Geometric studies on variable radius spiral cone-beam scanning
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The goal is to perform geometric studies on cone-beam CT scanning along a three-dimensional
(3D) spiral of variable radius. First, the background for variable radius spiral cone-beam scanning
is given in the context of electron-beam CT/micro-CT. Then, necessary and sufficient conditions are
proved for existence and uniqueness of Pl lines inside the variable radius 3D spiral. These results
are necessary steps toward exact cone-beam reconstruction from a 3D spiral scan of variable radius,
adapting Katsevich’s formula for the standard helical cone-beam scanning. It is shown in the paper
that when the longitudinally projected planar spiral is not always convex toward the origin, the PI
line may not be unique in the envelope defined by the tangents of the spiral. This situation can be
avoided by using planar spirals whose curvatures are always positive. Using such a spiral, a
longitudinally homogeneous region inside the corresponding 3D spiral is constructed in which any
point is passed by one and only one PI line, provided the andletween planar spiral’s tangent

and radius is bounded By —90°| <& for some positives <32.48°. If the radius varies monotoni-

cally, this region is larger and one may allaw<51.85°. Examples for 3D spirals based on
logarithmic and Archimedean spirals are given. The corresponding generalized Tam—Danielsson
detection windows are also formulated. ZD04 American Association of Physicists in Medicine.
[DOI: 10.1118/1.1751251
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I. BACKGROUND prototypes of micro-CT systems, the data acquisition system
rotates about an animal table, while in earlier systems an
animal stage is rotated in a fixed data acquisition system.

L These imaging systems produce down to a few micron reso-
cal CT scannersMost distinctively, electron-beam CT scan- ging sy b

. . lution images, and permit screening of small animals for mu-
ners allow scan times down to 50 ms. In the EBCT design tions orgatholo iF;s and monitorgiln of disease progression
an electron beam is focused on one of tungsten arcs of 21&@l P gies, 9 prog

‘emd response to therapy. However, to date there is no major

beneath the patient. The electron beam is electromagnetical )
steered to produce fan-beam projections continuously on deé_/frort devoted to development of a micro-CT scanner that

tector arrays above the patient. In addition to its remarkabl llows ultrafasin vivo imaging to study dynamic processes.

applications for dynamic imaging of cardiac structures, 'S a primary _exam_ple, cardiac micro-CT of the mouse is
EBCT is also a powerful tool for physiological imaging. simply impossible with the state of the art of the technology.

However, in our opinion there are two major weaknesses " 1991, Wanget al. proposed a nonstandard spiral cone-
with the current EBCT techniques. First, it is not in cone-P&am algorithm to solve the long object probiéiiowever,

beam geometry and does not support spiral/helical scannin{f€ir @lgorithm is of Feldkamp-type and only produces ap-
while it has become clear that spiral/helical cone-beam scarRroximate results. In 2002 and _20073’ Katsevich proposed an
ning is advantageous for the next generation of biomedicafxact helical cone-beam algoritf, which is a quantum
CT to solve the so-called long object problem. Second, théé@p relative to the earlier algorithrt§~**
x-ray spot is not sufficiently intensive to produce the image The Katsevich helical cone-beam method is formulated in
quality the mechanical rotation based scanners can achievéerms of the Pl line and the Tam—Danielsson window. It has
Just as we need tomographic equipment in patient studiegeen provet?* that for any object point inside a scanning
we also need micro-tomographic devices in small animahelix there is one and only straight line tHa) contains the
studies® Although there has been an explosive growth in theobject point and2) intersects a helical scanning turn twice.
development of micro-CT scanners, much of the efforts havd he line segment defined by the two intersections is referred
been limited to high spatial resolution. In the 1990s, a numio as the Pl line. On the other hand, with the so-called Tam-—
ber of micro-CT systems were constructed. Most of thesdanielsson window®!? from any x-ray source only those
systems employ CCD cameras, micro-focus x-ray tubes, andys that locate between the immediately upper and lower
have image resolutions between 20 and 100. In recent helical turns are selected. Inspired by the Orlov theotém,

Using the proprietary technology, electron-beam CT
scannersare quite different from the main stream mechani-
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Fic. 1. Conceptual design of electron-beam micro-CT using variable radius /

Fic. 2. Generalized Tam—Danielsson detection window delimited by the

Dannielsson made the conjecture that cone-beam data cdlfoiected upper and lower twrns of the spiral locus.
lected within the Tam—Dannielsson window along a helical
scanning arc delimited by the PI line are sufficient for recon-
struction of any object point on the P! lif@The Katsevich
helical cone-beam formulation can be considered as having
proved the Dannielsson conjecture except for a need to use a z=hs.
small amount of data outside the Tam—Danielsson window, ot
Recently, Zou and Pan have reported that such a need can hf’i's
eliminated in the Katsevich framewotk. However,
Katsevich-type algorithms are currently unavailable for exac

image reconstruction with nontrivial spiral cone-beam Scan'passing through Xo.Yo.2,) is equivalent to the condition

ning. that
In this paper, we propose to upgrade the EBCT design

(2.9

(2.9
(X0,Y0,20) be a point inside this 3D spiral. A Pl line of

point is a line passing through X{,Yo,20),

{X(s1).y(s1),2(s1)) and ((s2),y(S2),2(S7)), such that 0
<s,—s;<27. The existence and uniqueness of a PI line

y=R(s)sins,

with a spiral cone-beam scanning capability and adapt the Xo=tx(sy)+(1—t)X(Sp), (2.6
architecture for small animal imaging, especially for cardiac _ _

studies of the mouse. The overall concept is shown in Fig. 1, Yo=ty(s) +(1=1)y(s2), 2.7
in which the x-ray spot traces a nonstandard spiral locus with  z,=ths, +(1—t)hs,, (2.9

the detection coverage defined by a generalized Tam-— ) )

Danielsson window. In the following after introducing nota- have one and only solutiort,§;,S,) with 0<t<1, 0<s,
tions in Sec. II, we first describe a minimal detection window ;<27

for our case in Sec. lll, generalizing the standard Tam-—

Danielsson windows. Then, in Sec. IV we study planar spi-

rals. The results are useful in Secs. V-VII to obtain necest||. MINIMUM DETECTION WINDOW

sary and sufficient conditions on three-dimensi8D) o . ) ]
spirals such that there is one and only one PI line pass Minimum detection windows for a standard helix, called

. . ,11 .
through a point inside the 3D spiral. In Secs. VIII-X, ex- 1am—Danielsson windows;™* have been used in both ap-

amples of 3D spirals with monotone radii and regions withProximate and exact cone-beam reconstruction algorithms.

PI line uniqueness are given. Finally in Sec. X1, we discuss &onsider a 3D spiral with a variable radius in E¢8.3—

few of relevant issues and directions for further research. (2.9. In this case, we define the generalized Tam-
Danielsson detection window a} as the region in the de-

tector plane bounded by the cone beam projections of the

[I. NOTATION

Consider a two-dimensional spirak R(s) in polar coor-
dinates:

(2.1
y=R(s)sins, (2.2

wherep=\/x’>+y?. We assume thak(s)>0 for anys, and
assume that at argy R’(s) exists. Fromp=R(s) we build a
3D spiral with constant pitch>0:

Xx=R(s)coss,

x=R(s)coss, (2.3
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upper and lower turns of the 3D spiral starting from the point
S on the 3D spiral corresponding 8y, where the detector
plane is perpendicular to they plane, on the opposite side
of the origin, and of distancR to the origin. We assume that
R>R(s). Figure 2 illustrates the geometry for such a detec-
tion window. On the detector plane, any object point within
the two consecutive turns is projected onto the region be-
tweenI'y,, and 'y, the boundaries of the detector plane.
Now we deduce the boundary equationd’@f, and I, for
X-ray source ats,. Let B=(R(s)coss,R(s)sinshs) be any
point on the turn of the 3D spiral immediately above or
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R(s,)cos 5, — R(s)cos s

16 som

M"

©)) ()

Fic. 3. Views of projected trajectory of the helical locya) View for the computation of thel;, (b) view for the computation of thd,.

below s, andB the cone beam projection & on the de-  tion Wind(_)w. Since we assume thatm/2< a</2, the pa-
tector plane. The top and front views of the geometry ardameters is taken over ¢,—2m,sp) and (So,Sp+2) satis-

given in Fig. 3. fying
On thexy plane, we have R(Sp) — R(s)cogs—sp)>0.
R(s) BS

IV. PLANAR SPIRAL
Let p=R(s) be a planar spiral in polar coordinates as

sina  sin(s—sp)

d
an shown in Fig. 4. Denote by the angle betwee®M and the
BS*=R(sp)?+ R(s)?—2R(S)R(s)cogS—Sp), tangent atVl. Then
where we only consider the case ofr/2<a<<w/2. Then R(s)
tanw= ——. (4.2
__R( _ R'(s)
Sina=-ga sin(s—so) In fact, the slope of the tangeMN is tang=dy/dx. Then
and ) tar(g—s) tanB—tans
anw=tanB—s)= —————
. sina R(s)sin(s—sg) 1+tanftans
ana= =
Ji-sifa BS—R(s)?sir(s—sy) dy y Xd_y_ dx
y
R(S)si _dx x “ds “ds
- (S)RSIH(S—SO) _ _1+ dy y dx+ dy -
(S0) — R(s)cog’s— o) dx x “ds Vds
Therefore,

From R(s)?=x%+y?, we get
R(s)(R+R(sp))sin(s—sp)

- = dx dy
dy=(RH+R(So)tana= g o s s coqs—sg) R(SIR'(S) =X g +Y 5o
(3.)
On thexz plane,
(s—sp)h B dy

R(sg)cossy— R(s)coss  (R+R(sy))cossy+d; sinsy )
Consequently, M

e h(R+ R(Sp))Cc0sSy+d; sins, R(s)

2=(57%) R(sp)cossy— R(S)coss Nﬁ

_ (R+R(sp))(s—p)h 0
" R(sg)—R(s)cogs—sg) 3.2 / \
© = R(s)

Equationg3.1) and(3.2) are therefore boundary equations in
parametric forms for our generalized Tam—Danielsson detec- Fic. 4. Geometry of a planar spiral.
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Fic. 5. A shaded region.

and hence by Eq4$2.1) and (2.2

1
tanw= ——————(R(s)coss(R’(s)sins+ R(s)coss
@ R(s)R’(s)( (s) (R'(s) (s) ) FiG. 7. Graph ofp=1+(15/41)cos(54).

(s)

R'(s)’

. ® point (Xg,Yo) in the disk ¥+y2<r? intersects the planar
From Eq.(4.1) we can compute the distance between thespiral for se | at two and only two points is

tangentM N and the originO:

—R(s)sins(R’(s)coss—R(s)sins)) =

. R(s)?
. 2 = - 4.3
ON=R(s)sinw=R(s) tane] _ RS T VRSP R (57 49

Vittafw VR(s)?+R'(s)?
(4.2 The curvature of the planar curye=R(s) ats is given by
Theorem 4.1: Let (Xq,Yo) be a point inside the planar R(s)2+ 2R’ (s)2—R(s)R’(S)
spiral p=R(s). A necessary and sufficient condition that for x= T3
any given s there is unique sand t, and for given s there (R(s)"+R'(s)%)
is unique $ and t, satisfying Egs. (2.6) and (2.7) with  If « is always non-negative, the curve is convex toward the
<t<1 and0<s,—s;<27r, is that(Xq,Yo) is on the inside origin, and any point Xy,Y) inside p=R(s) satisfies the
of every tangent of the planar spiral for s in an interval of condition in Theorem 4.1.
length27r. Theorem 4.3: Assume that B) has second derivative
Proof: If (Xq,Yo) is in the shaded region shown in Fig. 5, and
the outside of a tangent line, then there is a line passing 2 VN2 "
through &g,y,) which intersects the planar spiral at more R(8)™+2R'(5)"~R(s)R"(5)=0 (4.9
than two points. This will violate the uniquenesssgfor s, . at any s in an interval of lengtl27. Then for any point
On the other hand, ifXp,Y,) is not in the shaded region (Xq,Yo) inside the planar spiral, a line passing through
inside the planar spiral, any line passing througf,{q) will (X0,Yo) intersects the planar spiral over | at two and only
only intersect the curve at two points. two points
If the object region is a disk centered at the origin as
shown in Fig. 6, we can use E@t.2) to determine the maxi-
mum radius with uniqueness. ¥
Theorem 4.2: Let | be an interval of lengti2sw. The 15
maximum radius r such that any line passing through any

4.4

R I

-1.8%

Fic. 6. A disk. Fic. 8. Graph ofp=1+(1/2)cos(%/4).
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In fact, since the curvaturét.4) is always non-negative,
the tangent lines of the planar spiral are always outside the
curve.

In the following sections, we will always assume that the
planar spiralp=R(s) has non-negative curvature, satisfying
Eq. (4.5. In Fig. 7, the graph op=1+(15/41)cos(54) is
given. Its curvature is always positive. Figure 8 shows the
graphs of the functiop=1+ (1/2)cos(%/4) where the cur-
vature is negative at songe

V. EXISTENCE OF PI LINE

Now we turn to the third equatioii2.8). Fix a point
(Xo,Yo) in the region determined by Theorem 4.3. Then to
every s, there is unique ands, satisfying Eqs.(2.6) and
(2.7), with 0<t<1 and 0<s,—s;<2. Thereforet ands,
are functions of;, and hence

z=ths;+(1-t)hs, (5.1
Fic. 9. G try of the vectold(s,,sy), T(sy), N(s1), T(Sz), andN(sy).
is also a function o6, . Denote this latter function bg(s;). © sometry of he vectone(sz.si). T(s2). (s, T(s2), andn(s)
Assume that our 3D spiral2.6)—(2.8) is taken overs dt X' (S2)Y'(s1)—X'(S1)Y' ()
e[a,b]. The existence of PI lines passing through a point d_sl_ty’(sz)(x(sl)—X(sz))—x’(sz)(y(sl)—y(sz))'
(X0,Y0,Zp) IS equivalent to saying that there $5e[a,b] (6.2

such that the continuous functigb.l) assumeg, as a func-

tion value:zy=2z(s;). =2
Theorem 5.1: Let p=R(s), z=hs, be a 3D spiral fors ds;

ela,b] with b—a>4#w. Assume Eq. (4.5) for any s

e[a,b]. For any point(xg,Yq,Z) inside the 3D spiral with

(a+2m)h=zy<(b—2m)h, (5.2

_t X(s)(y(s1) —Y(S2)) —Y' (S (X(81) — X(S2))
1-t y'(Sp)(X(S1) —X(S2)) = X' (S2)(y(S1) —Y(S2))
(6.3

For the plane spiral in Egs(2.1) and (2.2, T(s)
=(x'(s),y'(s)) is a tangent vector a. Denote byN(s)
=(—-y'(s),x'(s)) a norm vector pointing inward &, and

there exists ar line passing through{xq,Yo,Zp).

Proof: Takes;=a and determine the uniqueands, by
Egs.(2.6) and(2.7) with 0<t<1 and 0<s,—s;<27. Then
z(a)=tha+ (1—t)hs,<(a+2m)h. On the other hand take
s,=b—24, then find unique ands, satisfying Eqs.(2.6)
and (2.7). Again 0<t<1 and 0<s,—s;<2w. Then z(b
—2m)>(b—2m)h. By Eq. (5.2, z, is between these two
function valueg(a) <zy<z(b—27). Consequently there is :
s,e[a,b—27] such thatzy,=z(s;), because(s,) is con- the point &(s2).y(S2)). Then
tinuous. dt  T(sy)N(sy)

ds;  N(sp)V(sy,sp)’

ds,  t N(spV(s;,81)
ds;  1—t N(sp)V(sy,51)"

and

V(s2,51) = (X(S2) = X(81),y(S2) —Y(S1))
the vector along the PI line from the poimnt(6,),y(s;)) to

VI. FIRST DERIVATIVE OF z(s)

To study the uniqueness of Pl line, we want to differenti-
atez with respect tcs; :

dZ_ hdt+1 thdsz-f—th
dsl_(sl SZ) dSl ( ) dSl .

The Pl line is unique if and only ifiz/ds; is always=0. We
computedt/ds; andds,/ds; by implicit differentiation. Dif- _ th
ferentiating Eqs(2.6) and(2.7), we get " N(syp)V(s,,S1)

+(S,—51)T(s2)N(sy)).

(6.1 T(s)N(s1)  N(s)V(sz,81)

dz
ds, N1+ 2= S) G Vis, s N(sp)Vi(s,.5))

ds;

((N(s2) —N(s1))-V(s;,81)

dt d
<x<s1>—x<52)>d—sl+<1—t>x’<sz)d—§j=—tx'(sl>. (6.4

VII. UNIQUENESS OF PI LINE
Denote byé#; the angle fromV(s,,s;) to N(sj) (Fig. 9).

dt ds,
(Y(Sl)_y(sz))d_sl+(1_t)y/(52) d_31: —ty’(sy).

Solving these linear equations fdt/ds, andds,/ds;,
we have

Medical Physics, Vol. 31, No. 6, June 2004

Since we assume that the poixy(yg), which is on the PI
line in the direction ofV(s;,s;), is in the region given by
Theorem 4.3, we know that
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Therefore, R(s1) R(sp) '
N(S,)V(S,,51)<0, N(s7)V(S,,5,)>0, (7.20  and the left-hand side of E7.4) equals

and we know thatlz/ds;=0 is equivalent to
(N(s1) = N(s))V(s;3,81) = (S5—51) T(S2)N(s1)=0.
(7.3
Since x'(s)=R’(s)coss—R(s)sins and y’(s)=R’(s)sins
+R(s)coss, Eq. (7.3 is the same as
R(s1)?+R(s2)?~R(51)R(s,)(2 cogs,~ )
+(s2—81)siN(s—81)) + R'(s1)R(s) (siN(S,—51)
—(sp—81)c0gs,—51)) T R(s1)R'(7)
X(—sin(s;—S1) + (S~ 51)COS,— S1))
—R'(s1)R'(s2)(S2—S1)siN(S,— 1) =0.

SinceR(s)>0, this is equivalent to

( \/R(sl)_ \/R(Sz) ?

+2—2cosu—usinu
R(s2) R(s1)

+(R'<sl> R(sy)
R(s;) R(sy)

3 R'(s1) ' R'(sy)
R(s;) R(sy)

whereu=s,—s; with O=u=<2s. This gives a proof of the
following theorem.

Theorem 7.1: For a 3D spiral p=R(s), z=hs, on s
e[a,b], we assume Eq. (4.5) for any. $or any point
(X0,Y0,2p) inside the 3D spiral with Eqg. (5.2) there is one
and only one Pl line passing throudig,y,,2o), if and only
if Eq. (7.4) holds for all $, s,e[a,b] with u=s,—s;, 0

sus<27.

) (sinu—ucosu)

usinu=0, (7.9

VIIl. SPIRALS WITH MONOTONIC R(s)
A. Circle p=R(s)=R

Note that 2-2 cosu—usinu=0 for O<u<2wx. There-
fore, if the radius functiolR(s) =R is constant, the left side
of (7.4) becomes 2- 2 cosu—usinu=0. Consequently Theo-
rem 7.1 holds for the usual helix of constant radris)
=R.

B. Logarithmic spiral p=R(s)=e"
By Eq. (4.1), we know that
R'(s)
R(S) =cotw, (8.1

wherew is the angle between the ray from the origin to the
point p=R(s) on the planar spiral and the tangent vector
T(s). If p=R(s)=¢€" is a logarithmic spiralr+0, then
R’(s)/R(s)=r is constant. Consequently for this logarithmic
spiral
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e'V+e "M—(2 cosu+usinu)—r2usinu=0

for ue[0,27]. Therefore for logarithmic spirals, Theorem
7.1 also holds and PI lines are unique inside the 3D spiral.

C. Archimedean spiral p=R(s)=as+b

We now consider the case thB{s)=as+b is a linear
function. To show that it satisfies the conditioGh4) of Theo-
rem 7.1, we may assume thst=0, O<s,=u=<2m, b>0,
and 2ra+b>0. Then

( /R(Sl) IR(s2)
R(s,) R(s1)

2 b autb
= —+ —
au+b b
au?

~ b(au+b)
and

R'(s1)
R(s;)

R’(sz)_ R’(0) R'(u) _a a
R(s,) R(0) R(u) b au+b

Al
~ b(au+b)”
Consequently,

(R’(sl) _Ri(sp)
R(s1)) R(sp)

R'(s;) R'(s,)
R(s1) R(sy)

)(sinu—ucosu)— usinu

a’u
b(au+hb)

a’u

b(au+b) sinu

(sinu—ucosu)—
a’u?
b(au+b)
and the left-hand side side of E(..4) becomes
2u2
b(au+b)
This proves that Theorem 7.1 holds for lind(s).

cosu

2—2cosu—usinu+ (1—cosu)=0.

IX. UNIQUE PI-LINE REGION FOR GENERAL R(s)

For a general functiofR(s) we cannot expect a full can-
cellation as in Eq(8.2). In Fig. 10, the graphs of functions
2—2 cosu—usinu, sinu—ucosu, and —usinu are given.
When R’(s;1)/R(s1) —R'(s5)/R(s,) is positive and but
small for s,—s;=u large, the dip of sim—ucosu nearu
=24 will prevent Eq.(7.4) from being true. This situation
can be seen in Fig. 11, the graph on the left-hand side of Eq.
(7.4) for R(s)=1+(15/41)cos(54) for s;=0 andu=s,
—s; in [0,27].

Similarly, the dip of—u sinu nearu=2 may also cause
the left-hand side of Eq.7.4) to be negative.

If we can limit the angle of the tangent vector to be not
too steep, we may obtain a cylindrical regioB,
={(X0.Y0,20) | X3+ y3=r? (a+2m)h<zo<(b—2m)h} in
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P 2-2cosu—msiny

* — 5N

oo ® sing - WCosy

Fic. 10. Plots of 2-2 cosu—usinusinu—ucosu, and —u sinu.

which any point was passed by one and only one Pl line.
By Eg. (8.1), a bound forR’(s)/R(s),

R'(s)

‘R(S) <g, (9.2
means thajcotw|<e, i.e.,

|w—m/2|<tan le. 9.2

If we takeu= 1, then the left-hand side of E¢7.4) becomes
[R(sy) /R(s») ? R'(sy) R'<s2>)
————\/=—| +4+

( R(s2)  VR(sy) i

R(sy) R(sy)
=4—-2¢emr. (9.3

Therefore ife =2/, i.e., if

T 2
0= <tan '—=0.567=32.48°, (9.9

v

Eq. (7.4 holds for any point (0,&).

A smallere in Egs.(9.1) and (9.2) will give us a larger
region with Pl line uniqueness. Givers<2/7 with Eq. (9.1
or equivalently Eq(9.2), Eq. (7.4) holds if

2—2 cosu—u sinu—2g|sinu—u cosu| — e2|u sinu|=0.

9.9

Solving its equality fore, we get

g= ————(—|sinu—u cosul|
u|sinu|

+ V/(sinu—u cosu)?+ u|sinu|(2— 2 cosu—u sinu))
(9.6

for O=su=<2w with O<e=<2/7. Its graph is the two inner
curves in Fig. 12. Using this graph, given<@ <2/7, we

o 1 2 3 4 5 H

_or

Fic. 11. Plot of the left side of Eq.7.4) for p=1+ (15/41)cos(54) with
$1=0, s,=u=<27.
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5'&'—— i, for monotonic R(s)
T y
aF
b
3t || #; far monotonic R(s)
of
1 -
D

g
0 02 04t/ tan 4/ x)

Fic. 12. Relation between andu,,u,.

can findu,; from the lower curve and, from the top curve.
When Eq.(9.1) or equivalently Eq(9.2) is satisfied for all
se[a,b], Eq.(7.4) holds foru;<s,—s;<u,.

In other words, for any gives;, there is a fan-shaped
surface consisting of Pl lines from the point on the 3D spiral
at s=s; to points ats=s,, with u;<s,—s;<u,. Whens;
moves upward, this fan-shaped surface also moves upward
along the 3D spiral. The 3D region passed by, or actually
consisting of, these fan-shaped surfaces, is a region inside
the 3D spiral in which any point is passed by one and only
one PI line, when there is a bourds 7/2 for R'(s)/R(S),
or equivalently a bound tart € for |w—7/2].

X. UNIQUE PI-LINE REGION FOR MONOTONIC
R(s)

If the functionR(s) is monotonic, therR’(s;)/R(s;) and
R’(sy)/R(s,) are of the same sign. Therefore if EQ.1
holds, i.e., if the angle is bounded by Eq(9.2), we get an
inequality better than EJ9.3):

R(sy) R(s,) 2 (R'(Sl) R'(Sz))
( VRisy  V R(Sﬂ) AT Ry T Risy)
=4—c. (10.9

Consequently, iE=4/m7 i.e., if

ar
©= 7

4
stan‘1;50.90$ 51.85°, (10.2

Eq. (7.4 holds for any point (0,&).

A smaller ¢ in Egs. (9.1) and (9.2 will also give us a
larger region with Pl line uniqueness. Giver: 4/ with Eq.
(9.1 or equivalently Eq(9.2), Eq.(7.4) holds if

2—2 cosu—usinu—g|sinu—u cosu| — g2u sinu=0.

(10.3

Note that the coefficient of is different from that in Eq.
(9.5). SinceR’(s1)/R(s;) andR’'(s,)/R(s,) are of the same
sign, there is no need to have an absolute sign for the last
term in Eqg.(10.3. Solving its equality fore, we get
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In conclusion, we have formulated a generalized Tam—

€= Susinu (—|sinu—u cosul Danielsson window in the case of variable radius spiral cone-
beam scanning, studied the existence and uniqueness of the
+/(sinu—u cosu)?+4u sinu(2—2 cosu—u sinu)) PI line with such a 3D spiral scan, and established a theoret-

ical foundation for exact reconstruction applicable to our
(10.4 pp
' proposed spiral cone-beam electron-beam CT/micrd*CT.
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