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Abstra ct

Let and °be automorphic irreducible cuspidal represertations of GLy, () and
GLo( ), respectively. Assumethat and ©° are unitary and at least one of
them is self-cortragredient. In this article we will give an unconditional proof of an
orthogonality for and ©° weighted by the von Mangoldt function ( n) and1 n=x.
We then remove the weighting factor 1 n=x and prove the Selberg orthogonality
conjecture for automorphic L-functions L(s; ) and L(s; 9, unconditionally for
m 4 and m® 4, and under the Hypothesis H of Rudnick and Sarnak [20] in
other cases. This proof of Selberg's orthogonality removes such an assumption
in the computation of superposition distribution of normalized nontrivial zeros of

distinct automorphic L-functions by Liu and Ye [12].

1. Intr oduction

Let beanirreducible unitary cuspidal represenation of GL n(Q ), and s =
+ it 2 C. Then the global L-function attached to is given by the Euler
product of local factors for > 1 (Godemert and Jacquet[3]):

Y
L(s; )= Lp(s; p)s
p

(s; )=L1(s; 1)L(s; );
where
yn y 1
Lo(s; p) = 1 7(2’” ;
j=1 P

and

W .
Li(s; 1)= (s+ ()):
j=1
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Here (s) = $2(s=2),and (p;j) and (j), j = L:::;m, are complex
numbers asswiated with |, and 1, respectively, accordingto the Langlands
correspondence.De ne
X
a (p) = (p:j):
1j m

Note that whenk = 1, wehavea (p) = (p;1)+ + (p;m). f m= 2and

is corresponding to cuspform f , then a (p) appearsas a Fourier coe cien't in
the Fourier expansionof f .

For > 1, usingthe Euler product of L(s; ), we have

X (ma (n),

d
—logL(s; )= e

ds -

where ( n) is the von Mangoldt function. If ©is an automorphic irreducible
cuspidal represetiation of GL,0(Q ), we dene L(s; 9, ofp;i), oi), and
a o(p¥) likewise,fori = 1;:::;mC% If and Care equivalent, then m = m%and
f (p;j)g=f op;i)gfor any p. Hencea (n) = a o(n) for any n = p¥, when
—_ 0
The Selberg orthogonality conjecture for automorphic L-functions L(s; ) was
proposedby Selberg [22] in 1989. Seealso Ram Murty [18] [19)].

Selberg's orthogonalit y conjecture. (i) For any automorphic irr educible
cuspidal representation of GL,»(Q );

w = loglogx + O(1): (1.1
p
p x
(i) For any automorphic irr educible cuspidal representations of GL ,(Q )
and %of GLy(Q ),

X a (p)a op)
p

1;
p x

if is not equivalentto ©

The asymptotic formula in (1.1) was proved by Rudnick and Sarnak[20] under
a conjecture on convergenceof a serieson prime powers:

Hyp othesis H. For k 2

X KYi2 |02
ja (PY%log"p _ .

K
p p



This HypothesisH is trivial for m = 1, and follows from bounds toward the
Ramanujan conjecture for m = 2. For m = 3 it was proved by Rudnick and
Sarnak[20] using the Rankin-Selberg theory, while the caseof m = 4 was proved
by Kim and Sarnak [9]. Thus (1.1) is known unconditionally for m 4. For
m > 4, HypothesisH is an easyconsequencef the Ramanujan conjecture.

Denote (g) = jdet(g)j. In x3, we will prove the following orthogonality.

Theorem 1.1. Let and °be irr educible unitary cuspidal representations of
GLm(Q ) and GL mo(Q ), respectively. Assumethat at least one of and Cis
self-ontragredient: = ~or %= ~9 Then

X n

1 ” ( na (n)a o(n)
n X
8 X1+i 0
N NI R
= if 0= D o for some ¢ 2 R; (1.2)

2 Ofxexp( ¢ logx)g

' if %6 ' for any 2 R:

+ Of x exp( cp logx)g

Here and throughout, ¢ is a positive constant, not necessarily the same at each
occurrence.

If o= 0,ie. if = 0 thena (n) = aon), and hence Theorem 1.1 states

that
X

n _ _ X P ——
1 — (n)ja)j?= §+ Ofxexp( ¢ logx)g:
n X X
Now ( n)ja (n)j?is non-negative. By a classicalargumert of dela ValleePoussin,
we can remove the weight 1 n=x from Theorem 1.1when = © to getthe
following prime number theorem for automorphic represetations.

Corollary 1.2. For any self-contragredient automorphic irr educible cuspidal
unitary representation of GL»(Q );

( n)ja (n)j? = x + Of x exp( cp logx)g:

n X

Without assuming to be self-cortragredient, we can prove
( mja (N)j*  x (1.3)
n X

by the Tauberian theoremsof Landau [10] or Ikehara[4]. Seethe proof of Lemma
5.1 for detalil.



In general,we cannot remove the weight 1 n=x from Theorem1.1. But similar

to Theorem 1.1, we can establish in Theorem 1.3(i) an asymptotic formula for
the expression

X

L N (ma(man).
’ ,

n
n x

in which we are able to remove the weight 1 n=x to get Theorem 1.3(ii).

Theorem 1.3. Let and °be givenasin Theorem 1.1.
(i) We have

X

1 n ( na (n)a o(n)
X

n
n

0_

o S
| 0(1+ | O) + ¢+ Ofexp( ¢ logx)g

X
% Iogx + c1 + Ofexp( cp logx)g

_ (1.4)
D o for some g2 R ;
Co+ Ofexp( c Iogx)g
if %6 ' for any 2 R:
Here ¢; and ¢, are constants degendingon and @
H LO 0 1 . — LO . 0
C = lllmo f(S+ 11 ~() g l! C = f(lﬂ (5
(i) We can removethe weightl n=x in (i), getting
X (n)a(n)aon) _ logx+ O(1) if %=
= © 0g - (1.5)
n 0(1) if Y6
n X

Note that Theorems 1.1 and 1.3, and Corollary 1.2 are unconditional results.
The reasonthat we canremove 1 n=x from (1.4) is that now the main term
is of order logx when °= | which is substartially bigger than the O(1) of the
caseof 96 . Seethe proof of Theorem 1.3(ii) in x5 for details.

Corollary 1.4. Let and ©be givenasin Theorem 1.1. Assume either (i)
m 4andm® 4, or (i) HypothesisH. Then

X a(padp)logp _  logx+ O(1) if °=

0 o(1) if 0 - (1.6)

p X



Corollary 1.5 (Selb erg's orthogonalit y). Let and ©be given as in
Theorem 1.1. Assumeeither () m 4 and m® 4, or (i) HypothesisH. Then

X a(paodp) _ loglogx + O(1) if o=
— b~ oW if %6

(1.7)
p x

Proofs of Corollaries 1.4 and 1.5 proceedalong standard argumerts, basedon
variations of Abel summation. We will thus not give the proofs here, but only
point out that HypothesisH is usedto control sums over prime powers in the
expressionon the left side of (1.5). This way we can obtain a sum taken over
primes asin (1.6) and (1.7).

An important application of (1.6) is in the superposition distribution of nor-
malized nontrivial zerosof distinct automorphic L-functions. In Liu and Ye [12]
this superposition distribution was computed ([12] Theorem 3.1, pp.421-422)un-
der the assumption of (1.6). Now with Corollary 1.4, we can restate Theorem
3.1 of [12] without assuming Selberg's conjecture: Theorem 3.1 now holds un-
conditionally for m 4, and under HypothesisH for m > 4. This application is
indeed our motivation of the presen paper.

Under the generalizedRamanujan conjecture, stronger orthogonality relations

can be obtained (Liu and Ye [14)):
X
(logn) ( n)a (n)a o(n)

n X
8 1+i o 1+i o
3 X+| 5 logx (1X+—io)2+ Of x exp( P logx)g
if 0:p "o for some o2 R; (1.8)
§ Ofxexp( c Iogx)g
if 06 ' for any 2R;

and

0_

’

X a (p)a op)
p

Cy+ E|(| ologx) + Of exp( c logx)g
if 0= D i o for some g2 R ;
cs+ Ofexp( ¢ Iogx)g
if %6 ' forany 2 R;

(1.9)

8
% Ioglogx+ c3 + Of exp( c logx)g
b x §

wherecz, ¢, and cs are constarts possibly dependingon and © HereEi is the
exponertial integral, and

xio X k! 1

: +O0 —
o (i 0logx)¥ log"*? x

5

Ei(i glogx) = o logx



It is interesting to compare (1.2) with (1.8), and compare (1.7) with (1.9).
Under the Ramanujan conjecture, a remarkable feature of (1.8) is that it is indeed
a prime number theorem weighted by Fourier coe cien ts of automorphic cuspidal
represermations, while (1.9) describesorthogonality of a (n) and a o(n) in three
caseswith dierent main terms.

Without assuming the Ramanujan conjecture, an unconditional proof of a
weighted orthogonality similar to (1.4) wasgivenin Liu and Ye [13]:

X (logn) ( n)a (n)a o(n)
n

n
1 - logx;
” g

n X
when and Carenot equivalert. From this weighted orthogonality, the unique-
nessof factorization of automorphic L -functions for GL ,,(Q ) wasprovedin [13].

2. Rankin-Selber g L-functions

We will usethe Rankin-SelbergL -functionsL(s; ~9 asdewveloped by Jacquet,
Piatetski-Shapiro, and Shalika [5], Shahidi [23], and Moeglin and Waldspurger
[15], where and Care automorphic irreducible cuspidal represerations of GL
and GL o, respectively, over Q with unitary certral characters. This nite-part
L -function is given by an Euler product of local factors:

Y
Ls; 9= Lpsip D (2.1)
p
where
oy’ Y ofpik) L
Lp(S; b ~8) — 1 (p’J)S (pa ) :
j=1 k=1 P
The Archimedeanlocal factor L1 (s; 1~ ) is de ned by
0. Y ¥ .
Li(s; 1 ~1)= (s+ ~o(J; k))
j=1 k=1
where the complex numbers ~o(j; k) satisfy the trivial bound
Re ~o(j; k) > L (2.2)
Denote
(s H=Li(ss 1 ~ss -~
We will needthe following properties of the L-functions L (s; ~9 and ( s;
-9

RS1. The Euler product for L(s; ~9 in (2.1) corvergesabsolutely for > 1
(Jacquet and Shalika [6]).



RS2. The complete L-function ( s; ~9 has an analytic cortinuation to
the ertire complex plane and satis es the functional equation

(s, 9= Y@ s~ 9
with
"s; 9= ( -9Q °
whereQ o> 0and ( ~9= Q2 (Shahidi[23], [24], [25], and [26]).

RS3. Denote (g) = jdet(g)j. When 96 ' forany 2R, (s; -9
is holomorphic. When m = m%and °= i o for some ¢ 2 R, the only poles
of (s; ~9 are simple polesat s= i g and 1+ i g coming from L(s; ~9

(Jacquet and Shalika [6] and [7], Moeglin and Waldspurger [15]).

RS4. ( s; ~9 is meromorphic of order one away from its poles, and
boundedin vertical strips (Gelbart and Shahidi [2]).

RS5. (s; ~9andL(s; ~9 arenon-zeroin 1 (Shahidi [23)).

In addition to the above RS1-RS5, we will alsoneedto usea region C(m; m9,
de ned asthe complex plane C with discs

jis 2n+  oj; K)j < 00 1 j mi1 k m°

8mm?’
excluded. For j = 1; ;mandj = 1; :m® denote by (j; k) the fractional
part of Re(  -o(j; k)). In addition welet (0;0) = Oand (m+ 1;,m%+ 1) =
1. Then all (j; k) 2 [0;1], and hencethere exist (j1;k1); (j2;K2) sud that

(2:k2)  (j1;k1)  1=3mm9 andthereisno (j; k) lying between (j1;k1) and

(j 2;:k2). It followsthat the strip Sg = fs: (j1;ki)+1=(8mm?9 (j2; ko)
1=(8mmYg is cortained in C(m; m9%: Consequetly, foralln=0; 1; 2, ;the
strips

Sn=fs:n+ (j1;k1)+ 1=8mm?9 n+ (j2;k2) 1=8mmY%g (2.3)

are subsetsof C(m; m9: This structure of C(m; m9 will be used later.

In [12] and [13], Liu and Ye proved the following lemmas.

Lemma 2.1. Lets= + it with 2 2;jtj > 2

(i) Assumem = m%and ©= I o for somenonzeo ¢ 2 R. If s2 C(m;m9
isnotazeoof L(s;  ~9, then

d X 1 1 1

— logL(s; ~9) = . + Ofl -otj)a:

logl(s; -9 | S s1 T - 0g(Q ijtj)g

jitoj1

Here and throughout, = + i denotesa non-trivial zer of L(s; ~9.
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(i) If %6 I for any 2 R, then

X
dglogL(s; ~9 = + Oflog(Q  jtj)g:
s it o1
Lemma 2.2. (i) For jTj > 2; there exists with T T + 1 suchthat
when 2 2,
d . 2 —
—logL( i; -~ log’Q -9 j):

ds

(i) If sisin somestrip S, asin (2:3) with n 2; then

d
35 logL(s: -9 1

Furthermore, we need a zero-freeregion for the Rankin-Selberg L-function
L(s; ~9 which was proved by Moreno [16] and [17]. Seealso Gelbart, Lapid,
and Sarnak [1], and Sarnak [21].

Lemma 2.3. Let and °be asin Theorem 1.1. Then there are e ectively
computableconstants c®> 0 and ¢c®® 2 suchthat L(s;  ~9 is zemw-free in the
region

o _
log Q o(jtj+ c® ’

and at most one exe@ptional zem in the region

it 1

©

S iti 1
log Q ~oc® 1

3. Proof of Theorem 1.1

We prove Theorem 1.1when °= i o for some o 2 R. The proof for case
of and °being not twisted equivalert is the samewith all terms related to ¢
removed.

By RS1, we have for > 1 that

)4 0f
J(s) = d%logL(s; 9" (Mna r(]r;)a (n).
n=1

8



By RS3 and RS5, J(s) is holomorphicin > 1.0On = 1,L(s; ~9 is nonzero
(RS5) and hasonly a simplepoleat s= 1+ i g. Thus

1
Js) = —+ G 3.1
(9= 5 7+ (3.0)
has only a simple pole in 1, where G(s) is analytic for 1. On C, J(s)
alsohasa simple pole at eat of the poleat i ¢, trivial zeros,and nontrivial zeros
ofL(s; ~9.
Note that
z
1 y® ds = 1 1=y ify 1,
21 (b)S(S‘l' 1) 0 f0<y< 1
where (b) meansthe line = b> 0. Then we have
z
X n 1 xS
1 - = — J(s)——~ d
L (mamadn = 5 e gy s
1 Z2+iT ZZ iT Z2+i1
= — + +
21 o 2 i1 24T

R
The last two integrals are clearly bounded by Tl (x2=t?) dt  x2=T. Thus,

X n 1 z 2+iT S X2

1 - n)a (n)a o(n) = — J(S)——~ds+ O —

S (mamadm =gy @Gy a0 g
Choosea with 2< a< 1 sud that the line = ais contained in the strip

S , C(m;m9; this is guararteed by the structure of C(m; m9. Without loss
of generality, let T > 0 be a large number such that T and T can be taken as
the in Lemma 2.2(i). Now we considerthe contour

Ci: 2 a, t= T;
Cy: = a; T t T;
Cs: a 2, t=T.:

Note that the two poles, sometrivial zeros,and certain nontrivial zeros =

+ i of L(s; ~0, aswell ass = 0; 1 are passedby the shifting of the
contour. The trivial zeroscan be determined by the functional equationin RS2:
s= o(j; K) with a< Re(  -ofj;k)) < lands= 2 ~o(j; k) with

a+2< Re( oj; k) < 1. Herewe have used(2.2) and 2< a< 1. Then
9



we have

1 Z ouit XS L 7 7 7
— J(s) ds = —— N .
210 57 s(s+ 1) 27 o ot e
XS
+ _—
S C ey
X o
¥ ~ Res  J(s) o~
a< Re(  _o(ik)<1® ~o(j:k ) s(s+ 1)
X s
+ __Res J(s)fl
ar2< Re(  _okyp<1® 2 -k s(s + 1)
X XS
+ ResJ : 3
N (s) s(s+ 1) (3.2)
i T
By Lemma 2.2(j), we get
‘ z 2 2 2
X x%10g?(Q -oT)
0g%(Q -oT)——d ;
Ci a T2 T2

and the sameupper bound also holds for the integral on C3. By Lemma 2.2(ii),
then

LT e 1
C T (tj + 1)? X

On taking T  X; the three integrals on Cy; Cy; C3 are

l0g?(Q  —oX): (3.3)
If 02 R ,then
XS _ X1+i 0 Xi 0
crringo o 1VO5Er D) T Arig@+ie) G ol+io)
J( 1)
£30) =
X1+i 0

= . —— + Ol : 3.4
@rigerig oleex G4
If o= 0,then s= 0is adouble pole. Computing the residuessimilarly, we see
that the nal estimate (3.4) is still true.
Near a trivial zeros = ~o(j; k) of order |, we canexpressJ(s) as |=(s+
~o(j; k)) plus an analytic function, like in (3.1). The residuesat thesetrivial

zeros can therefore be computed similarly to what we have done in (3.4). By
10



(2.2), we know that Re ~o(; k) 1 for some > 0. Consequetily,

’ (8 . s
Res J(s o 35
a< Re(  _o(ik)<1® ~o(jik ) s(s+ 1)
X X ! 3.6
Res J(s)— X : .
= 2 ~o(jk) ( )S(S+ 1) (3.6)

at2< Re(  _o(jk)<1®

To computethe residuescorresponding to nontrivial zeros,wenotethat ( s;

~9 is of order 1 (RS4), and (1 ; ~0 6 0 (RS5), and hence
X
LR
j(C+1)
Consequetly,
X s X 1 xS
Res)(s)———— = Res——
- s(s+ 1) | L= S s(s+ 1)
X X
+1
iiT ( )
X X «
iiT IR ] ( * 1)J
2E 2E

where E is the set of exceptional zerosin Lemma 2.3(ii)). By Lemma 2.3(ii),
jEj 1, and thereforethe sumover 2 E isclearly x! for some > 0. By
Lemma 2.3(i), the sumover 62E is
logx X
0
P ClogT (D)

xexp( ¢ 0gx); (3.8)

by taking T = xexplgp logx) + d for somed with 0 < d < 1. Hence(3.7) is
boundedby x exp( ¢ logx).
Theorem 1.1 then follows from applying (3.3)-(3.6) and (3.8) to (3.2).

4. Proof of Theorem 1.3 (i)

The proof follows the sameline asthat of Theorem 1.1, so we only indicate
the di erences. With the sameJ(s), we have

z
X 1 n ( n)a (n)a o(n) _ 1 I(s+ 1) XS ds
. X n 21 @ s(s+ 1)

Z1+iT Zl iT Z1+i1
+ +
11T 1 i1 1+iT

1
2 |

11



R
The last two integrals are clearly bounded by Tl (x=t?) dt  x=T. Let aand
T be asbefore. Then

Z ..
X 1+iT s
p N (mamadn) 1 I+ 1)—= _ds+0 =
0 x X n 210 147 s(s+ 1) T
De ne
Di1: 1 a, t= T;
D5 : =a, T t T,;
Ds: a 1, t=T:
Note that the two poles,sometrivial zeros,and certain nontrivial zeros = +i
of L(s+ 1; ~9, aswell ass = 0; 1 are passedby the shifting of the cortour.
The trivial zeroscan be determined by the functional equationin RS2: s+ 1=
~o(j; k) with a< Re( ofj;k)) <lands+ 1= 2 ~o(j; K) with
a+2< Re( f; k)) < 1. Then we have
1 z 1+iT s
— J(s+1 ds
21 1 ST Vs
z z Z
1
= — + +
2| D1 D> D3
S
+ +1)——
s=0;i oRels 1+i o\](S 1)S(S+ 1)
X xS
+ Res — J(s+ 1)7+1
a< Re( ~o(j;k))<15= 1 ~o(j;k) S(S )
X s
+ Res  J(s+1)
ai2< Re( ok )<1™ 3 o(j;k) s(s+ 1)
X xS
+ Res J(s+ 1 : 4.1
A ( )S(S+1) (4.1)

Similar to the previousargumert, we can prove that, exceptthe residuesat O;i o,
ewverything on the right of (4.1) is

p
exp( ¢ logx) (4.2)
by taking T = xexp(p logx) + d for somed with 0 < d < 1. In patrticular,

z z, )
2 X xlog’(Q ~T) 1.
_10g(Q  T) 5 = =

D1
To compute the residuesat 0;i o, we have to distinguish three cases.If 0- |

i.e. 9= 0,then s= 0is adoublepoleof J(s+ 1)x5=fs(s+ 1)g; and the residue
12



S
:Isi1mod£s s? J(s+ 1)@ = logx + lim J(s+ 1) % 1:
If 0= "o for some o2 R , then s = 0;i o are two dierent simple poles
with residues _
x! o
J() + m:
If 96 I forany 2 R, then the terms involving ¢ disappear, and only

s = 0 is a simple pole, with residue J (1).
Inserting theseand (4.2) into (4.1) givespart (i) of Theorem 1.3.

5. Weight remo val

Lemma 5.1. For any automorphic irr educible cuspidal unitary representation

of GLn(Q ); not necessarily self-cmntragredient, we have

X . .
(mia (Nji* x:

Proof. A Tauberian theorem of Ikehara [4] says that, if f (s) is givenfor > 1
by a Dirichlet series

R a
f(s) = an
n=1 ne
with a5, 0, and if
1
=f _ -
o9 =f(s)
has analytic cortinuation to 1, then
X
ap, X
n X

By RS1, RS3, and RS5, we can apply this theoremto f (s) = ( L%L)(s; ~).
Lemma 5.1 then follows.

Proof of Theorem 1.3(ii)). We usea technique of Landau [11]. For simplicity,
we denotec(n) = ( n)a (n)a o(n)=n, and

X X n
C(x) = c(n); D(x) = 1 < c(n):
Then 7

X X
C(t)dt = (x  n)c(n) = xD (x):

0 n X

13



We begin with an obsenation that

Z X+ Vv
C(t)dt = (x+v)D(x+v) xD(x)
X
= vD(x+v)+ x(D(x+v) D(v); (5.1)
wherev > 0 is any real number, but for later usewe specify that v = P X.

By Theorem 1.3(i), we have

logx + O(1) if %=

vD(x+v)=v o(1) it 0g (5.2)
The last term in (5.1) is
X n n
x(D(x+v) D(v)) = x < X+ v c(n)
n X
X
+X 1 n c(n)
X+ Vv
X<n X+v
= Ei1+ Ey;

sa&.
To estimate E; and E», we apply Lemma5.1. It is wealker than Corollary 1.2,

but holdsfor any irreducible unitary cuspidal represettations of GL ,(Q ), not

necessarilyself-coriragredient. Therefore, we have

X
Ba o ndmi o (m(a (" +ja«n)j) v
n X n X
On the other hand,
X
S XV . . . .
JE2] v i njc(n)j
X<n X+v X<n X+v
v : 2 2 .
v (n)a (n)i“+jaon)j?) v (5.3)
X<n X+v

Putting (5.2) and (5.3) into (5.1), we get

Z iy ;
logx + O(1) if 9=
C(tydt= v 0?1) @) ¢ o0g |

14

(5.4)

X



Now we considerthe di erence

YA X+V z X+ V X
C(t)dt vC(x) = (C(t) C(x))dt \Y; je(n)j
X X X<n  X+vV
X . .
= njc(n)j
X<n  X+v
v X ; 2 L 2
” ( n)(ja (n)j=+ ja o(n)j?)
X<n  X+v
A

by the sameargumert asin (5.3). The desiredresult (1.5) now follows from this
and (5.4).
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