WEIGHTED SELBER G ORTHOGONALITY AND
UNIQUENESS OF FACTORIZA TION OF
AUTOMORPHIC L-FUNCTIONS

JIANY A LIU'2 ano YANGBO YE?®2

Abstra ct. We prove a weighted version of Selberg's orthogonality conjecture for
automorphic L-functions attached to irreducible cuspidal represertations of GL
over Q. Using this weighted orthogonality, we obtain the uniquenessof factorization
of general L-functions. As a consequencewe prove that the L-function attached
to an automorphic irreducible cuspidal represettation of GL, over Q cannot be
factored further.

1. Intro duction. It is a far-reaching conjecture of Langlands [11] that the most
general L-function is indeed the L-function L(s;) attached to an automorphic repre-
sertation  of GL, over an algebraic number eld. It was further conjectured that this
L(s;) isequalto a product of L-functions L(s; ;) attached to automorphic irreducible
cuspidal represettations ; of GL,, over Q in a unique way:

(1.1) L(s;) =L(s; 1) L(s; k)

TheseL(s; ;) are called principal or primitiv e L-functions over Q in the sensethat they
are supposedto be L-functions that cannot be factored further. They are believed to be
the building blocks of all L-functions.

A known special caseof the unique factorization (1.1) is for  being an automorphic
irreducible cuspidal represetiation of GL,, over a cyclic algebraicnumber eld F, when
is invariant under the action of the Gal(F=Q). According to Arth ur and Clozel [1], suc
a represertation is the base change of , Where is an automorphic irreducible
cuspidal represertation of GL,, over Q, and is any idele classcharacter of Q trivial on

Ne-g(F, ). In terms of L-functions, we have the factorization

Y
L(s;) = L(s )

2000 Mathematics Subject Classi cation (MSC) 11F70, 11M26, 11M41.

Lpartially supported by China NNSF Grant Number 10125101

2partially supported by a China NNSF Dual Research Base Grant

3Project sponsored by the USA NSA under Grant Number MD A904-03-1-0066.
The United States Government is authorized to reproduce and distribute reprints
notwithstanding any copyright notation herein.

1



uniquely.
In this paper we will prove the uniquenessof the factorization in (1.1). That is, if any

generalL -function can be written asa product of principal L-functions L(s; j) for GLn,
over Q, we will shaw that this factorization is unique.

Theorem 1.1. Let ; and 2 j = 1;:::;k, i = L;:::;1, be automorphic irr educible
cuspidal representations of GLy,, (Qa) and Gng(QA) with unitary central characters,
respectively. Then

(1.2) L(s; 1) L(s; W)=L(s; D) L(s; D

cannot hold, if thereis a ; which is not equivalent to any L.

By taking k = 1, Theorem 1.1 implies that L(s; 1) cannot be factored further.

Cor ollar y. The L-function L(s; ) attachead to an automorphic irr educible cuspidal
representation  of GL,(Qa) cannot be factored into L(s; ) L(s; 9 nontrivial ly,
where 2 is an automorphic irr educible cuspidal representation of GL mo(Qa) with uni-
tary central character.

Unique factorization of L-functions in the Selberg class(Selberg [18]) has beenstudied
by Conrey and Ghosh[2] and Ram Murty [14], under the Selberg orthogonality conjecture
(Conjecture 1.1 below). For automorphic L-functions, Ram Murty [15] provedthat L(s; )
is primitiv e, i.e., cannot be factored further, when is an automorphic irreducible cuspidal
represenation of GL,(Qa), under the Ramanujan conjecture. Our proof of Theorem 1.1
and its Corollary is unconditional.

The proof of Theorem 1.1 will utilize a weighted version of Selberg's orthogonality for
automorphic L-functions. Let be an automorphic irreducible cuspidal represertation
of GL,(Qa). Then the global L-functions attached to  are given by products of local
factors for Re s > 1 (Godemen and Jacquet[5]):

\'%
L(s; )= Lp(s; p);

p
(s; )=Li(s; 1)L(s; );

where
N

Lo(S; p) = 1 (p;i)p ®
j=1



and
W -
Li(s; 1)= r(s*+ ()
j=1
Here Rr(S) = %2 (s=2), and (p;j) and (j), j = 1;:::;m, are complex num-
bersassaiated with , and 1 , respectively, accordingto the Langlands correspondence.
Denote

X
a (p) = (i)

1) m
Then for Re s> 1, we have
d v X (ma(n),
(1.3) d—slogL(s, )= ) 1T,

where ( n) = logp if n = pk and = 0 otherwise. If ©is an automorphic irreducible
cuspidal represeniation of GL mo(Qa), we dene L(s; 9, o(p:i), ofi), and a o(p*)
likewise,for i = 1;::::mC% If and ©areequivalert, then m = m%andf (p;j)g =
f o(p;i)g for any p. Hencea (n) = a o(n) for any n = pX, when = ©

The Selberg orthogonality conjecturefor automorphic L -functions L (s; ) wasproposed
in 1989 (Selberg [18]). Seealso Ram Murty [14].

Conjecture  1.1. (i) For any automorphic irr educible cuspidal representation  of
GLm(QA)

(1.49) = loglogx + O(1):

X ja (p)i?
p X P

(i) For any automorphic irr educible cuspidal representations and © of GL, (Qa)
and GL ,0(Qa), respctively,

X :
ws) JLLO

1
p X

if is not equivalentto ©.

A weaker version of this conjecture is

Conjecture  1.2. (i) For any automorphic irr educible cuspidal representation  of
GLm(QA)
X (logn) ( n)ja (n)j? _ 1
n )
3

(1.6) log? x + O(log x):

n X



(i) For any automorphic irr educible cuspidal representations and © of GL,(Qa)
and GL ,0o(Qa), respectively,

X (logn) ( n)a (n)a o(n)
n

(1.7) logx;

n X

if is not equivalentto °.

Note that in (1.6) and (1.7), the sumsare taken over primes (n = p) and prime powers
(n = pX, k > 1), while in Conjecture 1.1, the sums are taken over primes only. Rudnick
and Sarnak conjectured that the sums taken over prime powers contained in (1.6) and
(1.7) corvergeasx ! 1 :

Conjecture  1.3. ([17]) For any xed k 2,

X kyi2
ilogpa (P _ | .

pk

p

Conjectures 1.2 and 1.3 imply Conjecture 1.1.

Conjecture 1.2 Part (i) in (1.6) was proved by Rudnick and Sarnak [17]. They also
proved Conjecture 1.3for GL , and GL 3. Recerily, Kim and Sarnak[10] proved Conjecture
1.3for GL4. Therefore, part (i) of Selberg's original Conjecture 1.1 is known up to GL 4.
On the other hand, part (ii) of Conjecturesl1.1and 1.2 s still open.

In [17], Rudnick and Sarnak rst proved a weighted version of (1.6):

X . .
(1.8) 1 ; (logn) ( :)Ja (n)i* = %Iogzx + O(log x)

n X
and deduced(1.6) from (1.8) using the fact that the left side of (1.6) is a sum of positive
terms. What we want to prove hereis a weighted version of (1.7).

Theorem 1.2. For any automorphic irr educible cuspidal representations and © of
GLm (Qa) and GL ,0(Qa), respectively,
X n (ogn)( ma (na o(n)
X n

(1.9 logx;

n X

if is not equivalentto ©.

We note that we cannot remove the weight 1  n=x from the left side of (1.9) using
standard methods, becausethe sum there is not of positive terms. For our purpose of
proving Theorem 1.1, however, there is no needto remove this weight. There is also no
needto remove terms on prime powers from the sum on the left side of (1.9). That is, we
do not assumeConjecture 1.3.



When and Carenot twisted equivalert, i.e., when 6 © ' foranyt2 R, where
(9) = jdet(g)j, (1.9) was proved by the authors in [12]. In this paper, we will prove the
remaining case: (1.9) is true whenm = m®and = © o for somenon-zero ¢ 2 R.

We would like to expressour sincerethanks to Peter Sarnak and Freydoon Shahidi for
helpful information and discussion.

2. Pro of of Theorem 1.1. We rst prove Theorem1.1using(1.8) and Theorem1.2.
A similar argumert was rst usedby Conrey and Ghosh [2] who deducedthe uniqueness
of factorization in the Selberg classby assumingConjecture 1.1 (cf. Ram Murty [14]).

Supposethat (1.2) holds. Taking logarithmic derivatives of both sideslike in (1.3), we

get X X
S e ram =

ao(n)+ +ao(n)

for Re s> 1. Consequetly

al(n)+ +ak(n) ag(n)+ +a|°(n)

forany n = p¢ 1. Considerthe sum

X
(2.1) 1 0 A0 5 s ra,m) a, )
X n ( n)logn .
—nxl ;Tag(n)+ +a|o(n)aj(n).

Since ; is not equivalert to any P, the right sideof (2.1) is  logx, by Theorem1.2. On
the left side of (2.1), we get at least one, and possibly more copies of % log? x + O(log x)
by (1.8). This cortradiction proves Theorem 1.1.

3. Rankin-Selb erg L-functions. We will use the Rankin-Selberg L-functions
L(s; 9 as deweloped by Jacquet, Piatetski-Shapiro, and Shalika [6], Shahidi [19],
and Moeglin and Waldspurger [13], where and © are automorphic irreducible cuspidal
represertations of GL,, and GL o, respectively, over Q with unitary certral characters.
This L-function is also given by local factors:

Y
(3.1) L(s; 9= Lu(s; p D)
p

where
Yy oy

1 (p;i) o(p;k)p °
j=1 k=1

I—p(S; p 8)



The Archimedeanlocal factor L, (s; 1 ) is de ned by

R U _
Li(si 2 1)= r(s+ o(j; k)
j=1 k=1
where,when ; and ¢ are unramied,
n 0O n 0
o(pk):1 j m1 k m@ = )+ oK:1 j m1 k m°:
Denote
(s 9=Li(ss 1 2)(ss O
We will needthe following properties of the L-functions L(s; 9 and ( s; 9.
RS1. The Euler product for L(s; 9 in (3.1) corvergesabsolutely for Re s > 1

(Jacquet and Shalika [7] ).

RS2. The complete L-function ( s; 9 has an analytic cortinuation to the ertire
complex plane and satis es a functional equation

(s 9="( 9@ s~ -9%
with
"(s; 9= ( % °
whereQ o> 0and ( 9= Ql=2 o (Shahidi [19], [20], [21], and [22]).
RS3. When~6 9 1 foranyt2 R, ( s; 9 is holomorphic. When m = m®and

~= 0 Toforsome o2 R, the only polesof ( s; 9 are simple polesat s= i ¢ and
1+ i ¢ comingfrom L(s; 9 (Jacquet and Shalika [7], [8], Moeglin and Waldspurger
[13]). We will only considerthe latter casein the proof of Theorem 1.2.

RS4. ( s; 9 is meromorphic of order one away from its poles, and bounded in
vertical strips (Gelbart and Shahidi [4]).

RS5. ('s; 9 and L(s; 9 are non-zeroin Re(s) 1. (Shahidi [19])

In addition, we will also usethe following simple properties of the -function. If
(s) = minjs nj;
n 0
then

d .
3.2) d—slog (s) % + log(jsj + 2);
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and

d? 1
(3.3) a2 log ( s) Nk
For the proof of (3.2), seee.g. Pan and Pan [16] p.49. To show (3.3), one appealsto Pan

and Pan [16] p.48, to get

d log ( s) = }+ + * 1 =
ds 9 " s . n+s n
n=1
where is Euler's constart. Therefore
—2Io(s)-i+>471 —X 1 1.
d2 9 YT 2T mrs2 T (nrs2 (9

Let C( ) be the complex plane with the discsjs nj< ; n=0; 1, 2 excluded.
Then by (3.2) and (3.3), for s 2 C( ) we have

E log ( s) log(jsj + 2); d—2 log ( s) 1

ds ds?
Lemma 3.1. Assumem = m%and ~= © ' o for somenonzeo (2 R. For any T
X 1

Cam Tz °9Q T+ 2)

wher runs over all the non-trivial zers of L (s; 0:
Proof. Since ( s; 9 is of order one (RS4), we have (seee.g. Davenport [3] Chapter
11)
+Bs Y
(s; 9= eA . 1 S e
(s (@+iog)(s io)

whereA = A oandB = B o are constarts depending on 0. Take logarithmic
derivative

d 1 1 X 1 1
B4 gGlels  9=B iy s .t s
where here and throughout we setlogl = 0. By the de nition of ( s; 9, we have

d d d

(3.5) d—slog (s; 9 = d—slong (s; 1 )+ d—slogL(s; 9:
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The de nition of Ly (s; 1 9) and (3.2) give

d . 0y — d (s+ o(j;k )) =2
d—slong (s; 1 1)= " d—slog
X d S+ o(j; K)
+ - i
. ds log 2
ik
X s+ ofj; k)

1
+ log(jsj + 2) :

Let C(m) be the complex plane with the discs

H M H 1 . . H .
s 2n+ o(j; K)j < am?’ n 0 1 jk m

excluded. Then for s 2 C(m) and all j; k,

s+ o(j; k) 1
2 16m2°
Thusin C(m)
d N
(3.6) —logLi(s; 1 §) mlog(sj+ 2):

ds
By (3.4), (3.5), and (3.6) we have

d
(3.7) I logL (s; 9
X 1 1 1 1
s s (l+ig) s o

+ O(log(jsj + 2)):

=B+

Here we give a remark about the structure of C(m). For j; k= 1; ;m, denoteby (j; k)
the fractional part of Re( o(j; k)). (If and C©areunramied at R, the Ramarujan
conjecture predicts that Re( o(j; kK)) = 0. We will not assumethe Ramanujan conjec-
ture in this paper.) In addition welet (0;0) = Oand (m+ 1;m+ 1) = 1. Then all
(J; K) 2 [0; 1], and hencethere exist (j1;K1); (j2;K2) sudch that (j2; ko) (J1;Ke)
1=(3m?) and there is no (j; k) lying between (j1;ki) and (j,;k»). It follows that the
strip Sp = fs: (ji;ki) + 1=8m?) Re(s) (j2;:k2) 1=(8m?)g is cortained in C(m):
Consequetly, foralln=0; 1, 2 ; the strips

(38  Sy=fs:in+ (jiki)+ 158m?) Re@s) n+ (j2:k)) 1=(8m?*)g

are subsetsof C(m): This structure of C(m) will be usedlater. We will provein a momernt

that

X 1
(3.9) Re(B) = Re —+ O(logQ o):
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Now taking real part in (3.7), we get by (3.9) that

d
3.10 Re — logL(s:
(3.10) e logL(s; %
1 1 1

= Re Re - Re -
s s (1+1io) s 1o

+ O log(Q  ofjsj+ 2)) :
Lets= +iT with 2 3 such that s 2 C(m); this is possibleby the structure of

C(m). We want to point out that the left side of (3.10) is O(1). In fact, by RS1, we have
for Re(s) > 1 that

X (‘ma (n)a o(n).
ns '

d
—1 L(s: =
dS Og (S’ O) n:1
P
From a (p¥) = jm=1 (j; p)¥ and the bound toward the Ramanujan conjecture proved

by Rudnick and Sarnak [17]
i Gpj pt ET
we obtain for n = pX that
ja (n)j=ja (p¥)j mpk@d=2 =m*+) gy p1=2 1P

A similar estimate holds for a o(n) too. For n 6 p¥, we have ( n) = 0. Thus we conclude

that
X (ma(n) o(n)
nS

m l
n=1

for Re(s) = lying between?2 and 3. Therefore from (3.10) we deducethat

X Re( )
( Re( )2+ (T 1m())?2

log(Q  o(jTj+ 2)):

This givesthe assertionof Lemma 3.1 because0 Re( ) 1L

It remainsto prove (3.9). We start from the de nition of ( s; 9. Bya (n) = a-(n)
and the fact that f oj; K)g = f7_ _o(j; k)g; we have L(s;~ ~9 = L(s; 9 and
Ly (s;i~ ~2)=1Li(s 1 9): 1t follows that
(3.11) (si~ 9= (s %
ie.,

(3.12) exp A. o+sSB. o Y 1S &

' (s 1+io)(s+iyo) -

_ exp A o+ SB o Y 1 § =

C (s 1+io)s+io)
9



Taking s= 0in (3.12), we get

(3.13) Al o=A o

By (3.11), ( ; 9=o0ifandonlyif ( ; ~ =9 = 0; and consequetly
Y Y

(3.14) 1 2 e = 1 2

Inserting (3.14) and (3.13) into (3.12), we obtain
(3.15) B. o=B o

On the other hand, by (3.4) and the functional equation in RS2, we get

d 1 1
(3.16) B o= d—slog © ; 9 rie 0.
= Slog(Li~ ~9+0(ogQ o)
X
= B. o 1 + } + O(IogQ 0):

Applying (3.15), we conclude

X 1
2ReB o) = Re 1

0

+ Re} + O(logQ  o):

By the functional equation and (3.11), we have (1 ; 9 =oifandonly if ( ;
9 = 0. Therefore in the above formula we canwrite in placeof 1 ; and (3.9) follows.

4. Estimation of logarithmic deriv ativ es.

Lemma 4.1. Assumem = m%and ~= © "o for somenonzeo o 2 R. (a) Let
T > 2. The number N (T) of zeros of L(s; 9 in theregion0 Re(s) 1;jlm(s)] T
satis es

N(T+ 1) N(T) log(Q oT)

and
N(T) Tlog(Q oT):

(b) For any jTj > 2, we have
X 1

T Im( )j>1(T Im( ))2

log(Q  «jT]):
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(c) Lets= +it with 2 2;jtj > 2. If s2 C(m) is not a zerm or pole of L(s; 9,
then

d
d_S IOgL (S! O)

X 1 1

1 .
+ :
| s s 1 1o 5 i O log(Q  ojtj)
jt Im( )j 1
(d) For jTj> 2; there exists with T

T + 1 suchthat when 2

2
gelogL( +i5 9 log*@Q o j):
(e) For jTj > 2; there exists with T T + 1 suchthat when 2 2
d2
q@logLbC i 9 log(Q o j):
Proof. (a) The rst estimate follows from Lemma 3.1 and the obsenation that
X X 1
N(T+ 1) N(T)= 1 T m()?
T<Im( ) T+1 T<Im() T+1

The secondinequality can be deducedfrom the rst.
(b) The left side hereis lessthan

X 1
2

2 ;
iT Im( )j>1 1+ (T Im( ))
which in combination with Lemma 3.1 givesthe desiredresult
(c) By the structure of C(m), there exists 2

o 3sud that sq =

ot it 2 C(m):
We deducefrom (3.7) that
d d
(4.1) = logL(s; 9 = logL (So; 9
1 1 1 1
= - — + — + -
s 1 19 S 1o S 1 19 Sp 1o
.\ X 1 1 Lo Q it :
E— _— 0 .
s % g JU
Because g

2, the secondterm on the left sideis O(1). By the samereason,1=(sq 1
i o)+t 1=(so i) 1. By (a), then

X

1 .
- log(@  it:
. . 0
jimC ) tj 1

Also it follows from (b) and 2

2 that
X 1 1 X 1
— ————5 10g(Q  jtj):
2
fim( ) 1 > So im( ) o1 & IMC))

Inserting these estimatesinto (4.1), we get the desiredresult.
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(d) By the counting of zerosin (a), we can choosec > 0 and with T T+1

satisfying the following properties: For any + it with 2 2 and jt i
clog (Q ojTj), +it 2 C(m), L( + it 9 6 0,and + it is away from poles
1+igandi g of L(s; 9 by at least 1=3. Then for s= + i
d
d—slogL(s, 9
1 X
21o9(Q o 1)) 1
i Imj 1
1 1
+ O(l i ]
s 1 s s i, (log(Q  oj J))
log?(Q o J)

by (c) and (a).

(e) The proof is similar and easierthan that for (d). Now, instead of (3.4), (3.5), and
(3.6), we have

& . o X 1, 1 P
gsz 09 (s - 5 2 5 1 i02 (5 102

d2 . — d2 . 0 d2 . .
@Iog( S, %= @lOQLl (s 1 i)t @IogL(s, %
and in C(m),
d2
= logLy (s; 1 2)
@ log (s*  olik)=24 X & log s+ kK
- ds? - ds? 2
jik jik
Xos+ okt
jik 2
by (3.3). Then from the de nition of C(m) we get
d? 0
@lOQLl (s; 1 i) ml
for s 2 C(m). Thus, instead of (3.7), we now have
d2
as? logL (s; %
d? d? 0
:@Iog(s, 9 @Iong (s; 1 2)
X 1 1 1

R S A CRN B I A PRI CI S
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By an argumert similar to that leadingto (c) we get

d2
@'0@-(5, XO)

1 1 1 N
) 5 )2 (5 L 12 (5 102 O log(Q  jtj)

jt Im( )j 1

fors= + it asin the statemert of (c). As in the proof of (d), we can choosec > 0 and

with T T + 1 satisfying the following properties: For any + it with 2 2
and
(4.2) jt j clog *(Q «Tj);
+it 2 C(m), L( + it 9 6 0,and + it is away from poles1l+ i o andi o of
L(s; 9 by at least 1=3. Then the desiredresult of (e) follows from
2
_— + 7
i logL( +i ; 9 )
Shf@Q dp) 1
iooIm( )i 1
log*(Q o j)
by (4.2).
Lemma 4.2. Assumem = mPand~= © ' o for somenonzen ;2 R as before. If

s is in somestrip S, asin (3.8) with n 2; then
2

d
@IogL(s, 9 ol

Proof. By the functional equation in RS2, we have that

o 0. @
(4.3) i logL; (s; 1 9y + i logL(s; 9
o o .
=@Iog (s: 9 + @Iong @ s~ -9
d2
+ @IogL(l s;~ ~9:

Using the de nition of L1 (s; 1 ) and (3.3) we get
d2
i logLy (s; 1 ')
X d2 ] X d2
= all (s+ o(jik ))=2 4 el
o ds? log - ds? log
ik jik
Xoos+ (k) 1
5 .

S+ o(j; k)

jik
13



As in the proof of Lemma 3.1, for all s 2 C(m) and all j; k, we have

s+ o(j; k) 1.
2 16m2°
Thusin C(m)
d2
(4.4) @IogL(s; 1 9y i
Since ( s; =1Ly (s 1 9L (s; 9 is analytic for Res> 1 (RS1) and has
only asimplepolel+ i g on Res= 1 comingfrom L(s; 9 (RS3), the Archimedean

local factor L1 (s; 1 9) is analytic for Res 1. Consequetly Re( oy K)) > 1
for all j; k. Now wetakes= + it 2 S, with n 2in (4.3); trivially < 1. Thus

d2
(4.5) @IogL(l s;~ ~y)
X1 s+ - (k) 1
jik 2
X 1  +Re( - «(;k) 1
jik 2
m 1.
Using < 1 again, we get
d2
(4.6) —logL(1 s;~ -9 1

ds?

The desiredresult now follows from (4.3)-(4.6).

5. Pro of of Theorem 1.2. We will prove Theorem 1.2 whenm = m®and ~ =

0 1o for somenonzero o 2 R. The caseof and ©beingnot twisted equivalent was

proved by Liu and Ye [12]. By RS1, we have for Re(s) > 1 that

d Y (na (n)a o(n)
I logL(s; 9 = - ;
n=1
and therefore
& . _* (logn) ( n)a (n)a o(n).
K (s) := = logL(s; ~9= ~ ;
n=1
By RS3 and RS5, K(s) is holomorphic in Re(s) > 1. On Re(s) = 1, L(s; 9 is

nonzero(RS5) and hasonly a simplepoleat s= 1+ i . Thus

(5.1) K (s) = S+ G(S)

(S 1 i 0)
hasonly a double polein Res 1, where G(s) is analytic for Res 1. On C, K(s) has

a double pole at eat of the poleat i g, trivial zeros,and nontrivial zerosof L(s; 9.
14



Note that

Z s .
1 1=y |if 1;
y ds= y y

s(s+ 1) 0 fo<y<1,;

L
2
(b)

where (b) meansthe line Re(s) = b> 0. Then we have

X n (logn)( ma (na o(n)
N ox X n
z
-1 K(s+ 1) X ds
T2 s(s+ 1)
()
iT iT 17i1
1 Zi Zim 1zi
= — +
21

1T 101 1+iT

R
The last two integrals are clearly bounded by Tl (x=t?) dt  x=T. Thus

X 0
(5.2) 1 ; (logn) ( n): (n)a o(n)
1 FiT .
=575 K(S+1)S(S+1) ds+ O -
1T

Choose ¢ with 2 < g < 1 sud that the line Re(s) o Is contained in the
strip S , C(m); this is guaranteed by the structure of C(m). Let T bethe sud that
Lemma 4.1(e) holds. Now we considerthe cortour

Cl l 0, t = Tl
Co = o T t T,
C3 0 1, t=T
Note that the two poles,sometrivial zeros,and certain nontrivial zerosof L(s+ 1; 9,

aswell ass = 0; 1 are passedby the shifting of the contour. The trivial zeroscan be
determined by the functional equation in RS2: s+ 1 = o(j; k) with o< 1

Re( o(j; k)) < 0. Herewe usedthe facts that Re( o k)) > land 2< o< 1
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. Then we have

1 FiT s
5.3 — K(s+1)—d
(5-3) 20 (s )s(s+ 1) S
11T L 7 7 7

54 - + +
(5.4) 5

Ci C» Caj

XS
5.5 + Res K(s+ 1)———
(5.5) JRes K(s+ Do
S
5.6 + R K(s+ 1)———
(5.6) S=io;els+io (s )s(s+ 1)
X s

5.7 + R K(s+1)——
(5.7) , s= 1 eso(j;k) (s )s(s+ 1)

o< 1 Re( o(jik ))<0

X NG
5.8 + Res K(s+ 1 :
(5.8) - Res (s )S(S+ 0

fim()j T
By Lemma 4.1(e), we get
Z 21 3
X xlog’(Q T
0g°(Q - T)2d g(Tz ),
Ci 0

and the sameupper bound also holds for the integral on C3;. By Lemma 4.2, then

Z yd) .
X 1.

CESE.
:

C,

By taking T  x; the three integrals in (5.4) are

3
(5.9) w;

Obviously, (5.5) is

S

s(s+ 1)

(5.10) _Res K(s+1) = K@)+ K(@©)x !

Sincethe polesat s=i gands= 1+ i ¢ are double poles, The residuesin (5.6) are

. d . \2 s
(5.11) s!Ilrinod—s(s i 0)°K(s+ 1)m
oaim Ys+ 1 i oK (sH )
st 1+i o ds 0 s(s+ 1)’

16



Using (5.1) we get

. d .2 s
(5.12) S!Ilrinod—s(s i 0)°K(s+ 1)s(s+ )
— i d Y °
= S!I|rinod—s 1+ (s 1 9)G(s+ 1) s+ D)
: d x°
= lim —— logx:

sl o dss(s+ 1)

Similarly the secondterm in (5.11)is  (logx)=x, and hence(5.6) is bounded

S

X
: +1)——— :
(5.13) - cI)?els+i OK(s 1)S(S+ ) logx
Near a trivial zeros= 1 o(j; k) of order | in (5.7), we can expressK (s+ 1) as
I=(s+ 1+ o(j; k))? plus an analytic function, likein (5.1). The residuesin (5.7) can

therefore computed similar to what we did in (5.12). BecauseRe( o(j; K)) > 1and
1 Reg( o(j; k)) < 0, (5.7) is bounded
X XS

514 Res K(s+1
( ) ) s= 1 ok ) ( )S(S + 1)
0< 1 Re( o(jk ))<0

logx:

To computethe residuescorresponding to nontrivial zerosin (5.8), wenotethat ( s;
~9 is of order 1 (RS4), and (1 ; ~0 6 0 (RS5). Using an argumert like (3.16), we

ethat
se X 1

ra -

Consequetly, (5.8) becomes
X s

X
5.15 Res K(s+ 1
( ) ) Co_os= 1 ( )S(S+ 1)
fim()j T
X 1 XS
= Res
— 2
im(j T8 1(s+1 )?s(s+1)
X x Llogx
1
fimC )j T ( )
log x:

Using (5.9), (5.10), and (5.13) through (5.15), we get a bound for (5.3)

1 ZFiT
— K(s+1
5> (s+1)

1T

S

X
s(s+ 1)

ds logx:

The desiredestimate (1.9) now follows from this, (5.2), and the fact that T  x.
17
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