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Remarks on diffusive-link synchronization
using non-Hilbert logarithmic norms

Zahra Aminzare’ and Eduardo D. Sontag!

Abstract—1In this paper, we sketch recent results for syn-
chronization in a network of identical ODE models which are
diffusively interconnected. In particular, we provide estimates
of convergence of the difference in states between components,
in the cases of line, complete, and star graphs, and Cartesian
products of such graphs.

I. INTRODUCTION

The analysis of synchrony in networks of identical compo-
nents is a long-standing problem in different fields of science
and engineering as well as in mathematics.

We will restrict attention to interconnections given by dif-
fusion, where each pair of “adjacent” components exchange
information and adjust in the direction of the difference
with each other. Our approach is based on the use of
logarithmic norms (also called matrix measures), often called
the “contraction” approach.

The proof of synchronization results using contraction-
based techniques is in itself not new, though most results
restrict to measures derived from L2 or weighted L? norms,
see for example [1], [2], [3], [4], [5].

We base our approach on contraction theory, using matrix
measures derived from norms that are not induced by inner
products (L? and weighted L?).

II. SYNCHRONIZATION IN A SYSTEM OF ODES
We will use the following concepts and notations through
out this paper:

o For a fixed convex subset of R", say V, F: VN x
[0,00) — R™V is a function of the form:

F(x,t) = (F(:El,t)T, . 7F(gsz,tf)T)T,

where x = (xlT, .. ,x%)T, with z; € V for each 4, and
F(,t):=F;:V - R"is a C! function.
o For any z € VV we define 2], o as follows:

I, = [| 1@z Q1)

)
p

for any positive diagonal matrix @ = diag (q1,-..,qn)
and 1 < p < o0.

When N =1, we simply have a norm in R™:

]

P,Q = Hqup
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e D = diag(dy,...,d,) with d; > 0, and d; > 0 for
some j, which we call the diffusion matrix.

o« L € RVXN j5 a symmetric matrix and £1 = 0,
where 1 = (1,...,1)”. We think of £ as the Laplacian
of a graph that describes the interconnections among
component subsystems.

o ® denotes the Kronecker product of two matrices.

Definition 1: For any arbitrary graph G with the associ-
ated (graph) Laplacian matrix £, any diagonal matrix D, and
any Fy: V x [0,00) — R™, the associated G—compartment
system, denoted by (F,G, D), is defined by

i(t) = F(a(t),t) - (£ ® D)a(t), (1)

where x, 1:", and D are as defined above.

We say that a G—compartment system synchronizes, if for
any solution z = (z{,... ,x]T\,)T of (1), (x; —z;)(t) = 0
as t — oo.

In the following general theorem, which is proved in [6],
we present a sufficient condition on F, D, and G that guar-
antees synchrony of the associated G—compartment system.

Recall that a directed incidence matrix of a graph with N
nodes and m edges, is an N X m matrix E which is defined
as follows, for any fixed ordering of nodes and edges: The
(i,7)—entry of E is 0 if vertex ¢ and edge e; are not incident,
and otherwise, it is 1 if e; originates at vertex ¢, and —1 if
€e; terminates at vertex .

Recall that for any matrix A € R™*™ and any given norm
I - || on R™, the logarithmic norm of A induced by the norm
| - is defined by

1 I+hA
M[A] = lim sup — <||(+)x|| - 1) .
h—0% z20ern I [E4|

In this paper, by M, o[A], we mean the logarithmic norm
of A induced by a Q—weighted LP norm, || - ||,,0-

Theorem 1: Let (F,G,D) be a G—compartment system,
where G is an arbitrary graph of N nodes and m edges. Let
E be a directed incidence matrix of G, and pick any m x m
matrix K satisfying E7L = KET. Denote:
sup M [J(w,t) — K ® D], (2)

(w,t)

c =

where M is the logarithmic norm induced by an arbitrary

norm on R™”, || - ||, and for w = (w{,... ,wﬁ)T, J(w, 1)
is defined as follows:
J(w,t) = d1ag (Jp(wl,t)7 ey JF(wm,t)) s
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and Jg(-,t) denotes the Jacobian of F' with respect to the
first variable. Then

I(E" e Dz@] < e [[(B" @ 1)),

where || - || is the given norm on R™". In particular, when
¢ < 0, the system synchronizes, i.e., for any pair (¢, j), (x; —
x;)(t) = 0 as t — oo.
See [6] for a proof.

Note that (ET ® I) z is a column vector whose entries
are the differences x; — z;, for each edge e = {3, j} in G.
For instance, for a linear graph of 3 nodes and the incidence

-1 0

marix E= [ 1 -1 |, (ET&l)z= ( r2mn )
Tr3 — T2

The results in the following sections, (Proposition 1 and

0 1
Proposition 2) are direct applications of Theorem 1.
We next specialize to the linear case, when F'(z,t) =
A(t)x.
Theorem 2: Consider a  G—compartment
(F,G, D), and suppose that F(z,t) = A(t)x, i.e.,

(I® A(t) — L& D)a(t).

For a given arbitrary norm on R™, || -

system,

#(t) =

, suppose that
sup M[A(t) — A\2D] < 0,
t

where ), is the smallest nonzero eigenvalue of the Laplacian
matrix £ and M is the logarithmic norm induced by || - ||.
Then, for any i,j € {1,...,N}, (x; — z;)(t) — O,
exponentially as ¢ — oo.

See [6] for a proof.

For L2 norms, this linear result can also be interpreted in
terms of Lyapunov exponents or characterized using Nyquist
plots, see for example [7], [8].

While the results for measures based on Euclidean norm
are quite general, in the nonlinear case and for LP norms,
p # 2, we only have special cases to discuss, depending
on the graph structure. We present sufficient conditions for
synchronization for some special graphs (linear, complete,
star), and compositions of them (Cartesian product graphs).
See Table I and Table II for a summary of the results that
will be stated in this section and proved in [6].

A. Linear Graphs

In this section, we study a G—compartmental system,
where G is a linear graph of N nodes.

Assuming xg = x1, Tny+1 = T, the following system
of ODEs describes the evolution of the individual agent x;,
fort=1,...,N:

.’ti = F(l’z,t)ﬂ-D(.’EZ,l —£L'7;+.’L‘i+1 —lEi). (3)

Proposition 1: Let (x1,--- ,x ) be a solution of (3), and
for 1 < p < oo and a positive diagonal matrix @), let

¢ =sup M, q [Jp(z,t) — 4sin® (r/2N) D] . (4)

(@.1)

Then

lle(?)

where e = (21 — X9,...,TN_1 — xN)T denotes the vector
of all edges of the linear graph, and || - ||, o, @@ denotes the
weighted LP norm with the weight @, ® @), where for any
1 <p<oo,

po,e0 < €le(0)]pq,00; (5)

2-p 2-p
Q, = diag <p1” ,...,pN”_1>

and for 1 < k < N — 1, pp, = sin(kxr/N). In
addition, 4sin® (7/2N) is the smallest nonzero eigen-
value of the Laplacian matrix of G. Note that, Q. =
diag (1/p1,...,1/pn-1).

To see a proof of Proposition 1 and how ¢ in Proposition 1
is related to ¢ in Theorem 1, see [6].

The significance of Proposition 1 is as follows: since the
numbers sin(kw/N) are nonzero, we have, when ¢ < 0,
exponential convergence to uniform solutions in a weighted
LP norm, the weights being specified in each compartment by
the matrix @) and the relative weights among compartments
being weighted by the functions sin(k7/N).

Remark 1: Under the conditions of Proposition 1, the
following inequality holds:

N-1
3 lles(t)

(G ' > 0 @

the kth diagonal entry of Q.

N-1
po < ae Y lei(0)]p0,
i=1

where o =

B. Complete Graphs

Now consider a G—compartment system, where G is a
complete graph of N nodes.

The following system of ODEs describes the evolution of
the interconnected agents x;’s:

N
j=1

Proposition 2: Let || - || be an arbitrary norm on R™.
Suppose (z1,...,Z,,) is a solution of Equation (6) and let

¢ := sup M[Jp(z,t) — ND]

(x,t)
where M is the logarithmic norm induced by || - ||. Then
dolle®ll < et > lleo)l,
i=1 i=1
where e;, for : = 1,...,m are the edges of G, meaning the

differences x;(t) — xz,(t) for i < j.

In particular, when ¢ < 0, (6) synchronizes.

To prove Proposition 2, we need the following lemma (see
[6] for a proof).

Lemma 1: Let A be an mn x mn block diagonal matrix
with n X n matrices A1, ..., A,, on its diagonal. Let || - ||

6087



graph second eigenvalue, Ao synchronization condition
complete
N M[Jrp — X2D] <0
line
o o 4sin®(7/2N) Mp g [JF —X2D] <0
star
1 M [JF — )\2D] <0
o o

TABLE I: Sufficient conditions for synchronization in complete, line and star graphs of /N nodes. If no subscript is used in

M, the result has been proved for arbitrary norms.

graph second eigenvalue, A2 synchronization condition
hypercube My olJr —X2D] <0
4 . { 2 9N, }
L 215111( sin® (7w /2N;)
Rook min{Ny,..., Nk} M[Jrp — X2D] <0

TABLE II: Sufficient conditions for synchronization in cartesian products of K line and complete graphs. If no subscript is

used in M, the result has been proved for arbitrary norms.

be an arbitrary norm on R™ and define || - ||, on R™" as
follows. For any e = (ef .- ,eZL)T with e; € R™, and any
1<p <00 el = |[(leall- - lew )| - Then

p

M,[A] < max{M|[A4],...,M[An,]},
where M and M, are the logarithmic norms induced by || - ||

and || - ||« respectively.

Proof of Proposition 2 The following N x N matrix
indicates the (graph) Laplacian matrix of a complete graph
of N nodes,

N-1 -1 e -1
-1 N-1 ... -1
L= : ;
-1 -1 N-1

with Ay = 0 and Ay = N. Let F be an incidence matrix of

G. We first show that ETEET = NET. For any orientation
of G, ET is an (g) x N matrix such that its —th row looks
like (&;1,-..,€n), where for exactly one j, €; = 1, for
exactly one j, ¢;; = —1, and for the rest of j’s, ¢;; = 0.
Observe that for any row 4, > j€ij = 0, and

(ETL:) Gj) — (ET)” ('C)cj )
where (A)(;;) denotes the (i, j)—th entry of matrix A, and
(A),, and (A)., denote the ith row and ith column of A,
respectively. Hence,

-1

(ETﬁ)(Zj) — (€i17~-~,€iN) N -1 (—jth

-1
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—€;1 — ..
NGij -

-+(N_1)6ij_--~_6iN

E €k = Neij.
k

This proves E7L = ETEET = NET. Thus we may apply
Theorem 1 with K = NI. Then J := J(w,t) — K ® D can
be written as follows:

JF(’LUl,t) — ND

j:
JF(’U)m,t) — ND

(U1, .. u,)T, with u; € R?, let ||ull.

T
sl DT

and let M, be the logarithmic norm induced by || - | ..
by the definition of M, and Lemma 1,

M, [J(w,t) —

For v =
|1 is L' norm on R™,
Then

, where || -

K®D] < max {M[Jp(w;,t) — NDJ}.

Therefore, by taking sup over all possible w’s in both sides
of the above inequality, we get:

sup M, [J(w,t) — K ® D] < sup M[Jp(z,t)
w (z,t)

Applying Theorem 1, we conclude the desired result.

—ND]=c.

C. Star Graphs

Now consider a G—compartment system, where G is a star
graph of N + 1 nodes.
The following system of ODEs describe the evolution of
the z;’s:
t)+ DY (2 — o) %)
i70

xn) be a solution of (7) and

{,.CO:FCL'

Proposition 3: Let (xq, ...,

¢ :=sup M[Jp(z,t) — D],
(z:t)
where M is the logarithmic norm induced by an arbitrary
norm || - || on R™. Then for any i € {1,..., N},

(@i = z0) ()] < (1+ ast)e [|(zi — z0)(0)]
where a; = Y [|(2; — z;) (0)]].

j#i,0

In particul];, when ¢ < 0, for any ¢ = 1,...
x0)(t) — 0 exponentially as ¢ — oco.
See [6] for a proof.

Note that the smallest non-zero eigenvalue of the Lapla-
cian matrix of G is 1.

Remark 2: Under the conditions of Proposition 3, the
following inequality holds:

7N9 (:I;l_

Dol —zo) @) < Pe Y (@i — z0)(O)|  (B)
i#0 i#0
where P =1+ 2(N ZH i — x0)(0)]].
i#0

D. Cartesian products

For k = 1,...,K, let G, = (Vi, Ex) be an arbitrary
graph, with |Vj;| = N, and Laplacian matrix Lg, .

Consider a system consisting of N = ITX_, N}, compart-
ments, where we denote state variables as x;, . ;, € R",
i; = 1,...,N;, which are interconnected by a Cartesian
product G = G X ... X Gk of the K graphs G;. The fol-
lowing system of ODEs describe the evolution of x;, .. ;,’s:

i = F(z,t) — L Dz ©)

ix) 18 the vector of all N compartments,
ix>t)), L is defined as follows:

.....

.....

.®Lg, ®...01Iy,,

and the n x n matrix D is the diffusion matrix.
Proposition 4: Given graphs G, k =1,..., K as above,

suppose that for each k, there are a norm || - ||y on R™, a

real nonnegative number Ay, and a polynomial P(z,t)

on Rng’ with the property that for each z, P(k)(z,O) > 1,

such that for every solution x of (9),

Z [l ||(k) = P(k)eckt Z e ||(k)

ecEy e€Ey

||(k)a )

)\( k) ], and M(k) is the

(10)

holds, where

Py = P (Z [l

eely
and ¢ := sup My, [JF(x t) —
(z,t)

logarithmic norm induced by || - |(x). Then for any norm
|- || on R™, there exists a polynomial P(z,t) on RZ, with
the property that for each z, P(z,0) > 1, such that

Yo lle®] < P(ZI O, t) ety le(0)
ee& ec& ee&

where ¢ := max{cy,...,ck}, and £ is the set of the edges
of G. Observe that if all ¢; < 0, then also ¢ < 0, and this
guarantees synchronization, as all e(t) — 0.

Note that for K = 1, Remark 1, Proposition 2, and Re-
mark 2 show that (10) holds when G, is a line, complete or
star graph, for P)(2,t) = a, 1, 1+2(N —1)tz, respectively.
Therefore, for a hypercube (cartesian product of K line
graphs) with N7 X ... X Nk nodes, if for given norm on
R™, || - ||, and A2 = 4 min; {sinz(ﬂ/ZNi)},

sup M [Jp(z,t) — A2D] <0
(z,1)
where M is the logarithmic norm induced by || - ||, then the
system synchronizes. See Table II.
Also, for a Rook graph (cartesian product of K complete

graphs) of N1 X ... X Ng nodes, if for any given norm, and
)\2 = min,- {Nz},

sup M [Jp(z,t) —
(,t)

X\2D] < 0,
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then the system synchronizes. See Table II.

As an application of Cartesian products, we specifically
study the Cartesian product of two linear graphs, i.e. a grid
graph, as follows:

Consider a network of N; x N compartments that are
connected to each other by a 2-D, N; x N lattice (grid)
graph G = (V, &), where

V:{CI?Z‘J‘, izl,...,Nl,j=1,...,N2}

is the set of all vertices and £ is the set of all edges of G.
The following system of ODEs describes the evolution of
the z;;’s: forany ¢ =1,...,Ny,and j =1,..., N
Tij = F(wit) + D (zio1; — 2Tij + Tigaj) (1
+ D (wij-1 = 2Ti5 + Tij41),

assuming Neumann boundary conditions, i.e. ;0 = Z;1,
Ti Ny = Zi,Ny+1, CIC.

Proposition 5: Let © = {z;;} be a solution of Equation
(11) and ¢ = max{ey, ca}, where for i = 1,2,

¢ = sup M, q [Jp(z,t) — 4sin® (7/2N;) D],

(z,t

and 1 < p < oo. Then, there exist positive constants o > 1,
and [ such that

Yo lle®lpe < (a+B8)e® Y 1le(0)po-

ec& ec&

12)

In particular, when ¢ < 0, the system (11) synchronizes,
i.e., for all 4,5, k,1

(x;j —zk1)(t) — 0, exponentially as t — co.
See [6] for a proof.
One can get the analogous result for the Cartesian products

of K > 2 linear graphs.

III. AN EXAMPLE
Goodwin Oscillator

In 1965, Brian Goodwin proposed a differential equation
model, that describes the generic model of an oscillating
autoregulatory gene, and studied its oscillatory behavior [9].
The following systems of ODEs is a variant of Goodwin’s
model [10]:

@ e O

dy

Y~ aw(t) — y) (13)
dz P 0z

ARG Al it

The model, sketched in Fig. 1a, in the original paper rep-
resented a single gene with mRNA, X, which is translated
into an enzyme, Y, which in turn, catalyses production of a
metabolite, Z. Finally, the metabolite inhibits the expression
of the original gene. However the model is quite generic.
Fig. 1b shows the oscillatory solutions of (13) for 6
different initial conditions for the following parameter values

from [11]:
a=150, k‘Zl, bza:ﬁ:720.2,6:15, KA{ZI.

Fig. 1c shows the solutions of the same system (6 compart-
ments with the same initial conditions as in Fig. 1b) that
are interconnected diffusively by a linear graph and they all
synchronize. Note that only X is interconnected to other X’s
in the graph, i.e. D = diag(d,0,0). The following system
of ODEs describes the evolution of compartments:

For each compartment ¢ = 1,..., N (here N = 6):

dr; a

dt - m bxz(t) +d(f1}'7l,1 2{,[1 +xl+1)
Wi — o ay(t) - 8t

dai _ (t) — o 0m

a Y ks + zi(t)

assuming zo = 1 and Ty = TN 41

Fig. 1d shows the solutions of the same system (6 com-
partments with the same initial conditions as in Fig. 1b) that
are interconnected diffusively by a complete graph, using
again D = diag (d,0,0).

Comparing Fig. 1b and Fig. 1d shows that the subsystems
synchronize faster when they are connected by a complete
graph.

IV. DISCUSSION

In this conference paper, we established new results for
synchronization in a network of identical ODE models which
are diffusively interconnected. We provided estimates of
convergence of the difference in states between components,
in the cases of line, complete, and star graphs, and Cartesian
products of such graphs. A journal version will provide more
details and proofs.

In [12], [6], we also provide analogous results for con-
vergence to uniform solutions in reaction-diffusion partial
differential equations:

i = F(u,t) + DAu. (14)

These results require the use of techniques from nonlinear
functional analysis for normed spaces, in contrast to tools
appropriate for Hilbert spaces. An example of one such a
result is as follows.

Theorem 3: Let u(w,t) be a solution of (14), subject to
Neumann boundary conditions, defined for all ¢ € [0,7T") for
some 0 < T < oo, and w € (0, L). In addition, assume that
u(-,t) € C3(Q), for all t € [0,T). Let

2

s
sup Mi,0.6 {th (z) — D] ,
) L?

where M g 4 is the logarithmic norm induced by the
following norm:

Cc =

Il = llsin(mw/L) ()l q -
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(a) a single gene

300

Time

(b) 6 isolated compartments

e ’w\/

A~ -

Time

(¢) Linear interconnection of mRNA, d = 1, slow
synchronization

AN

Time

(d) Complete interconnection of mRNA, d = 1, fast
synchronization

Fig. 1: Goodwin Oscillator

Then for all ¢ € [0,7):

ou Ou
Faey 2ol

1,Q.0 1.Q.6
Note that —72/L? is equal to the second Neumann eigen-
value of the Laplacian operator on (0, L).

The significance of Theorem 3 lies in the fact that
sin(mw/L) is nonzero everywhere in the domain (except at
the boundary). In that sense, we have exponential conver-
gence to uniform solutions in a weighted L' norm.
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