L
1 Aj(a)Ag(a) ab?
> o ()

< E
K—L<k;j<K+L'1<b<Klt+e = a>1

1
<73 >

K—-L<k;j<K+L

2

2

V(ab?/K?)
O;Ag (a)Ag(a) 1<b;(1+5 e
Applying smooth dyadic subdivisions to the function
Z V(ab?/K?)
(o Vab?[K?

we get

> LGrinsieg)l

K—L<k;j<K+L

log K
< o8 Z max

2
1<B<K2+e
K—L<k;<K+L sBs

2

)

SN (75

where H is essentially a fixed smooth function of compact support in [1, 2].
Using the bound in (5.1) with Y = K?/B, we see that the maximum is
from B =1 and hence

1 2 log K 2
Z L<§+'Lt,fj ®g>| < 77 Z |Sk2(f5)]

K—L<kj<K+L K—L<kj<K+L

log K
?LK(KZ)IJrE < (LK)IJrs
(5.4)
for L as in (5.2) or (5.3). After scaling back to the normalization of the
Maass form f by multiplying K¢, we prove Theorem 1.1. o

<
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5.2 Proof of Theorem 1.2. From (5.2) we see that
L +it. f;09))" < (LK),

i.e.
L(3+it, fj ®g) < (LK)Y**e

for any j with K — L < k; < K+ L and any L as in (5.2) and (5.3).
Taking L = K1/2t0+¢ in the holomorphic case or L = K3+20)/(6-20)+¢ i
the Maass case and scaling back to the normalization of f by multiplying
k®, we prove Theorem 1.2. O
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