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Computed tomograph§CT) is one of the most important areas in the modern science and technol-
ogy. The most popular approach for image reconstruction is filtered backprojection. It is essential to
understand the limit behavior of the filtered backprojection algorithms. The classic results on the
limit of image reconstruction are typically done in the norm sense. In this paper, we use the method
of limited bandwidth to handle filtered backprojection-based image reconstruction when the spec-
trum of an underlying image is not absolutely integrable. Our main contribution is, assuming the
method of limited bandwidth, to prove a pointwise limit theorem for a class of functions practically
relevant and quite general. Further work is underway to extend the theory and explore its practical
applications. ©2003 American Association of Physicists in Medicif®Ol: 10.1118/1.1559820
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. INTRODUCTION Sy(w)=f(w cos 6,w sin 6)

Computed tomographyCT) is one of the most important w oo _ _

areas in modern science and technology. The most popular =f J f(x,y)e 2mxweosttywsind) gy gy,
approach  for image reconstruction is filtered e

backprojectior:? Let f(x,y) be an absolutely integrable (4)

function onR? representing an object with a finite support,
such as defined on a unit disk. In this context, the standar
procedure for computed tomogrph€T) refers to the fol-
lowing steps:

&igorously speaking, the filtered backprojection algorithm
defined by(2) and(3) is valid at almost every pointx(y) for
an absolutely integrable functiof(x,y), when its Fourier
Step 1. Projection: transformf(u, ) is also absolutely integrable.
Whenf(u,») is not absolutely integrable, it is essential to
S _ understand the limit behavior of the filtered backprojection
Py(t)= f_wj_mf(x,y) d(x cos+y sin 6—t)dx dy, algorithms. There are various strategies to handle this diver-
(1) gence problem. Examples include the method of limited
bandwidth® the Abel method of summability,and the

Step 2. Filtration: Shepp-Logan filter technigqfeGenerally speaking, different
strategies have their own advantages and disadvantages. As a
(" > mitw matter of fact, CT scanner manufacturers typically imple-
Qo(t)= f_xsg(w)|w|e dw, ment a number of reconstruction filters to balance spatial and

contrast resolution for different applications. Typically, the
method of limited bandwidth produces higher spatial resolu-
tion, while the Abel method of summability and the Shepp-—
Logan filtering lead to better contrast resolution. The convo-
Step 3. Backprojection: lution kernel associated with the method of limited
bandwidth is usually referred to as the “standard” kernel,
K . while the smooth kernels associated with the Shepp—Logan
fxy)= fo Qy(x cos 6+y sin £)do. ©) method and other similar methods may be regarded as “con-
trast” kernels.
The correctness of the above procedure is usually shown by The Abel method of summability is to introduce a conver-
citing the Fourier slice theorem that gence factoe™ ™, and then take —0*:

©

where Sy(w)= f P,(t)e 2mWt dt, 2
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Que®= | sywlwle 4#le2m dw, ®
ff(x,y)zf Qy.(x cosf+y sin H)do (6)
0
for e>0, and
f(xy)=1lim f(xy). (7)

e—0

For any absolutely integrable functidifx,y), it is a classi-
cal result thatf (x,y) tends tof(x,y) in the L' norm as
e—0:

lim flf:|f€(x,y)—f(x,y)|dx dy=0.

e—0

®

Using the concept of the Lebesque setf¢k,y), we can
further prove thatf (x,y) tends tof(x,y) as e—~0 almost
everywheré’.

817

is not absolutely integrable on the plane, whdkeis the
Bessel function of the first kind of order oheee(20) be-
low]. Therefore fy(x,y) in (13) is not of L! in general. We
need anl_? theory to describe the limit behavior of the lim-
ited bandwidth based reconstruction(irt).

Assumef e LY(R?)NL2(R?), thenf e L?(R?). The Fou-
rier transform of arl_? function g is defined as th&? limit
of

@W(x,y)=f g(u,v)P(u/W,v/W)
X @ 2mWxrvy) qy dy. (15)
By the Plancherel theorefnywe immediately have
lim f f [fw(x,y)—f(x,y)|? dx dy=0. (16)
W—ood =% J —

Similar to (16), the classic results on the limit of image
reconstruction are typically done in the norm sense. The

It is our goal in the present paper to study the limit be-most famous results are summarized in the book by
havior of the method of limited bandwidth. This method is to Natterer Specifically, they worked wittC* and assumed

assume that the bandwidth is limited and repléeand (3)
by (9) and (10):

w )
Qe,w(t)ZJ Se(W)|W|ezth dw, 9
-W
fw(x,y)= fWQ(,,W(x cosf+y sin 6)dé. (10
0
Then, we take the limit to reconstruct the imafde,y):
fox,y)= lim fy(x,y). (11)

W—ox

As far as the method of limited bandwidth defined(#)—
(11) is concerned, a corresponding statement does not
exist.

In fact, (9) can be written as

Qow(t)= J:CS(;(W)(D(W/WHMEZWHW dw, (12

where® is the characteristic function of the intenjat 1,1],

the sup norm defined dﬂg(Q”) as the worst-case error. The
only prior information they made use of jb‘HHg(Qn)sp,

with B being about 1/2 ang moderate(see pp. 92-95 in
Ref. 2 for details.

In this paper, we study the method of limited bandwidth
to handle filtered backprojection based image reconstruction
when the spectrum of an underlying image is not absolutely
integrable. Particularly, assuming the method of a limited
bandwidth we prove a pointwise limit theorem for a class of
functions practically relevant and quite general. In the sec-
ond section, we present our main result—the pointwise limit
theorem. In the third section, we give two analytic examples,
while in the last section, we discuss several issues and con-
clude the paper.

II. POINTWISE LIMIT THEOREM

Because the pointwise limit is stronger and much more
specific than thd_? limit, in this section we prove a point-
wise limit theorem to refin€16) for a class of quite general
functionsf(x,y). Indeed, we will consider functionf{(x,y)

which can be interpreted as the characteristic function in pothat are smooth but have finitely many jumps of finite mag-

lar coordinates on the unit diskf+y2s1. Consequently,
fw(X,y) is the Fourier inversion off(u,v)® (u/W,v/W). By
the Fourier convolution formula,

fuw(X,y)=f(X,y)% (®(u/W,v/W))", (13
where @ (u/W,v/W))" is expressed as follows:
(db(u/W,v/W))D(x,y)=Jlfid)(u/W,v/W)
X @ 2mM(xuty) dy dy
= W2D(XW,yW). (14)

Here in polar coordinates,

Ci)(W cos 6,w sin 6)=J(27w)/w
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nitude along piecewise continuous curves.

Theorem 1 (pointwise limit theorem): Let f(x,y) be an
absolutely integrable function on R Assume that, other
than finitely many jumps of finite magnitude of the function
and/or its first and second partial derivatives along piece-
wise continuous curves, this function has absolutely inte-
grable second partial derivatives. Then, the filtered back-
projection using the method of limited bandwidth converges
pointwise at any poinxgy,yo) not on a jump, i.e.,

lim fw(Xo,Yo)=f(Xg,Yo)-
W—

We remark that in the scenario of medical imaging, there are
distinctive components in the human body, including solid
organs, soft tissues, bones, and so on. Within each compo-
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nent, the x-ray linear attenuation coefficient varies smoothly, 27 _ . .
and can be well modeled by smooth functions with continu- | [9(Xo—T €cOs,yo—r sin 0)]cdt)dO=0(t" "),
ous second derivatives. On the other hand, across the bound- (19)
aries among the components, jumps in the x-ray linear at-
tenuation coefficient, its first and second partial derivativegor some fixede>0 ast— . Here we used the Fourier co-
can be represented by a finite number of gate-like functionssine transform,
The discontinuities across the boundaries in the first and sec-
ond derivatives can be relevant in contrast dynamics, such as - ()= f“ (r)cogrt)dr
bolus-driven perfusion for cancer studies. Yeo 0 9 '

Before we prove Theorem 1, let us formulate this class of
functions. As we will use polar coordinates centered affhe assumptiori19) essentially means that the Fourier co-
(Xo0.,Yo) in our proof, we express the curves of discontinuitiessine transform ofg(x,y), along any half-line starting at
in the following way. Note that this expression of our func- (Xo.Yo), goes to 0 inO(t™*~¢), ast—c. This is a version
tion f(x,y) directly depends on a given point{,y,) noton of the Riemann-Lebesque theorérif, as in Theorem 1,
a jump. For a different pointxy,y,), the polar coordinates 9g(x,y) has absolutely integrable second partial derivatives,
will be different, and the formulas for the functiof(x, the bound in(19) will be O(t™?).

—r cos6,y—r sin §) will also be different. The magnitude of the jumps cannot be allowed to go to
Without a loss of generality, let=r;(6), j=1,...m, infinity, as controlled byla{?(6#)|<C, for j=1,... m—1
be piecewise continuous curvesdnWe may further assume and k=0, ...,5. Thejumps cannot occur at the point

that 0<ry(0)<r,(#)<---<rn(6)<C, for any 6. To cap- (Xo.Yo) €ither, so thatr;(#) cannot approach to 0. If we
ture various jumps of the function and its derivatives ondenote by c=c(Xq,yo)>0 the shortest distance from
these curves, we use a polynomialrdh the region between (Xq,Yo) to the nearest discontinuous curve, we then have
two adjacent curves. More precisely, define jump functions:|rj(0)|>c(x0,y0).
0 1 (5) 5 We emphasize that the class of the above-defined func-
a; () +a(O)r+ a7 (o)r>, tions f(x,y) in (18) should be regarded as a universal model
hi(r,0)= it ri(@)=r<r;;.(0), (179 for a variety of practical applications. Technically,
g(xg—r cosbyy—r sinb) is smooth and describes continuous
changes in the image domain, while termgr, #) capture
for j=1,...m—1, where as coefficientsa(/(9) are the structural discontinuities. Combining the two kinds of
bounded,af(8)|<C,, piecewise continuous functions of bases, we can satisfactorily approximate images that are re-
6. Here we use a polynomial of degree 5, because we need gionwise smooth.
use six coefficients{() to match the function values, its  In the proof below and in later sections, we will use the
first and second derivatives in the directionrain the outer ~ Bessel function],, of ordern of the first kind and the Gauss
and inner rims of the region betweef(¢) andr;,,(¢). We  hypergeometric serieg=;, defined as
remark that our jump function ifl7) generalizes the gate

. 1 27 .

function, Jn(z): Zfo gl(zsint=nt) ¢ (20)
a}o)(ﬁ), if  rj(0)sr<r;;.1(0),

0, otherwise. and

0, otherwise,

sj(r,0)=

This generalization allows us to control jumps, not only in,Fi(a,b;c;z)
value magnitude but also in derivatives. For our function w
f(x,y) in Theorem 1, we request that in polar coordinates —14+ 2
centered at the poinixg,y,), it can be written as n=1

f(Xo—r cosf,yo—r sin 6) ><a(a+1)---(a+n—1)b(b+1)---(b+n—1) N
z

=g(Xo—r cosf,yo—r sin @) +hy(r,0)+:-- c(c+1)---(c+n=-1)n!

+hp_4(r,6) (18 See Ref. 6 for details.
Proof of Theorem 1By (13), we have
such that(i) g(x,y) is absolutely integrable ofR?, (ii)
g(x,y) has all second partial derivatives everywhererfn fw(Xo0,Yo)=T(X,y)* (chiD(XW,yV\/))I(X vo)
and (iii) its second partial derivatives are also absolutely in- e
tegrable orR?. Note that on the right side ¢18), the second

differentiability of g(x,y) on jump curves is achieved by =W2J J f(Xo—=X,Yo—Y)

suitably choosing the coefficient')(6) of the polynomials e

h;(r. ). X D(xW,yW)dx dy. (21)
Actually, we may replace condition@i) and (iii) by a

weaker condition that In polar coordinates, it is
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, (27 % _ Recall the Parseval formula for absolute integrable functions
fw(XO,yo):W fo dgfo f(XO_r €cos 6,yo—1r sin 0) f andg on [0100):
rdr FftA tdtszf t)g(t)dt. 23
x3u(2mrw) 2 L f(08ecdDt= | Feod DO (23
, It is known that
=Wf daf f(Xg—r cosh,yp—r sin 6) 1, 0o<t<1;
0 0
INE ()= t 24
X J,(2rW)dr (eod)=) . 1L 29
= i 27rd0 Denote the function on the right side gét). Then, by the
2mJo inversion formula of the Fourier cosine transform,

°°f t cosd t sin 6 g = 2 \F -
Xfo X0~ 5w Yo oW Jy(Hdt. (D)= -9 coS(t)- (25

(220  Consequently,

. 1 f2wd fm)f r cos6 rsing\®" 2 g
W(XO:yO)_Z . 0 . Xo~ S W Yo Sow (t);g(t) t

cos

1 jzwdajmf r cosé r sin 0)D (Ot 1 fzwdajmf< r cosé r sin g\" " t dt
e — Xn— , — - Xn— , _
w2Jo 0 o 27w Yo 27W cos x2Jo 1 O 27w Yo 27W cos t2—1
2W (27 (= . t dt
=f(Xg,Yo) — 7[{) d¢9f1 (f(xo—r cosf,yg—r sin 0))g.d 2mWt) Neah (26)
|
If for a fixed €>0, [3™(g(Xo—r COSByo—r sin 6))-.(t)do @2(8)r2u; (1))
=0(141*€), then we have
:a<2)(a)d—2 sin(r(6)x) —sin(rj ;. 1( 6)x)
oW (2n (= b A X ’
- 7f def (g(xo—Tr €OS B,yo—T sin 6))5 (27W1)
0 1
@2 (0)r3u;(r))gdx
Xtdt<1f°° dt ) i (O)r2ui(r))ged X)
a1 welh a1 (27) :a<3>(a)d—3 codr |4 1(6)X)— cosr;(#)x)
] dXS X !
which converges and tends to 0\&s— . Consequently, the
contribution to(26) of the termg in the expression of (X, (a{*(8)r*u;(r))od X)
—r cos6,yp—r sin 6) in (18) will tend to 0. As for the terms _ _
a®(6)r in hi(r,6) on the right side 0f18), we have the o, A% sin(ri1(6)%)—sin(r;(6)x)
i J —a(4) ) —
following computation: =a( )dx“ X '
sin(ri1(0)x)—sin(r.()x (5) 50, o
(@O 010 =af0(0) St ORISR @O (r))eed )
=a(5)(0)d_5 Coirj(e)x)_coirJJrl( 0))()
(1) 0 SRS X ’
(@7 (0)ruj(r))god )
=a(1)(6)i codrj(#)x)—cosr;1(0)X) where u;(r)=1 for r;(f)<r<r;;,(¢) and vanishes else-
] dx X ' where. Consequently,

Medical Physics, Vol. 30, No. 5, May 2003
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’ a}k) 0 According to(10), we have
@ (O)ruj(1)eod ¥) = = ((rj42(0)* sin(rj.1(0)x) )
_ fW(x,y)=J Qpw(x cos@+y sin #)do
—(rj(@)* sin(rj(0)x)+---, (28 0

for k=0, ...,5 where “--” represents terms withk® or m w
higher powers ok in the denominators. These omitted terms ZZJO dafo J1(27w)
will contribute expressions tending to 0 wh#vi—oo, as in
(27). The leading term i28) in turn contributes, X cog2mw(x cos §+y sin 6))dw. (34)
1 (2= ® ) = sin(2r ()W) When ,y)#(0,0), we may expresx cosf+ysind as
_Zfo a;"(0)(rj(0)) dGL Tdt X2+ y?sin(6+ 6,) for a certain phase shifting,. Changing
. variables, we have

L w0 k T (W

- pfo 3j1(0)(rj+1(0))"d0 fW(x,y)zzf def J1(2mw)cog 2mw X+ y?sin 6)dw
0 0
= sin27r, 1(0) W) lJ"n' 27W
X dt =— def Jy(w)cogwyx>+y?sin @)dw.

f . e py . 1(w)cog y )

! f a9 0)(r: ()X Ig@r (H)W)d6 %9

27)o ) (6)(ry( ol2mt( Switch the order of integration,

1 (2n (K K 1 [2=wW T )
—>—| a0  (0)Ig@ari (6)W)d6. fu(X,y)=— Ji(w)ydw | cogw+\XZ+y?sin 6)d6
(29 27W S

Recall that we assumed thaf(¢) andr;(6) are piecewise B fo (W) Jo(W X"y dw. (36)

continuous and bounde¢bj(0)|scz, 0<<c(Xo,Yo)=<r(6)
<C,, for O<@<27. Consequently, using the asymptotic \\/nen &,y)=(0,0), (36) is also true.

expansion If x2+y2#1, we have the discontinuous integral of

2 Weber—Schafheitlin as the limit
Jo(2)= \/Ecos(z— wl4)+0(|z| ~%7?), (30) )
lim fy(x,y)=| Ji(W)JIp(wyx>+y?)dw
0

we obtain a bound(CXCK/\c(xo,yo)W) for (29), which Wesoe
tends to 0 a®W— . The theorem then follows immediately.

{1, x2+y?<1, -
= 3
2 2
lll. EXAMPLES 0. x*+y™>1.
A. Disk function Therefore,
Theorem 1 covers the characteristic function on the unit  lim fy(x,y)=f(x,y), (39
disk, W
1, x2+y?<1, for points (x,y) not on the unit circle. Ik*>+y?=1, we have
f(x,y)= . 31
6y) {0, otherwise. (31) 2aW 1 5
J J dw==(1-J5(27W)). 39
Its Fourier transform fo (W) Jo(W)dw 2( o(2mW)) 39
A J (27w 2,2
f(w cosf,w sin §)=Sy(w)= % (32 Hence forx“+y"=1,
lim fu(x,y)= lim 3(1—J3(27W))= }. 40
is not absolutely integrable over the plane. N@®vbecomes W wix.y) WMCZ( o(2mW))= 3 (40
w 2rit
Qo= Sywlwle dw 8. Delta function
W |w] If we apply the band-limited reconstruction algoritt{®)
:f — J,(27w)e? ™t dw and(10) to the Dirac delta functiori(x,y) = 8(x,y), the re-
-w W sultant 6y,(x,y) exhibits interesting singular behaviors. In
W fact,
=Zf J1(27w)cog 2tw)dw. (33 N ,
0 S(w cos f,w sin ) =S,(w)=1. (41

Medical Physics, Vol. 30, No. 5, May 2003
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If t#0, we have
w )
Quuit)= [ Jwie? ™ dw
-W

~ Wsin27Wi) sSir?(mW1t)

art 2t2 (42)
When (,y) #(0,0),
Sw(X,y)= fWQ(;YW(x cosf+y sin #)do
0
_ fﬂ W sin(2m/x7+y2W sin )
~Jo X2+ y?sin 7
sir(arVx%+ y?Wsin
_sin(ar y 7) dn, 43

w2 (X2+y?)sir? 7

by changing variables. Denote= 7X?+y? andt=sin 7.
The integrand then equals

S (—D"(2AWH?"

W sin2AWY SIF(AWY)

At A2t2 n=o (2nm)!(2n+2) °
(44)
Integrating it termwise, we obtain
W (_l)n(Avv)2n+l
owXY)=—F 2, —
A =0 nl(n+1)!
W W
=—J,(2AW)= J1(27WAX?+y?),
A 1( VV) \/m 1( y )
(45)
if (X,y)# (0,0). On the other hand, it is easy to find that
S5w(0,0)= W2, (46)

For a given point X,y)#(0,0),
asymptotic expansion

we may use the

Jig)— 2 3w o 1 4
1(2) =\ €08 2= |+ 2% (47)
and derive an asymptotic expansion(ds) asW— o;
Sw(X,y)= —————=Co0 27-rW\/x2+y2—3—7T
WA (X2 +y?)34 4
+0 ! (48
Wl/Z(WW)S/Z :

Consequently, in addition to lig_ .. dy(0,0)=« according
to (46), 5y(x,y) will have a larger and larger magnitug&v
of vibration at any fixed locationx(y) # (0,0) asW— o,

Neverthelessd\(x,y) indeed approaches(x,y) as W
—oo in the following sense that for a functidi{x,y) as in
Theorem 1,

Medical Physics, Vol. 30, No. 5, May 2003
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lim
W— o

f: fj;f(xo+x,yo+y) Sw(x,y)dx dy=f(Xo.Yo),
(49

where the pointX,,Y,) satisfies the requirement in Theorem
1. This is because the integral on the left-hand sidelefis
actually equal tdf\(Xg,Yo), and Theorem 1 applies. In par-
ticular,

o o0 2 ocW
f j Sw(X,y)dx dyzf daf TJl(Zq-rWr)r dr
—oo ) —o 0 0
:ZWWJ' Ji(27Wr)dr
0

=wa1(z)dz=1. (50
0

It is interesting to comparé(x,y) with §.(x,y) obtained

by the Abel method of summability:
2me

(€2+4W2(X2+y2))3/2'

It is well known thaté.(x,y) tends to 0 ag—0 at any point
(x,y)#(0,0).

Se(X,y)= (51)

IV. DISCUSSIONS AND CONCLUSION

There are relative merits and drawbacks associated with
different limit methods for handling the case tHgu,v) is
not absolutely integrable. Given comparable parameters, the
method of limited bandwidth tends to produce finer spatial
resolution, higher image noise, and stronger edge ringing,
while the Abel method of summability may result in
smoother profiles at the cost of poorer spatial resolution. A
heuristic way to define the comparability of the parameters
with the two methods may be to request that the area after
hard/soft spectral truncation be identical.

Mathematically, it is requested that

W 0
f |W|dW=f lwle™ <™ dw, (52)
—W —
which is equivalent to
2 2
€= \/W— or W= \/?— (53

Becausefy(x,y) is a partial sum of a Fourier series, it ex-
hibits the Gibbs phenomenon around discontinuous points.
An example is a reconstructed unit disk function ¢
=10, as shown in Fig. 1. On the other hand, the Gibbs phe-
nomenon does not occur with the Abel method of summabil-
ity, as demonstrated bf/.(x,y) with e=0.1y2~0.1414 in
Fig. 2. However, the sharpness of the slope on the unit circle
is better in Fig. 1 than that in Fig. 2, which indicates better
spatial resolution in the former than that in the latter. Quan-
titatively, the magnitude of the gradient &f,(x,y) on the
unit circle is computed as follows:
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Fic. 1. Radial profile of a unit disk reconstructed using the method of s 5 Ragial profile of a unit disk reconstructed using the Abel method of
limited bandwidth. summability.

have some practical merits. In addition to the methods we
27W have discussed, other methods are also possible, based on
|graqu(r)]|=‘ fo J1(w)Jp(W)w dw{ various other ways to do the intermediate integrals, which
should be equivalent to using approximate delta function of
) different types.
- fo Jiw)w dw In conclusion, for the method of limited bandwidth we
have proved a pointwise limit theorem for a general class of
=2m2W2[J3(27mW) — Jo(277W) Jo(27W) ], functions. Our results have improved the understanding on
(54) filtered backprojection in CT. Although our work has been
done in the parallel beam geometry, the findings are instruc-

and its counterpart is tive for the divergent beam geometry. Further work is under-
way to extend the theory and explore its practical applica-
gradf(r)]|= e 1(w)Ji(w)w '
C[f ( )] sW/2-n'J ( )J(l)( ) d tions
0
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