
12. Topologi
al Spa
esDefn: A topology on a set X is a 
olle
tion T ofsubsets of X having the following properties:a.) ;;X 2 T .b.) U� 2 T implies [U� 2 T
.) Ui 2 T implies \ni=1Ui 2 TDefn: U is open if U 2 TEx 2a: The dis
rete topology on X = P(X) = setof all subsets of X.Ex 2b: The indis
rete or trivial topology on X =f;;Xg.Ex 3: The �nite 
omplement topology on X = Tf= fU j X � U is �nite or X � U = Xg.Ex 4: The 
ountable 
omplement topology on X=T
 = fU j X � U is 
ountable or X � U = Xg.
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Defn: Suppose the T and T 0 are two topologies onX su
h that T � T 0. Then T 0 is �ner or largerthan T and T is 
oarser or smaller than T 0. IfT 0 properly 
ontains T , then T 0 is stri
tly �nerthan T and T is stri
tly 
oarser than T 0.Defn: T is 
omparable with T 0 if either T � T 0or T 0 � T .
13: Basis for a TopologyDefn: If X is a set, a basis for a topology onX is a 
olle
tion B of subsets of X (
alled basiselements) su
h that(1) For ea
h x 2 X, there is at least one basiselement B 
ontaining x.(2) If x 2 B1 \ B2 where B1; B2 2 B, then thereexists B3 2 B su
h that x 2 B3 � B1 \B2.The topology T generated by a basis B is de�nedas follows: U is open if and only if for all x 2 U ,there exists B 2 B su
h that x 2 B � U2



Example 1a: The set of all open intervals in R is abasis for a topology on R (the standard topology).Example 1b: The set of all open 
ir
ular regionsin R2 is a basis for a topology on R2 (the standardtopology).Example 2: The set of all open re
tangular regionsin R2 is a basis for a topology on R2 (the standardtopology).Note the basis in Example 1b and the basis inExample 2 both generated the same topology.Example 3: fx j x 2 Xg is a basis for the dis
retetopology on X.Lemma 13.1: Let B be a basis for a topology T onX. Then T = set of all unions of elements of B.Lemma 13.2: Let X be a topologi
al spa
e. Sup-pose that C is a 
olle
tion of open sets of X su
hthat for ea
h open set U of X and ea
h x 2 U ,there is an element C 2 C su
h that x 2 C � U .Then C is a basis for the topology on X.3



Lemma 13.3: Let B and B0 be a basis for T andT 0, respe
tively, on X. Then the following areequivalent:(1) T 0 is �ner than T .(2) For ea
h x 2 X and ea
h basis element B 2 B
ontaining x, there is a basis element B0 2 B0 su
hthat x 2 B0 � B.Defn:1.) B = f(a; b) j a; b 2 R; a < bg is a basis for thestandard topology on R.2.) B0 = f[a; b) j a; b 2 R; a < bg is a basis forthe lower limit topology on R. When R has thistopology, we denote it by Rl.3.) Let K = f 1n j n 2 Z+g.B00 = B[f(a; b)�K j a; b 2 R; a < bg is a basis forthe K-topology on R. When R has this topology,we denote it by RK .Lemma 13.4: The topologiesRl andRK are stri
tly�ner than the standard topology, but they are not
omparable with one another.4



De�nition: A subbasis S for a topology on X isa 
olle
tion of subsets of X whose union equals X.The topology generated by the subbasis S isde�ned to be the 
olle
tion T of all unions of �niteinterse
tions of elements of S.Lemma: If S is a subbasis for a topology on X,then B = the set of all �nite interse
tions of ele-ments of S is a basis for this topology.HW p83: 4, 8
14: The Order topology(p. 24) A relation < on a set A is 
alled an orderrelation (or a simple order or linear order) ifit has the following properties:(1) (Comparability) For every x; y 2 A for whi
hx 6= y , either x < y or y < x.(2) (Nonre
exivity) For no x 2 A does the relationx < x hold.(3) (Transitivity) If x < y and y < z, then x < z.5



Defn: Let X be a set with a simple order relation.Assume that X has more than one element. Let Bbe the 
olle
tion of all sets of the following types:(1) All open intervals (a; b) in X.(2) All intervals of the form [a0; b), where a0 is thesmallest element (if any) of X.(3) All intervals of the form (a; b0℄, where b0 is thelargest element (if any) of X.The 
olle
tion B is a basis for a topology on Xwhi
h is 
alled the order topology.Note: If X has no smallest element, there are nosets of type (2). If X has no largest element, thereare no sets of type (3).Ex. 0: The order topology on (0; 1) [ f5gEx. 1: The order topology on R is the standardtopology on R.Ex. 2: R�R in the di
tionary order.Ex. 3: Order topology on Z+ = dis
rete topology.Ex. 4: The order topology on X = f1; 2g � Z+ isNOT the dis
rete topology.
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